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1. INTRODUCTION

In this paper we shall use the following notation. Let N > 0, k > 0 be integers. Let
€, p be real numbers, 1 < p < co. Denote by p’ the conjugate exponent, i.e. p’ = ;{—1.
Let Q be a non-empty, open, bounded subset of RV. Let M be a closed subset of 9Q
and let dps(z) be the distance function, dps(z) = dist(z, M). For simplicity we shall
write d(z) instead of dps(z). For an integer m, 1 < m < N, we set Q,,, = (0, 1)™.

Definition 1.1. We shall write (2, M) € B(k,N)for Ll< k< N—-1,N>2if
and only if there exists a bilipschitz mapping

B: Qn —Q

such that B(Q,) = M.

By C>®(0) we denote the set of real functions u defined on Q such that the
derivatives D®u can be continuously extended to € for all multiindices a.

Define the weighted Sobolev space W!P(Q, d¢) as the closure of C*®(Q) with re-
spect to the norm

luw(@,0) = ( [lu@Pe@ i+ [ f;|o,.u(z)|pde(z)dx)””,
Q Q =

where Dju = %‘T stands for the generalized derivative of the function u. The space
HVP(Q,d®) is the class of all functions locally integrable on Q, with a finite norm

i @, a0 = ([ u@Par@yas+ [ 3 Due)pie) ds)
Q a =t
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Now, let (2, M) € B(k,N). Let 0 < s < 1. Let us recall the definition of the
Slobodeckij space W*P(M) as the set of all functions u defined on M with a finite

norm , 1p
|ulW*P(M)|| = (/lu(z)l” dx+//%dzdg) .
A

M M W

It is well known (see [1] and [4]) that for e < k — N or e > p+ k — N the space
WP (Q, d?) is isomorphically and topologically equivalent to the space H!'P(Q,d*).
The space HVP(12,d¢) has zero traces on M in the case ¢ < k — N while for ¢ >
p+ k — N the traces on M have no sense in general.

In this paper we show that in the case ¥k — N < ¢ < p+ k — N the class of
traces on M of the space W1P(Q,d) for (2, M) € B(k,N) is equal to the space
W=t

a corresponding extension operator.

(M). Section 2 contains the direct trace theorems, in Section 3 we find

2. DIRECT THEOREMS

Lemma 2.1. Let M = {0}, =N < e < p— N. Then there exists a constant ¢ > 0
dependent only on €, p, N such that for all functions u € C®(Q ) the inequality

(2.1) |u(0)] < ellulW"P(Qw, &)

holds.
Proof. Let uée C®(Qy). For z € Qn we have

LN
u(z) = u(0) + /Ez:gD;u(t:c) de,
0 =1

and so
1 N
u(0)] < u(z)] + / S 2| Dyu(te)| dt.

o =1

Multiplying the last inequality by d*/?(z) and integrating over Qn we get
@2 WO [ @@ < [l e
Y QN

1 N
+//Zz,-|D,~u(t:c)|d‘/P(:c)d;ndt =L+

0 Qn i=1
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Since ¢/p > —N, we have ¢; = fQN d*/P(z) dz < 0.
The Holder inequality yields

(23) I < (/ )1/” (/ [u(z)[Pd*(2) d: )llp < W (@, do)l-

N

Let us estimate the integral Io. By the assumptions there exists «, such that ¢ +
N —1 < ap < p—1. We use the substitution tz = y and the Holder inequality and
obtain

1
I s/ / S IDiu(y)|de /P ()t~ N ¢/ dy de
/ :

(0,0)N i=1
1

1/p' . p 1/p
< (/t ap dt) (/[ |Diu(y)|d‘/”(y)t°‘_’\"/”dy] dt) .
0 i= l

0 (o, i)"’

Since —ap’ > —1, we have (fol =o' dt)l/p = ¢g < 00.
Using again the Holder inequality we obtain

1

. < (/tm_N—s(u)I/p( / iwz'u(y)l"d‘(y)dy) "

(0,1)~ =1
< eallulWHP(Qn, d))l,

where c3 = ¢y (fol t”"‘N“dt)I/p < 00, because pa — N —e > —1. Now (2.1) follows
from (2.2), (2.3) and (2.4). a

Lemma 2.2. Let 1 < k< N—-1, k—N<e<p+k—N andlet M = [0, 1]*.
Then there exists a unique bounded linear operator

T: WYP(Qn,d?) — LP(M)

satisfying
Tu(z) = u(zy,z2,...,2x,0,...,0), z € Qn,
for every function u € C®(Qy).

