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CHARACTERIZATION OF TRACES 

OF THE WEIGHTED SOBOLEV SPACE Wl>p(n,d£
M) ON M 

ALES NEKVINDA, P raha 

(Received March 8, 1992) 

1. INTRODUCTION 

In this paper we shall use the following notation. Let N > 0, k ^ 0 be integers. Let 
£, p be real numbers, I < p < oo. Denote by p' the conjugate exponent, i.e. p' = -£-j-. 
Let fi be a non-empty, open, bounded subset of R^. Let M be a closed subset of <9fi 
and let d\f(x) be the distance function, d\f(x) = dist(x, M). For simplicity we shall 
write d(x) instead of dA/(*0- Vor a n integer m, 1 ^ m ^ N, we set Qm = (0, l ) m . 

Definition 1.1. We shall write (fi, M) e B(k, N) for 1 <g k ^ N - 1, N ^ 2 if 
and only if there exists a bilipschitz mapping 

B:QN ->n 

such that LKQ*) = M. 

By C°°(ir2) we denote the set of real functions u defined on Q such that the 
derivatives Dau can be continuously extended to fi for all multiindices a. 

Define the weighted Sobolev space lV1,p(fi,d£r) as the closure of C°°(fi) with re­
spect to the norm 

||ii|VV1,p(fi,de)|| = ( f\u(x)\pd£(x)dx+ f^2\Diu(x)\pd€(x)dx) , 

a n *=1 

where DiU = -^- stands for the generalized derivative of the function u. The space 
H1,p(Q,d£) is the class of all functions locally integrable on ^t, with a finite norm 

|HH 1 , p ( f i ,d*) | |= f J \u(x)\pde~p(x)dx+ f^2\Diu(x)\pd£(x) dx) \ 

n n t = 1 
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Now, let (ft,M) G B(k,N). Let 0 < s < 1. Let us recall the definition of the 
Slobodeckij space WS>P(M) as the set of all functions u defined on M with a finite 
norm 

\\u\W"(M)\\ - ( / |„(,)r d* + / / ' " ^ " l y dx dy)1/P. 
M MM 

It is well known (see [1] and [4]) that f o r e ^ k — Nor£>p+k — N the space 
Wl'p(Q,de) is isomorphically and topologically equivalent to the space Hl)P(Q,d£). 

The space Hl,p(Qid
e) has zero traces on M in the case e ^ k — N while for £ > 

p + k — N the traces on M have no sense in general. 
In this paper we show that in the case k — N < e < p + k — N the class of 

traces on M of the space JV1,p(Q,de) for (£2, M) G B(k,N) is equal to the space 
IV p , P(M). Section 2 contains the direct trace theorems, in Section 3 we find 

a corresponding extension operator. 

2 . DIRECT THEOREMS 

Lemma 2.1. Let M = {0}, — N < e < p — N. Then there exists a constant c > 0 

dependent only on e, p, N such that for all functions u G C°°(QN) the inequality 

(2.1) \u(0)\^c\\u\W^"{QN,ds)\\ 

holds. 

P r o o f . Let u G C°°(QN). For x G QN we have 

At 

u(a?) = u(0)+ í^2xiDiu(tx)dt) 
J .•—i 

id so 

|u(0)| ^ H * ) | + / £* . |D .u(**) |d t \ 
{ . = 1 

Multiplying the last inequality by delp(x) and integrating over Q/v we get 

(2.2) |«(0)| I dclf{x)dx^ ( \u{x)\d'lp{x)&x 
QN QN 

1 N 

+ f f J2xi\Diu(tx)\d*'>'(x)dxdt = h + h-

0 QN ' - ' 
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Since e/p > —N, we have c\ = JQ d€lp(x) dx < oo. 

The Holder inequality yields 

(2.3) 1! ^ ( / dx) (J \u(x)\pde(x)dx) ^ IMVV^QIv,̂ )!!. 

QN QN 

Let us est imate the integral In. By the assumptions there exists a , such that e + 

N— I < ap < p — 1. We use the substitution tx = y and the Holder inequality and 

obtain 

r r N 

h^j j J2\D'u(y)\ď/p^rN~c/Pdydt 

o (o,ť)" г _ 1 

! / P ' / rг r N p \ UP 

dt <c(/r«»'dl) ' ( / [ / |^|A%)|^(y)r-A r-^Jy 
o o ( 0 , t ) " z = 1 

Since —cvp' > — 1 , we have (JQ t~ap dt) = Co < oo. 

