Czechoslovak Mathematical Journal

Aleksej Tralle
On Hochschild and cyclic homology of certain homogeneous spaces

Czechoslovak Mathematical Journal, Vol. 43 (1993), No. 4, 615-634

Persistent URL: http://dml.cz/dmlcz/128437

Terms of use:

© Institute of Mathematics AS CR, 1993

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128437
http://dml.cz

Czechoslovak Mathematical Journal, 43 (118) 1993, Praha

ON HOCHSCHILD AND CYCLIC HOMOLOGY
OF CERTAIN HOMOGENEOUS SPACES

ALEKSEI E. TRALLE, Szczecin¥*)

(Received February 6, 1992)

1. INTRODUCTION AND FORMULATION OF RESULTS

Cyclic and Hochschild homologies HC.(X) and H H.(X) of a topological space
X have appeared to be subject of wide interest since the papers of D. Burghelea
[5], D. Burghelea and Z. Fiedorowicz [6], T. Goodwillie [12] were published. Since
then many papers on this theme have been written, e.g. [11], [15], [22], [23]. Since
HH.(X) can be identified to H*(XSI) (the homology of a free loop space Xsl) and
HC.(X) to the homology of the associated bundle ES! x s: XS [12), cyclic and
Hochschild homologies provide a powerful technique for studying a free loop space
(see e.g. [15]). It should be mentioned that the investigation of various topological
invariants of X' is very important in view of their role in mathematical physics
[27]. Let us note also the papers on cyclic and Hochschild homologies of algebras,
on k-formality and other topological applications [11], [7]-[9], [23]-[26].

In spite of the above mentioned facts there were few papers explicitly calculating
HH,(X) and HC,(X) for a given topological space X. In [22] these calculations
were done for any topological space X such that its cohomology algebra H*(X) is a
truncated polynomial algebra of one variable.

Later R. Krasauskas [19] calculated HC,(X) for the complex quadric and complex
Grassmannian Gr(2,m) = U(m)/U(2) x U(m — 2) provided m < 6.

The author’s intention when writing this paper was to demonstrate a certain ap-
proach to obtain HH.(M) in a general case of homogeneous spaces M = G/H
of compact Lie groups. The results of the work permit us to calculate effectively
HH.(M) when M = G/H is a so called Cartan pair [21]. Note that Cartan pairs
constitute a wide and important class of homogeneous spaces which covers e.g. all ho-

*) Partially supported by Stefan Batory Foundation
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mogeneous spaces of maximal rank (rank(G) = rank(H)), all symmetric Riemannian
spaces [17], flag manifolds [18] and some other important classes.

The importance of calculating H H,(M) comes also from the fact that there exist
“Connes long exact sequences”

(1) ...—> HH.(X,k) = HC.(X,k) = HCu_o(X, k) = HH,_ (X, k) — ...,
(2) ...—> HH*(X,k) = HC*(X,k) = HC***(X, k) - HH** (X, k) — ...

((1) for homology and (2) for cohomology). These sequences show that H H.(X) is
a “step” in the calculation of HC,(X). The results obtained in this article about
HH.(X) and (1), (2) are applied to obtain new results in calculating a cyclic ho-
mology of certain topological spaces, namely, we prove a theorem that is a direct
generalization of theorems of M. Vigué-Poirrier and D. Burghelea [22] and calculates
HC.(X) when X is any topological space with the cohomology algebra

H*(X,Q) = Q[X1, Xs]/(f1, f2)

where Q[ X1, X2] denotes the polynomial algebra of two variables and f;, f> are poly-
nomials forming a regular sequence. Here and everywhere below the symbol (fi, f2)
denotes the ideal generated by f; and f,. The paper presents also new examples of
calculation of HC,(M) for certain compact Riemannian symmetric spaces.

Let us formulate the main results of the paper (the appropriate definitions and
explanations are contained in the next section, but we try to use the traditional
terminology and notation). As usual, for a graded vector space V its Poincaré
polynomial will be denoted by Py (t).

Theorem 1. Let M = G/H be a simply connected compact homogeneous space
generated by a Cartan pair (G, H).