Proof. Letu€ C®(Qy). Fix z1,...,2; € (0,1) and define a function v by
v(Tkt1, - 2N) = u(z), (Thg1,...,2n8) € (0, )N,
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Obviously, v(zk41,...,z8) € WHP(QN—k, d°).
By Lemma 2.1 there exists a constant ¢ dependent only on €, p, N, k such that

|lu(zy, 2o, ..., 2k, 0,...,0)]P ( / |u(z)|Pd*(z) dzg41 ... dznN
QN-k
N
+ / > IDiu(z)Pd* () dziya - .- de).
Qu-k i=k+1
Integrating over 1, ...,z we obtain
lu(zy, ..., 26,0, 0| LP(M)|IP < cllulWHP(Qn, d°)|IP.

The operator T' is now the unique bounded linear extension of the mapping u +—
u(:cl,:cg,...,;ck,O,...,O). a

Using a similar argument we can prove a more general assertion:

Theorem 2.3. Let 1 < k< N-1,k—-N<e<p+k—Nand (2, M) € B(k,N).
Then there exists a unique bounded linear operator

T: WhP(Q,d*) — LP(M)

such that
Tu= ulM

for all u € C*(Q).

Now we shall prove that the trace operator is a bounded mapping from W!?(Q, d)
N—-k+e
into W=7 P(M)if (Q,M)e B(k,N)andk—N<e<p+k—N
The case k= N — 1.

Lemma 2.4 (see [2]). Let —1 < e < p—1 and let a be a real number such that

0 < a < 1. Then there exists a constant ¢ > 0 independent of a, such that for all
functions u € C*([0,a]) and v € C*([a, 1]) the inequalities

/|——/u(t)dt‘ (a —z)° xgc/a|u(z)!p(a_x)e de
/L;i /v(t dti (z —a)* dz < /|v(1c )P (z - a) dz

a a
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hold.

Lemma 2.5. Let Q = {(z,y) € R?: z € (0,1),y € (0,2)}, M = {(z,2): 0 <

z < 1} and let —1 < e < p— 1. Then there exists a constant ¢ > 0 such that

1

(2.5) / ut,t) —u(n, P 44,

|t —7|p—

00

< 00/6/ (ID1u(t, 7)P + | Dau(t, 7)|P) (t — 7)*drdt

for all u € C*(Q).

Proof. Using the Fubini theorem we obtain
1

t
_ P
[JEEETL I
|t — rfp-¢
0

0

ek [oj(jltfl;f/‘Dzu(t,g)dgr(t - T)‘dr) dt
+0/1(T/1|$T/1D1u(£,r)dflp(t— r)‘dt) dr]

= 2p_l[11 + Ig]

According to Lemma 2.4 we have

1

1
I < c// |Dau(t, T)P(t — 7)€ dr dt,
0

0
1

1
I, £ c// |Diu(t, 7)[P(t — 7)¢dt dr.

0

The inequality (2.5) follows.
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Lemma 2.6. Let N > 2, —1 < e < p— 1. Define A;(u) by

11 1
Ai(u) = // /(// (1, o, 6 Tigr, o TN
LR

(N 2)—fold
. ' drd¢
—u(xl,...,x,_l,T,:L',.;.]‘ yIN— l)l “—7.',,—5
d1‘1 d.l’g .. .d.’l,‘,'_l dl','.H .. .d.l‘N_l.
Then there exists a positive constant ¢ such that
ipe N-1
a5 @u- I < e(llu| 2P @u-n)IP + Y Aiw))
i=1

for all functions u € LP(Qn-1) such that A;(u) < oo fori=1,2,...,N — 1.

Proof. The proof can proceed in a way similar to that of the proof of Lemina

6.8.10 in [3]. 0

Lemma 2.7. Let N > 2, -1 <e<p—1and M = [0,1]N~'. Then there exists
a constant ¢ > 0 such that

llu(z1, ..., 2n-1,0)|[W' P (Qn-1)ll < cllu|WHP(@Qn, d)|

for allu € C®(Qy).

Proof. Let u € C®(Qy). Set v(z1,za,...,2n-1) = u(zy,22,...,2N-1,0).
According to Lemma 2.6 and Lemma 2.2 we have

u(zi,...,zn- 1,0)|W1'l¢£’p Qv-)|f = v IWl_%_"p QN—l)”p

< e (Jlolr@u-n)] + E i) < o [lulw e @y, ) + Z Aiw).