Using again the Holder inequality we obtain 

(2.4) h^[Jtv«-N-*diSj "( / f;|Au(y)|pcf(y)dy) 
0 (0,l)Iv ' = 1 

^c3\\u\Wl>p(QN,d*)\\, 

where r 3 = c 2(/ ( )

1 tpa~N"£dt) < oo, because pcv - N - e > - 1 . Now (2A ) follows 

from (2.2), (2.3) and (2.4) . • 

L e m m a 2.2 . Let 1 ^ k ^ N - I, k - N < e < p + Jfc - N and let M = [0, \]k. 

Then there exists a unique bounded linear operator 

T:Wl<r(QN,ds)^LP(M) 

satisfying 

Tu(x) = u(x1,x2,...,xk,0,...,0), x G Q/v, 

for every function u G C°°(QN). 

P r o o f . Let u G C°°(QN). Fix £ 1 , . . .,xk G (0, 1) and define a function v by 

v(xk + 1,...,xN) = ii(x), (xk+1,...,xN) G (0, 1 ) ^ " * . 
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Obviously, v(xk+1 ,...,xN)e Wl>p(QN.k,d
£). 

By Lemma 2.1 there exists a constant c dependent only on e, p, N, k such tha t 

\u(xux2)...,xk)Q,...,0)\p^c( J \u(x)\pd£(x)dxk+{...dxN 

QN-k 

+ / t \Diu(x)\pd£(x)dxk+l...dxN). 
QN-k 

Integrating over x\,..., xk we obtain 

||uOi, ...,xk,0,..., 0)\L"(MW < c\\u\W^(QN, d*w. 

The operator T is now the unique bounded linear extension of the mapping u »—• 

u ( x i , x 2 , . . . , x j b , 0 , . . . , 0 ) . • 

Using a similar argument we can prove a more general assertion: 

T h e o r e m 2 .3 . Let 1 ^ k ^ N - 1, k - N < e < p + k - N and (J2, M ) G B(k,N). 

Then there exists a unique bounded linear operator 

T: W1'p(Q,d£)^Lp(M) 

such that 

Tu = u\M 

for ajy u € C ~ ( ! I ) . 

Now we shall prove that the trace operator is a bounded mapping from Wl'p(Q.,dc) 

io W ' 1 " - ^ ^ ( M ) if i 

T h e c a se k = N - 1. 

into VV1" i i LT±^'P(M) if (ft, M ) G .B(Jb, N) and k - N < e < p + k - N. 

L e m m a 2.4 ( see [2]). Let —1 < e < p — 1 and let a be a real number such that 

0 < a < 1. Then there exists a constant c > 0 independent of a, such that for all 

functions u G C°°([0,a]) and v G C°°([a, 1]) the inequalities 

a a a 

j —— I u(t) dt \a -x)£ dx^c j |u (x) | p (a - x)£ dx, 

O x 0 
1 x 1 

/ I — | — f v(t) dt\P(x - a)£ dx ^ c f \v(x)\p(x-a)£ dx 
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hold. 

L e m m a 2.5. Let Q - {{x,y) G R 2 : x G (0,1), y G (0,x)}, M = {(x,x): 0 ^ 

x ^ 1} and let — 1 < e < p— 1. Then there exists a constant c > 0 such that 

0 0 

1 t 

^ c / / (|A«(<, T)\f + \D2U(t, T)\")(t - T)CdTdt 

0 0 

for all ue C°°(Q). 

P r o o f . Using the Fubini theorem we obtain 

i t 

/ / 
0 0 

\u(t,t)-u(т,т)\P 

\t - r | P " ' 
drd* 

1 t t 

** 2"~l[J {Jlth1 J D2Uit^)di\P(t - r ) í d r ) d < 

0 0 T 
i i t 

+ / ( / | r^ / D l U t f ' r HVr) £ dť)d i 
0 т 

D - l 
2p-Ҷ/i + / 2 ] . 

According to Lemma 2.4 we have 

i t 

h ^ C JJ \D2u(t,T)\»(t - T)CdTdt, 

0 o 
1 1 

h^c í í \Dxu(t, r)\"(t - T)edt dr. 

The inequality (2.5) follows. D 
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Lemma 2.6. Let N > 2, - 1 < e < p - 1. Define Ai(it) by 

1 1 i l l 

Ai(u) - -' [ Ka?i,...,a:t-_i,_,art-+i,...,__iv__i) 

0 0 0 0 0 

(7V-2)-fold 

- ti(a?i,..., _t-_i, r, __,-+!,..., £jv-i)r u _ r .p_£ 

d_. l dx*2 • • « dar,-_i d__,-+i . . . da;;v-i. 