(i) Then its Cartan algebra is quasiisomorphic to the graded commutative algebra
(C,d) of the form

(C')d): (Q[le'")XS]®/\(y])‘”)yn))d))

d(Xi)=0, i=1,...,s, deg(X;) =2k;, k; > 1, s = rank(H),

d(y,-) = fj(X],...,X,), j: 1,...,s, deg(yj) :2lj -1, lj >1,
d(yx) =0, k=s+1,...,n, deg(ye) =2l — 1, Ik 2 1, n = rank(G).

3)

(i) Introduce the graded differential algebra of the form

A:Q[Xl,...,X,]@/\(:El,...,:t,)
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where A(z1,...,z,) denotes the exterior algebra over the vector space with the base
zy, ..., z, of the degrees deg(zp) = deg(Xp) — 1. Denote

(4) aj =Y 0f;/0X: ® z:.
=1
Then

Puu.m)(t) = H (142571 H(l 1215) H (1= ¢y~

j=s+1 ji= a+l

(5) x{(H(l-{-t”'"l — £2k4) 11'[(1 £25)71) = (¢ = 1) Paeuy(t)}
i=1

where B(L) is a subspace of coboundaries of the graded commutative differential
algebra (L, d) of the form (L,d) = (A® Q[Y1,...,Y,,Ysq,...,Ya], d) withd|, =0
andd(Y;)=a;,i=1,...,5,d(Y;)=0,j=s+1,...,n, deg(Yp) = deg(yp) — 1.

Remark. The numbers 2k;, 2[; — 1 can be effectively calculated [13]. Explicit
calculations for various G and H can be found in [10], [2], [3], [13]. Formula (5)
shows that the problem of calculating Pgf-(ar)(t) is reduced to an algebraic one
of calculating a subalgebra of coboundaries B(L). Theorem 2 of the present paper
shows that the explicit calculations in certain cases are possible, namely, we apply
Theorem 1 to calculations of a cyclic homology. Observe also that the algebra L is a

free algebra of simpler form then the initial algebra used for calculation of Py g+ (ar)(t)
in [22).

Theorem 2. Let M be any simply connected topological space satisfying the
condition:
the cohomology algebra of M is a commutative algebra of the form

(6) H* (M Q) Q[XlaXZ]/(fhf?)v

where f; and f, are polynomials forming a regular sequence.
Then the Poincaré polynomial for the cyclic homology of M is determined by the
formulae

(1) Prce(t) = (t+ D)Pucy, () + (¢ + 1)Pucy, (¢)

(®)  Pucy, (1) =1/(1=1%), Pucy, (t) = t21+25242 Py, (M)(t)/H(l t%5)
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where 2kq, 2kq, 21, — 1, 2l — 1 are the degrees of the even or odd generators of the
minimal model of M, respectively.

Theorem 3. Compact simply connected Riemannian symmetric spaces

M, =Sp(3)/U(3), M, = AdEe/T" - Spin(10),
Ms = E;/SU(2) - Spin(12), My = F3/SU(2) x Sp(3),
Ms = Sp(m)/Sp(2) x Sp(m - 2)

satisfy the conditions of Theorem 2.

Corollary (example of explicit calculation). Poincaré polynomials for cyclic ho-
mologies of M, and M, from Theorem 3 are determined by the formula (8) where
the exact expressions for PHC(-Q)(t) are of the form

(9 (M) Puc, () =t"/((1-)(1-1),
(10) (M3) Pyc(-z)(t) = tl4(1+t2+t4+ ...+t16)
(L4 +1°)/((1 = tH(1 - t9)).

Remark. (1) When the present paper was under consideration in the journal,
the paper [28] of mine appeared, where a weaker version of Theorem 2 was proved,
namely formula (7) was obtained and the summand Pyc(oz)(t) was expressed by
means of the Hochschild homology.

(2) Everywhere in the paper we consider Poincaré polynomials, but sometimes
for brevity we use the words “homology” or “cohomology”. Nevertheless we do not
consider the algebra structure on HH*(M).

Acknowledgement. The author is grateful to Professor Yu. Solovyov for
many discussions on cyclic homology. He is also indebted to Professor M. Vigué-
Poirrier and to the referee for many valuable comments which improved the contents
of the paper.
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2. PRELIMINARIES

Everywhere in the paper we use the independent numbering of formulae. The
cross-references are used in doubled form, the first number being the number of the
section.