Obviously, it remains to estimate A;(v), ¢ = 1,2, ..., N~ 1. Fixi =1, ..

i8]

N — 1. Set vi(z1,...,zn) = u(z1,...,2N-1,2; — zn) in the domain 0 < z; < 1 for
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j=1,...,N—-1and 0 < zy < z;. Lemma 2.5 and the direct calculation yield

t

1 1 1
Ai('v):‘2/.../(//{u(:cl,...,zi_l,t,:t;+1,.‘.,zN_I,O)
0 0 00

drdt
- u(xl"'"Ii”l’T’xiH"”’IN-I’O)IPH——;F‘—‘>

(l.’L'l .. .d:L‘,'_l d:L‘,'.H .. .(l:l:N_.l
1

1 1 1
:2/.../(//|’U,'(J:1,...,l'i_l,t,:l:,'+1,...,:BN_l,t)
0 0 00

p drdt
- 'Ui(l’l,..~,1'i-],7',1‘i+1,...,xN_l,T)' m

dzy...dzi1deiyr ... dey-y
t

1 11
g‘20/.../(//(lD,-v,-(rl,‘..,a:,-_l,t,:c.-“,...,J:N_l,r)|”
0 0 00

+lDN‘Ui(l'l,...,Ii—l)t,l‘i+1,...,:L'N_I)T)’P)(t__T)Edet)
! 11t
N./(//(lDiu(x]’""xi‘lltyxi-f-l,-..,$N—1,t—T)|P
0 00

+ |Dnu(zy, ooy ic1, 6 Tigty ooy TN, E — T)I”)(t - T)‘d‘rdt)

da:l .. .d:c;__l d1:5+1 .. .d.’tN_l
< gr+l.
0

dzy...dri1dzipy ... dzy_g.
The substitution s =t — 7 gives
Ai(v) < 27 e|ju| WP (QN, d)IP, i=1,2,...,N -1,
which completes the proof. O

As an immediate consequence we have

Theorem 2.8. Let N > 2, -1 <e<p—1and (Q,M) € B(N —1,N). Then
there exists a unique bounded linear operator

T: WP (Q,d°) — W77 (M)

such that

Tu:uIM
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for all u € C°(Qy).

The case 1 <k N -2.

Lemma 2.9. Let K,L,s > 0. Then there exists ¢ > 0 such that

L L ]
C
— K de; d
r1+3 \,0/0/ (7‘+|91—92|)2+’ 01 4Q2

for every r € (0, K].

Proof. Obviously,

L
/ do, de2 _ // do, de2 — 9]
) (r+1]er — 92|)2+’ (r+ o1 — 02)%** ’

Direct calculation yields

PSS A S S
T l4srits D os(s+ 1) \(r+ L) r/°

(2.6)

O ~—

By the Lagrange Mean Value Theorem there exists £ € (r,7 + L) such that

L s—1
I'= 1+s(r1{H a r’(f+ L)’)'

If s <1 we have

1
1—];-3(1'11"" B 7"(rs+ L)’) = l-f—sr11+5 (1 - (r+r L)s)
¢ s
s (- (e5r) )

For s > 1 we get

L 1 (r+ L)1 L 1 r
> — = 1-
I/1+s(r1+’ r’(r+L)’) 1+sr1+’( r+L)

2 1is(1'1<Ier)rll+"

Thus, (2.6) holds with ¢ = 2mm(l+, ( - (KKﬁ)’), = (1= 7(%))

702



Lemma 2.10. Let N > 2, k— N <e <p+k— N and M = [0,1]*. Then there
exists a unique bounded linear operator

Wl 4

T: W'P(Qn,d*) — P (M)

such that
Tu= u|M
for all functions u € C®(Qy).

Proof. Let u € C®(Qy). We introduce general cylindrical coordinates
(zl,r' Q)) ' = (1:11 .o 'yzk)) o= (Qly .. ‘yQN—k—l)) by

ry =T,

Ty = Tk,
Lk41 = T COSQp,

Ti4o = 7sin @) cos @2,

TN =7SInNg)...SINON_—2COS ON—_k—1-

Let @' = {(z',r,0): 2" € (0,1),r € (0,1),0 € (§,5)¥"*"!}. Obviously M =
{(z',r,0') € V:r =0}. Let Q be the set of points on RV whose cylindrical coordi-
nates (z',7, 0) belong to Q. Then Q C Qn, M C Q, d(z) = r and there exist two
constants ¢y, c2 > 0 such that

(2.7) arVEL I r0) K ear™ TR (2 v, 0) €

where J(z',r, p) is the Jacobian of the mapping (z’,r, ) — z. Define a function v
by

v(z', 7, 0) = u(z).
It is easy to see that v € C*°(Q’) and

6 (z)l i=1,2,...k,

‘a_:(”"""’ < 3 [ <x>i

‘a (:trg)l ’ (:c’ for j=1,.... N—k—1.