We consider the category k-ADG.) of differential k-algebras, N-graded, associa-
tive and commutative in the graded sense (see [20]) over the field k of zero char-
acteristics (in most cases k = Q) and of a finite type. If (A,d) € k-ADG (), then
H*(A,d) denotes its cohomology algebra. If V' is any graded vector space with the

v=Epv

i€l

grading

then the degree of a homogeneous element v € V is denoted by deg(v). We use the
symbol Py (t) for the Poincaré polynomial of V. The definitions of the cyclic and
Hochschild homologies of (A, d) € k-ADG() (HH.(A,d), HC.(A,d)) can be found
in [5]. We reproduce here only the definition of the Hochschild and cyclic homologies
of a topological space X. Denote by M X the Moore loop space on X [1], and by
C.«(MX) its algebra of singular k-chains.

Definition 1 ([5], [12]). Put by definition
HH.(X) = HH.(C.(MX)), HC.(X)= HC.(C.(MX))

and call HH.(X) and HC.(X) respectively the Hochschild and the cyclic homology
of the topological space X.

Now let us recall some facts connected with the cohomology of homogeneous
spaces. Let G be a compact connected Lie group, H its closed subgroup. Every-
where below the Lie algebras of Lie groups G, H, . . . are denoted by the corresponding
Gothic letters &, ), ... . Let W < GL(V) be a discrete subgroup of GL(V) gen-
erated by reflections. Let k[V] denote the symmetric algebra over the vector space
V. Consider the extension of W-action on k[V] and denote the ring of W-invariants
by k[V]". In particular, consider the maximal torus T of a Lie group G, its Weyl
group W(G,T) and the algebra

Q[Tq]" ™

(here Tq denotes the Q-structure on ¥, that is Tq = {v € €, a(v) € Q, for any
root a € root system R(B€,%TC)}). The well-known Chevalley theorem implies

(1) Q[T]V ¢ T) ~ Q[f,.. ., fa]
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where f; are the algebraically independent generators. Consider the homogeneous
space G/H and choose the maximal tori T' and 7’ in G and H in such a way that
T' C T. Consider also the algebra of invariants

Q[‘I’Q]W(H'T') ~ Quy, ..., uy.

Denote by A(V) the exterior algebra over the vector space V. If the base z,, ..., z
is chosen, we use also the notation A(z1,...,zx). If V is a graded vector space the
vectors x; have odd degrees deg(z;) = 2I; — 1. As usual Ax(V') denotes the subspace
of all the elements of degree k.

It is well-know that

H*(G) ~ A(z1,...,2,), n =rank(G),

where z; are the primitive elements in H*(G).

Definition 2. The algebra (C',d’) € Q-ADG/.) of the form

(2) (" d) = (QTQ" T @ Az, -, 2n), d)
d(u) = 0 for any u € Q[T’Q]W(H'TI)
(3) d(z:) = filg = fiw,. o w)
where f; (i = 1, ..., n = rank(G)) are defined by (1), is called a Cartan algebra of
the homogeneous space G/H.

Remark 1. To obtain the above definition in the form (2)—(3) it is enough to

combine isomorphisms in [13, p.565] and the definition of Koszul’s complex in [13,
p. 420].

Remark 2. It was proved in [2, 13] that
H*(M,Q) ~ H*(C",d)

if M = G/H with a reductive Lie group G.

The main object of study in the paper is the class of Cartan pairs. Let us in-

troduce the appropriate definitions. Everywhere below for the ring of polynomials
Q[X1, ..., X,] of variables X, ..., X, we shall denote by the symbol (fi, ..., fi) the
ideal generated by polynomials fi,..., fi.
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Definition 3. A graded differential algebra (C',d’) € Q-ADG(.) of the form
(2)-(3) is called normal if f; € Q[uy, ..., u,] satisfy the conditions: (i) there exists
a sequence f1, ..., fr (k < s) such that (fl,...,f,) = (fl,...,fk) and for any
q € Q[uy, . . ., u,] the implication

(4) qfle(flv’ﬁ—l)iqe(fh)fl—l): 1$k

is valid (it means that the sequence fi, ..., f, is regular), (ii) the elements f, ...,
fs are decomposable, that is f; are polynomials of only such variables u;, for which
deg(u;) < deg(z;).

Definition 4. A homogeneous space G/H of a compact Lie group G is said to
be generated by a Cartan pair (G, H) if its Cartan algebra (2)—(3) is normal in the
sense of Definition 3.

Remark 3. We use the above definition in the form proposed by P. Rashevskii
[21].

Proposition 1 [13]. (i) Any compact homogeneous space G/H of maximal rank
((rank(G) = rank(H)) is generated by a Cartan pair.

(i) Any compact Riemannian symmetric space G/H is generated by a Cartan
pair.

Let (G, H) be a Cartan pair, n = rank(G), s = rank(H) and let H*(M,Q) be
the cohomology algebra of M = G/H with rational coefficients. According to Def-
inition 2 the Cartan algebra of M is defined by (2). According to Definition 3 f;
from (2)-(3) satisfy (4). It is well-known (2, 21] that any graded differential algebra
satisfying (2)—(4) is quasiisomorphic to the algebra (C,d) € Q-ADG|.) of the form

(C,d): (Q[/\’l,...,X,]@/\(yl,...,yn),d),

d(X;)=0, i=1,...,s, deg(X;) = 2k;,

d(y;) = fi(X1,...,X,), ji=1,...,s, deg(y;) =2l -1,
d(y;)=0, j=s+1,...,n, deg(y;) =2l —1

()

(the derivation d has the degree (+1)).

Remark 4. Recall that two graded differential algebras are quasiisomorphic if
there exists a homomorphism between them inducing an isomorphism in cohomology.

Introduce the Poincaré polynomials

Pg(t) = (14271 (141271,
Pu(t) = (1+ 12571) (14 12671
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and recall that [2], [13]

(6) Pueony(t) = [T (1 = 829)/(1 = 2%)) - T (1 +¢2571).
i=1 j=s+1

Let us recall certain facts from rational homotopy theory, referring to [14], [20] for
details. Recall that a graded differential algebra (90, d) is called minimal if M is a
free graded commutative algebra satisfying the conditions

m = k[Weven] ® /\(WOdd),

(a) W = @,e; Wa (1 is an ordered set);

(b) each of the spaces W, consists of homogeneous elements;

(c) for any a € I, d(Wa) C S(@p<q Wp)

(S(K) denotes the subalgebra generated by K).

Definition 5 ([14], [20]). (i) Let (A, d) € k-ADG (). A minimal algebra (M4, D)
is said to be the minimal model of (A, d) if there exists a homomorphism of graded
differential algebras ¢: (94, D) — (A, d) inducing isomorphism in the cohomology

0" H* (M4, D) — H*(A, d).

(ii) Let X be a topological space, let Aq: K — Q-ADG/cy be a functor from the
category K of simplicial sets to the category @-ADG.) constructed in [20] (that
is, satisfying the simplicial de Rham theorem). The minimal model of the algebra
Aq(S.(X)) € Q-ADG/.) is called the minimal model of a topological space X and
is denoted by

Mx = Mag(s.(x))-

Here S.(X) is a simplicial set of all singular simplices of X.

3. PROOF OoF THEOREM 1

Lemma 1. Let M = G/H where (G, H) is a Cartan pair. Then there exists an
isomorphism of graded differential algebras

(1) (Mp,d) ~ (C,d)
where (C, d) is defined by (2.5) and the polynomials f1, ..., f, are defined by (2.3).
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Proof. It is well-known (e.g. see [2], [21]) that

H‘(M1Q) ~ (Q[Xl)--~,X.s]/(f1,--~;f:)) ®A(ys+lv--'ayn)

where fi, ..., f, are the first s polynomials among fi, ..., f, in (2.3). As (G, H)
is a Cartan pair, the ideal (fi, ..., f,) satisfies the conditions of Definition 3, which
means that (fy,..., f;) is the so called “Borel’s ideal” (see [4]). Note that in fact
our construction corresponds to replacing a Cartan algebra of G/H by the algebra
(C,d) € Q-ADG .y of the form (2.2)-(2.3) with the only change d(ys41) = d(ys42) =
... = d(yn) = 0. Here we have changed the notation for our convenience: z; is
denoted by y;, u; is denoted by X;. Now it is enough to repeat the argument of
[4] (§16) to obtain the desired isomorphism (1) (ys+1, --., yn do not play a role).
Lemma 1 is proved. a

Remark. In the case of homogeneous spaces it is possible to give an easier
proof. Evidently, (C,d) is minimal and there exists a quasiisomorphism from (C, d)
to the complex of de Rham forms on G/H (see [10], prop.V.4). Nevertheless, the
author feels that the application of the Bousfield and Guggenheim result may be
useful in other situations as well.