Oz;
i=k+1

703



These inequalities and (2.7) yield

(2.8) I(v):= /|v(x’,r,g)|prN_k_1rf dz' drdp
nl

+ /(iig—;(r’v r 9)|p + |%§(r’,r, g)lp)r""k“r‘ dz’ drdo

=1

N-—-
P
+/ Z pN=E=1pe=p qg’ dr dp
a t
< eallulWHP(Qu, &°)|IP.

ov
|(9—Q:(I y Ty Q)

k-1
=1

Set £1 = £ — N — k — 1 and define the anisotropic weighted space V1'P(Q 7¢1) as the
closure of C*°(Q) with respect to the norm ||.|V{| = (1(.)) s Obviously

(2.9) VIP(Q, 1) s WHP(Q, r¥Y).

Putting € = €; in Theorem 2.8 we obtain the existence of a constant ¢4 > 0 such
that

(2.10) callo|WHP(Q, re)||P

[v(z’,0, 0) — v(y/', 0, %) ,
’ / / / / (l2' = y'| + o — p[)Ntp=2-= dedy de’dy'.

(0% (0,1)% (£, 5)V=*=1 (3,5)N-+

Denote the right-hand side of (2.10) by I;. Since v(z’,0, 0) = u(zy,...,2¢,0,...,0) =
u(z’,0), we can write

(2.11) I = / / u(2,0) = u(y’, )P J(|¢' — ' |) do’ dyf,
(0,1)% (0,1)*
where
J(le" = y'])
> cs / (]Q] ...dgN_k_ldl/.’l ...(lle_k_l
g (I =y |+ lo1 — Yol + -+ lov—k—1 — Pn—g—1|) VP27

(3, 3N=F=1 (5, )N+
Using (N — k — 1)-times Lemma 2.9 we arrive at the estimnate

. ] ’ Ce _ Ce
(212) J(II -y |) 2 |l'l _ yllp-{.k—l—sl - l‘z’.l _ yllp+2k—N—E :
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From (2.11) and (2.12) we obtain
' 0)— P
/ lu(I ,0) u(y’,0)| di}l dyl

|l" _ y/lp+2k—N—:

Iy 2 c6

(0,1)% (0,1)*
The estimates (2.8), (2.9), (2.10) and (2.12) imply the assertion of the lemma. 0O
Again, it is not difficult to prove the following more general statement:

Theorem 2.11. Let N > 2, k— N <e<p+k— N and let (2, M) € B(k,N).
Then there exists a unique bounded linear operator

T: Who(Q,d°) — W' 55p (A1)

such that
Tu = u|M

for all u € C*(Q).

3. INVERSE THEOREMS

Let N > 2 and let k be fixed, 1 < k < N —1. For z € (z1,...,zn) € RV
we shall write z = (2/,2"), ¢’ = (z1,...,2x), 2" = (Tk41,...,ZN). Let ® be a
function of C*®(R¥) such that ®(z’) = 0 for |z’| > 1, ®(z') > 0 for |2'| < 1 and
flr’lsl ®(z’') dz’ = 1. We define an operator R by
A P I ' -t ' ’ 1 k
(3.1)  Ru(a',2") = |z"| / ‘I’(—w Ju(t)at, u € L (RY)

Y N EL
Lemma 3.1. Let k— N<e<p+k— N and K > 0. Let Q* = (=K, K)¥,

D={zeRN:z=(2',2"),2' e QF,|2"| < K - ._rrllaxk|z,-|,z,- >0fork+1,...,N}

and M = a
Then the operator R is a bounded linear mapping of wi- "”(Qk) in
WbLP(D,d*).

Proof. The linearity of the operator R is obvious. Now, we shall follow the
idea of the proof of Lemma 6.9.1 in [3]. Without loss of generality we may assume
K = 1. From (3.1) we get

1
|l.n|k+1
lz'~ti] <]z

"y
D.-<b(f’-—t-)u(c')dt', i=1,2,.. .k

(3.2) D;Ru(z',2") = —
||
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(3.3) D;Ru(z',2") = L

| //|k+l
k
kx, z' -t ' —t'\ (zj — tj)z;
(o (o) - 20 * () )
| =t!| < |z i=1
i=k+1,...,N.

If we take u = 1 in (3.1) we get Ru(z’,2”) = 1 and from (3.2) and (3.3) we obtain

1 z
0= g / Do (S
le/—t7]le ]

1 kz; (' -t u =t (z; —tj)z;
= Izulk-{-l / (—ix_lr_ld)( l£/r| ) - EDj(p( |1./1| ) J|:L.//|2 )dt,’
N 7=l
i=k+1,...,N.

Thus, (3.2) and (3.3) can be rewritten in the following way:

D;Ru(z',z") = WILT / D;® ( ] )(u(t)—-u(z))dt'

EE A N

i=1,...,k
1
D;Ru(z’',2") = T
kz z' -t k ' —t'\ (zj — ¢t;
(_Ix’:l ( |z ) Z ( |z ) ]Ixnl') )(u(t)—u(;z: )) dt
A NER i=1
i=k+1,...,N.

We shall estimate Ru and D; Ru in the norm of LP(D, d®). Note that d(z) = |z"| for
zeD.

Let us estimate Iy = ||Ru|LP(D, d)||":
We put b(z') =1 — , max |:c,| According to (3.1), we have

=/ | }ﬁ [ o]

Qk [="|<b(z") Ead NEL

lxllls dl‘“ dl‘

706



Using the substitution s’ = -I—;n]-, the Holder inequality, the spherical coordinates
for z” and the Fubini theorem we obtain

Io= / ( / | / <l>(s')u(:r'—s'|a:”|)ds'|p|:c"|‘d:c") dz’

QF z"|<b(z") |s'|<1

< / / lu(z’ = s'r)P ds'rN k-1t dr da’
Q* 0<r<b(z') |s'|<1
1
=0 / / lu(z' — s'r)|P dz'rN k=14 dr ds'.
[s|€1 0 (r=1,1=r)*
Now we use the substitution ¥ = =’ — s'r. Obviously, || —|s'|r < |V +s'7| = |2'] <
l1-r,andso || <1-r(1-]¢]) <1
Increasing the integration domain we obtain
1
I<e lu(y)IP dy' vV =514 dr ds' < eollu| LP(QF)|IP,
Is'I<1 0 Jy'I<t

1
where ¢c2 = ¢ f ds’ er"‘“H"dr.
fs’I<1 0
To estimate I; = ||D; Ru|LP(D,d*)||P for i = 1,2,..., N we proceed in the same
way as in the previous case. We obtain
Ju(z! — §'r) — u(z
rP

Y4
)' rN—k—]+tdsldrdxl

L <ecs

Q* 0<r<b(z’) [s'|<1

b(z")
u tl — u(z)IP ! — Ip+2k—=N-¢
s €3 |t|I _(_ x)llp+2(k—1)\l|—t / | rp-:;kl—N-—s—l dr dt, d:l,'"
Qk [t'-z'|<b(2") jt'-z'|

Direct calculation yields

b(z')
It, - xr|p+2k-N—¢ 1
T PHZE-N—¢—1 dr < p+2k—N—¢

jt'==z|

Since {t': |z’ - V| < 1 - ;Jnax, |zi]} C Q¥, we have

<aff u'"_” i AU A < el WS Qb

Qk Q*

which completes the proof. a
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Lemma 3.2. Let G C R* have a Lipschitz boundary, i.e. G € C%! in the sense of
Definition 5.5.6 in 3], s € R, 0 < s < 1. Then there exists a bounded linear operator

S: W*P(G) — W*P(RF)

such that

Su=u on Q.

Proof. Weshall write z = (z/,z) where 2’ = (z1,...,25_1). Let Q; = {1: =
(=',zk), o' € Qk-1, —1 <z < 0}. Define an extension operator Sp in the following
way:
u(z',zx) for z€Qx

u(z',—zx) for z€Q;.

(Sou)(z',zx) = {

It is not difficult to prove that Sp is a bounded linear operator from W*?(Q;) into

W*P(Qr UQy ).
Using the local description of dG, the corresponding partition of unity and the
standard technique we obtain the assertion of the lemma. a

Lemma 3.3. Let N > 2, k—N <e<p+k—N and let M = [0,1]F. Then there
exists a bounded linear operator

_N—-k+4¢
W=

Ro: (M) — WP (Qn, d°)

such that
T(Rou) = u.