Now let us reproduce the formulation of a certain result of M. Vigué-Poirrier and
D. Burghelea [22] used in our considerations. We introduce the following notation.
For a given graded vector space V = ®i>2 Vi define V; = Vi3, and V = @i;l V..
Let

AV) = @A)

where A(V;) denotes either k[V;] when i is even or the exterior algebra when i is odd.
Define the derivation

(2) B: A(V)RAV) = A(V)® A(V)
by the equalities
B(v) =5, B(¥) =0, veV,5€eV.
Introduce differential algebras
(M, 6) = (A V)® A(V)) 6)»

3) 6(v) = d(v), 8(3) = —B(d(v)), veV, eV
and

(B,8) = (k[Z] ® A(V) ® A(V), 5),
(4) 8(2) =0, 8(u) = 6(u)+ Z - B(u), ueA(V)®AV)
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where Z is a new generator of degree 2.

The lemma below is a reformulation of the Vigué-Poirrier and Burghelea result
[22].

Lemma 2. Let M = G/H where (G, H) is a Cartan pair. Then
(i) )
HH*(M)~ H*(C,¢)

where
(C,8) = (QX1,..., X,]®OAZ1, -, 2) ®AW1- - - -, ¥n) ® Q[V1, ..., Y], 6),
§(Xi)=46(zi)=0, i=1,...,s,
6(yj)=fJ(X11)Xs)) j=1,...,3,
8(Y;) = (85 /0X:) @z, j=1,....s,

=1

8(Y;)=0, j=s+1,...,n.
(i) ~
HC*(M) = H*(R,n)

where - -
(R,n)=Q[Z]®C,n),

n(Z) =n(z;) =0, i=1,...,s,
(X)=2®zi;, i=1,...,s,
ny)=Ffi, i=1...,5s
n(Y;) = ;(afj/axs)czwz;

and the degrees of the free generators X;, z;, Yj, y; are defined by the equalities

deg(z;) = deg(Xi) — 1, deg(Y;) = deg(y;) - 1.

Proof. The known result of [22] shows that if (M, D) =~ (A (V), d), then

HH*(M) ~ H*(H,$),

HC*(M) ~ H*(B,6)
where (M,68) and (B,6) are defined by (3), (4). Using Lemma 1 one obtains
(Mpr, D) ~ (C,d) since (G, H) is a Cartan pair. Introducing the convenient for

us notation z; instead of X; and Y; instead of §; one quickly obtains H = C,B=R
and the assertions (i), (ii) of Lemma 2. Lemma 2 is proved. 0
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Consider subalgebras C; C C, Cy C C of the form

Ci =Q[X1,.. ., Xs]®A(y1,---,Yn),
Cz=Q[Xl,...,X,]®/\(£1,...,x3)®Q[Yl,...,Yn].

Formulae (i) of Lemma 2 show that §(Cy) C Cy, §(C2) C C3 and therefore it is
possible to construct the tensor product of graded differential algebras

(Ry 77) - (Cl ) 6|Cl) ® (021 6IC2)’ (S) 6) = (Q[Xl) ey X.!]) 0) ® (éy 6)
Lemma 3. The following equality is valid:

(5) PH‘(R)(t) = PH‘(S)(t)-

Proof. Let c be a generator of R of the form
— xk ks ki K9 : I I
c=X{' X ®uUip A A XL XS ®z AL AT, QY LY
Then, evidently,
=XB X @ (£ @ A A A yi) ® XE
ne) =X . X9 (£ fia ®Uin A AGj Aoyj) @ X7t
XS @z A Az, QY] Yt
F(=1) T XE X oy AL Ay, @XP . XS @z AL
1 lg—1
i, @ (Sl (D0fe/0X,) @ )Y Y™ v )
q [2

where a = deg(yj, A...Ay;,), b = deg(zi, A...Az; ) and ~ denotes the absence of
the element. Considering the element ¢’ € S of the form

c’:Xf‘...Xf'®Xf‘...Xf’®:c,-lA.../\z',-r®yjl/\.../\yj,/\Yl“...Y,f"

one can easily verify, using the definition of { and anticommutativity of z;, and y;,
that 7(c) = £(c’) as polynomials (note that R ~ S as graded polynomial algebras).
As usual, denote for any cochain complex K the subspace of g-dimensional cochains
by K9, the subspace of cocycles by Z9(K) and the subspace of coboundaries by
BI(K). The equality n(c’) = n(c) shows that dim BY(S) = dim B(R). Using this
equality and the evident formula

dim H!(K) = dim K? — dim B?*!(K) — dim BY(K)
one obtains (5). a
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Lemma 4. The following formula is valid:

(6) Pageon(@®) = [ 42571 T = t29) - Pre(ca)(t)-

izt j=1

Proof. The equality (R,n) = (Cl’élcl) ® (Cy, 6[02) implies
(7) Pre(r)(t) = Pr~(c,)(t) - Pa+(c2)(t) = Prem)(t) - Pre(cy)(t)
since (C), ‘5lc,) is quasiisomorphic to Cartan algebra of G/H. Analogously
(8) Pr+(5)(t) = Pya(gy(8)/(1 = %1) . (1 = %),

Then Lemmas 2, 3, equalities (7), (8) and (2.6) imply (6). a

Proof of Theorem 1. (i) See formula (2.5) and the remark before. (ii)
According to Lemma 4

Pug-m)(t) = H (142671 H(1 —t?15) - Phe(cy)(t)
j=s+1

where

Cy =Q[X1,..., X,]®A(z1,...,2,)®Q[Y1,...,Yx],
§(X:)=6(z:)=0, i=1,...,s,
5(Y;) = — z(af,/ax )@ zj, 6(Yag1) =...=6(Y,) =
Thus C;, can be represented in the form
(C2,8) =(L,6) @ (Q[Ys41,--.,Yn],0)

where L is of the form satisfying the conditions of Theorem 1 for é instead of d and

A=Q[X1,...,X;]®A(z1,...,z5). Then evidently
. 2,
Py-cn)(®) = Pu-ry(®)/ T1 (1-12Y)
j=s+1
= (Pe() —t Poy(®) ~ Poy(®) / T1 (1 - 25).
J=s+1

Now, substituting the evident expression of Pr(t) into the above formulae for
Py g+ (am)(t) one obtains (1.5). 0
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4. CycCLIC HOMOLOGY (PROOFS OF THEOREMS 2, 3)

Proof of Theorem 2. As

H*(M,Q) = Q[X1, X2)/(f1, f2)

with the regular sequence f;, fo the well-known result of Bousfield and Guggenheim

[4] implies

(1) (Mpr, D) = (Q[X1, X2) ® A(y1,¥2)),
D(X,) = D(X3) =0,
D(y;) = fi(X1,X2), j=1,2

where f; are homogeneous polynomials. Note that (1) implies My to be the same

as in Theorem 1. This observation allows us to use all the previous calculations.

Consider (C, 5) and (R, ) as in Lemma 2. In our special case

(C,8) = (Q[X1, X2, Y1, Y2] ® A(21, 22,41, ¥2),6),
§(Xi)=6(zi)=0, i=1,2,

8(Y;) = —((8£;/0X1) @ 21 + (3f;/0X2) @ x3), §=1,2,
8(y;) = fi(X1,X2), j=12

Applying [16] it is easy to obtain

HH*(M)= H*(C,$%),
HC*(M) = H*(R,8)

where
C = Q[X1, X2, Y1, Y2] ® A(z1, 22)/F,
F= (S(yl),s(yz)) cC

and a similar trick is applied to construct R.
Use the following results from [22]:
1) there exists a short exact sequence

(2) 0-RERLCE -0

where S(r) = Z -r for any r € R, 7: R — C is a natural projection (recall that

R=Q[Z]®C);
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2) there exists an associated long exact sequence
®3) o HH*N B o L ge+r Logpeve

where B([y]) = [1 ® B(y)] for cohomology classes [y] € H*(C,5), [l ® B(y)] €
H*(R,7). 1t is easy to verify that B’ = I o B has the degree (—1) and (B')? = 0.
O

Remark. Thelemmabelow is due to R. Krasauskas. As the lemma was proved
in his Ph.D. thesis [19) and may be not available for the reader, we briefly outline
the proof.