Proof. Take K sufficiently large so that D O Qnx where D is the domain
defined in Lemma 3.1. Set Q* = [-K, K]*. Let S be the operator from Lemma
3.2 and R the operator from Lemma 3.1 (with G = Q¥ and s = 1 — %ﬂ) Let

u € W= P (M). Obviously,

" _N—k+4e
|RSulW'P(Qn, d)|| < eallulW =P (M)]I.

It remains to prove that T(RSu) = u. Note that Su € LP(Q*) and Su = u on M.
Put

I(z") = / |(RSu)(z',2") — u(z")|P da’.
M
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Then

P
/ ®(s")((Su)(z' — s'|z"]) — u(z')) ds’| da’

I(z") = /

M |s'|1
<a [ [isue - s1e) - (S0E)r ds
|s’'l<1 M

The p-mean continuity of Su yields

lim I(z")=0.

|z""|—0

By virtue of the trivial imbedding
LP(M) — L'(M)
we have

(3.4) lim ||(RSu)(z',z") — u(z')|L}(M)|| = 0.

|$H|__,0

Since RSu € W?(D, d¢), by Theorem 2.11 the trace of RSu on M exists. Denote
this trace by v. We shall prove that

lim [|(RSu)(z',z") — v(z")|L}(M)|| = 0.

lz'|—0

Let u, € C®°(Qn), un — RSuin W'P(Qn,d°). We can write

(3.5) /l(RSu)(:c',a:") —v(z')|dz’ < /|(RSu)(:c',z") — (RSu,)(z', z")| dz’
M M

+ [ I(RSun)(z',2") — un(z’,0)| dz’ + [ Jun(a’,0) — v(z")| dz’
/ /
= Ji(n,z") + J2(n,z") + J3(n).

Set on_i = N;—-ksN‘k where sy_g is the (N —k — 1)-dimensional Hausdorff measure
of the (N — k)-dimensional unit sphere. For simplicity we write f,, instead of RSu —
RSuy. From the definition of the operator RS we have f,(z’,zY) = fa(z', z¥) for
|z{] = |z5|. Thus, we can rewrite the integral J;(u,z"”) in the following way:

(3.6) Ji(u,z") = / (!, )] da’
M

1
= [ e

UN_);'I
M |y"|=|z"]
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Put
M(")={y": I¥'| < |2"],yi>0fori=k+1,...,N}.

Since the traces of W11(Q) are in L!(8), there exists a constant c3 > 0 independent
of |z”| and such that

C3

o] [ (e

‘7N-k|1'
M M(|z"])

N
+ 3 IDifa(a, y")]) da’ dy”.
i=1

Jl(u’ I") <

We use (3.5), (3.6), the Holder inequality and the general cylindrical coordinates to
obtain

J,(n,z")<c4/ / ((Ifn(z’,y”)l”
M M(jz")

I=”1

ol 1/ ep’ 1/P,
IO LR MR MY (B
i=1 4

_N-k+te
Sesle"I'TT T WP QN d)P

Consequently,
(3.7) Ji(n, 2") < csle” | | RSu — RSun |[W'P(Qw, d°))l.

Note that evidently 1 — -N'p—kﬁ > 0.
Let 6§ > 0 be a fixed real number. Then for every n there exists 7(n) > 0 such that

(3.8) J2(n,z") = /I(RSu,,)(:t',x”) —u,(2',0)|dz’ < 6/3 for |z"| < r(n).
M
The proof is analogious to the estimate of I(z").
Finally, from the trivial imbedding
WiP(Qn,d?) — W'(Qn)
and from Lemma 2.2 we have
lim Jz(n) = 0.
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Now, fix ng such that J3(no) < §/3. From (3.8) we can find a corresponding number
r(no) such that Ja(ng,z") < 6/3 for |z| < r(ng). According to (3.7) there exists a
number r; > 0 such that

Ji(no,z"") < 8/3 for |z"| < 7.

Let r = min(ry, 7(no)).
The estimate (3.5) implies

J(")<é for |2"|<r.
Therefore,

(3.9) lim J(z") = 0.

|z'|—0

By (3.4) and (3.9) we have u = v in L'(M). Setting Ry = RS we complete the proof.
a

Theorem 3.4. Let N 22, 1<k N-1,eeR k-N<e<p+k—N and let
(2, M) € B(k,N). Then there exists a bounded linear operater

R: W= 550 (M) - WP (Q, d°)

such that
T(Ru) = u.

Proof. The theorem is an easy consequence of Lemma 3.3. O
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