Lemma 5 (R. Krasauskas [19]). There exists an exact sequence
(4) 0—imJ/imJ2 % H*(HH*,B') > ker J NimJ — 0
for the mappings a, b defined by the formulae

(5) a([J(2)]) = [I(x)], b([y)) = B(y).

Sketch of the proof. The correctness of (5) can be verified directly. The
mapping a is a monomorphism, because if I(z) = I - B(y), then I(z — B(y)) = 0
and there exists z such that z — B(y) = J(z). Thus J(z) = J%(z) and [J(z)] =0
in imJ/imJ2. The sequence (4) is exact, because (b-a)([J(z)]) = B-I(z) = 0
and those y for which B(y) = 0 can be represented in the form y = I(z) and thus
y= a([J(a:)]). The mapping b is epimorphic, because the condition z € ker J Nim J
implies the existence of y such that z = B(y) and I - B(y) = I(z) = 0. Lemma 5 is
proved. a

Consider now the usual construction of reduced cohomologies HH “and HC . It
is easy to verify that

(6) HH*=Qe HH , HC*=QZ|eaHC .

Remark. In (3)-(6) and in several cases below we use the notation H H* instead
of HH*(M) to avoid clumsy formulae.

Lemma 6 ([23]). For the reduced version of the exact sequence (4) the operator
J is nilpotent.

Consider the decomposition
) C=Co»Ci10C,
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where C, is generated by all the monomials containing the expression z; A z, Cis
generated by the monomials of odd degrees and Cy is generated by the monomials
of even degrees which do not contain z; A z2. The direct calculation shows that the
following formulae hold:

) BXTH XY Y7 @)= (m+ )XTX; QY™ Y7 @21 Az,
BXIP X @Y - Y2 @z)=(n+ DXTXF QY - Y* @21 Azs.

Put
2= XX @Y Y @1, w=XTX3T oY V@,

Note that f; from the definition of (C, 6) are homogeneous polynomials and f; € F.
Therefore

fi= Y alXiX§,  deg(Xi)=ki, deg(Xa) = ko,
lky+tko=deg(f;)

Calculating directly 0f;/0X1, 0f;/0X2 one can verify the formula

S(klz + kzw) =
=3 s - XPXP (deg(f;) - Yol X1 XY ...Yj”"l LY Qe Aza =0
J

(k=1,2,5=1,2)

in C since
> alxiXieF.

On the other hand, comparing (8) and the above equality it is easy to notice that
the mapping

9) B': HHy— HH('2)
is epimorphic since B’([z]) = [B(z)] (here and everywhere below we denote by
HH(".) and HC(‘,.) the submodules in H H* and HC*, respectively, corresponding to
the decomposition (7). Using Lemma 6 and (9) one obtains

imJ NHC(,) = 0.
This equality shows that
(10) I: HC(y) ~ HH(y)
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is an isomorphism. The exactness of (4) and Lemma 6 imply 176';0) = 0 and therefore

(11) HCy = Q2]

Consider the decomposition (7) for R and introduce the complex of graded modules
0> Ry bR L Ry—0.

It can be evidently derived from the definition of Ry, R;, R that the Euler charac-
teristics x(R) of the above complex equals zero: x(R) = 0 since in any dimension
p — -_— _—
dim RE + dim R} = dim R}.
The equality x(R) = 0 and (10), (11) imply
— . - -1 . -
y = t PHC(O) )+t PHC(z)(t)

=t/(1=13)+ 7" Pyg, (1)

Pucy,
(12)

Formula (12) shows that it remains to calculate Puu, (t). Recall that H H(y) has
been obtained from C5. The proofs of Lemmas 2-4 show that it is enough to apply
the arguments of the above lemmas to subalgebras

(R2,m) = (C1,8]¢)) ® (Ca2), 8 )

and

(S2,€) = (Q[X1, X2],0) ® (Ca2), )

(here “(2)” denotes the component generated by the elements containing z; A z5).
The appropriate subalgebra A from Theorem 1 (we apply it to HH(* ) @8 in our case
all the calculations are the same and depend only on the form of the minimal model)
will be of the form

A = Q[Xy, Xo] ® Aa(z1,22)

and therefore evidently
A = Ann(ay, as).

Then Pp(r) is calculated in an evident way and using (3.7) in the proof of Lemma 4
one obtains

Pung, (1) = 54242 py (1) / TT (1 - £20)

i=1

and (1.7)—(1.8) are proved (taking into consideration (12)).
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Proof of Theorem 3. Each of the cases is considered separately but the
calculations do not differ essentially, therefore we reproduce them only in the cases
corresponding to Corollary.

Consider the case M = Sp (3)/U(3). According to (3]

H*(M,Q) = S(z1, z2, 13)/S+(xf,x§, :c§)

where S(z1, 22, z3) denotes the algebra of all symmetric polynomials of the variables
Ty, To, r3, ST(z?, 22, 23) denotes the ideal generated by the symmetric polynomials
of positive degree, that is

(13) H*(M,Q) = Qo1,02,03]/(G1,52,52)

where o; are the elementary symmetric polynomials of the variables z;, while 7; are
those of the variables :cjz-. By direct computation one obtains

2 _ = 2 _ = 2 _ =
03 =203, 05=02+203-01, 07y=071+202

and therefore it is easy to notice that the factor algebra (13) has two generators
u = n(0y1), v = n(o3) (n: Q[o1,02,03] — H*(M,Q) being a natural projection).
Thus

H*(M,Q) ~ Q[X1, X2]/(f1, f2)

as M is a homogeneous space of maximal rank. Then Theorem 2 implies

Prcg, (8) = Pa-an(t) - t”‘*”‘"”/H(l — 7).
i

According to (2.6)

Pyem)(t) = (14 ¢2)(1 4+ t4)(1 + £9).
Isomorphism (13) shows that (9, D) can be calculated by a theorem of Bousfield
and Guggenheim [4], §16 and 2l; = 8, 2ly = 12, 2k; = 4, 2k, = 6. Then

Phc:

ey () = Pung, (1) = t7/((1 - )(1 - ¢%))

and (1.9) is proved.

In the case M = Ad Eg/T"! - Spin(10) we restrict ourselves to the proof of the
isomorphism H*(M, Q) ~ Q[X,, X2]/(f1, f2). Note that M is generated by a Cartan
pair according to Proposition 1. Thus its minimal model is defined by (2.2), (2.3).
Using the calculation in [10]

QT ~Qlfi,..., fel
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where

A=A+ 428 fo=2408 4. 48
(14) Fs=2 284 08 fa= 24034 48
=242+ 422, fe= A2 A2 4 4002

and Aq,...,A¢ are the weights of the representation go: A5 — GL(V) of minimal
dimension, ()X are the weights of the representation

A5 As+ A L Es — GL(V)
(7, j being the natural imbeddings). Analogously

QT = Q[uy, ..., ug),

up = A, up =M 4 A uz = At 4. 40
ug = A4 42, us =84 408w =234 4+ AL
(15)

Observe that (14) and (15) imply that H*(M) has not more than two generators
while the expression for Pe(ar)(t)

Preany(t) = (L+ 2 4+t 4 18)(1 4+ 65 4 116)

implies that there are exactly two generators. The proof is completed. ]

Remark. The W(G,T)-invariant polynomials f; for any compact simple Lie
group G were calculated by many authors. We have used these calculations in the
form of [10]. Namely, we consider the linear representation go of G of minimal
dimension and denote by Ay, ..., A\, the weights of go. Then Ay, ..., A, can be
regarded as “coordinates” in a Cartan subalgebra ¥ of & (they define a vector of
in spite of the fact that they may be linearly dependent). Thus f; can be expressed
as polynomials of variables Ay, ..., Ap,.
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