7 V - 1 

Til en there exists a positive constant c such that 

||u|w1-i^'''(Q,v_1)||p ^ c(||_|Lp(ow_1)||p + J2 M")) 

» = 1 

for all functions u 6 LP(Q^~\) such that A,(w) < oo for i = 1, 2 , . . . , N — 1. 

P r o o f . The proof can proceed in a way similar to that of the proof of Lemma 

6.8.10 in [3]. • 

Lemma 2.7. Let N ^ 2, - 1 < e < p - I and M = [0, l]N~\ Then there exists 

a constant c > 0 sizci. that 

| |M(x1 , . . . ,xN_1 ,0) |VV1-1^'p(Q ;v-i) |Kc| |w|PV1 ' '>(g7v,„£) | | 

{oTallueC°°(QN). 

P r o o f . Let u £ C°°(QN). Set V(X\,XI,...,XN-\) — u(x\,x2,..., z/v_i,0). 
According to Lemma 2.6 and Lemma 2.2 we have 

\\u(x1,...,xN-1,0)\Wl-1?*(QN-l)\\
p = \\v\Wl-1ï<>>(QN-l} 11" 

/ V - l І V - 1 

ci (\\v\L<>(QN^)\\ + Y, M»)) ^ c2(\\u\Wl*(QN,d*)\\p + J2 M*)) • 

Obviously, it remains to estimate A{(v), i = 1, 2, ..., N — 1. Fix i = 1, . . ., 

N — 1. Set Vi(x\,..., xjv) = u(x\,..., -e_v-i, Xi — XN) in the domain 0 ^ x3 <i 1 for 
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j = 1,.. ., N — 1 and 0 ^ xN ^ Xi. Lemma 2.5 and the direct calculation yield 

l l i t 

Ai(v) = 2 / . . . / f / / \u(xu...,Xi_ut,Xi+u...,xN-U0) 

o 0 0 0 

t i(xi , . . . , x ť_i, r, x i + i , . . . , g iv-i,0) | p u _ r | p - £ ) 

daľi .. .daľг_i dx г + i .. .daľjv-i 
1 ì 1 ť 

2 ... I |v z(xi,.. .,2;i_i, l,x t + i,. . .,ar/v_i,0 
0 0 0 0 

- Vi(xU. . .,Xi-i,T,Xi+i, . . .,XN-i,T)\V  

\t-T\P-* 

dx\ . . .da:,-! dx l + i . . .da:^_i 
l l i t 

^ 2c ... I {\DiVi(xu ... ,Xi-.ut,Xi+u ... ,XN-X,T)\P 

0 0 0 0 

+ |D N t) i (x i , . . . , a,,-_i, l, a r i + i , . . . , ar^-i, r ) | p )(* - r ) £ dr dl J 

dx\ . . .dx,_i dx l + i . . .dxN-\ 
l l i t 

^2p+1cJ ...J(J J{\Diu(xu...,Xi.ut,xi+u...,xN.ut-T)\p 

0 0 0 0 

+ \DNu(xu ...,Xi-Ut, xi+x,..., xN.u t - r) |p)(t - r ) £ dr d* J 

dari . . .dar,-_i da;l+i . . .dxyv_i. 

The substitution s = t — r gives 

J4i(V)^2t>+1c||u|w1't ,(oN,rf£)||P, « = 1,2,..., Â— 1, 

which completes the proof. • 

As an immediate consequence we have 

Theo rem 2.8. Let N $> 2, - 1 < e < p - 1 and (fi, M) G £ (N - 1,N). Then 
there exists a ujjique boujided linear operator 

T: Wl*p(Sl,(F) — V V 1 " ^ ^ ) 

such that 
r« = «L 
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foTallueC°°(QN). 

The case 1 ^ k ^ N - 2. 

L e m m a 2.9. Let K, L, s > 0. Then there exists c > 0 such that 

L L 

^^II(r + \ßl-ЫГ+'deidg2 

0 0 

for every r G (0, A']. 

P r o o f . Obviously, 

(2 6) / / d g l d g 2 = 2 / / d g l d g 2 = 2/ 
1 ' ; jj (r + lei-^l)2-1-* J J (r + ei-e2)2+> 

0 0 0 £2 

Direct calculation yields 

__. L_ 1 / 1 1 \ 
~ 1 + s r1 + 5 s(s + 1) V(r + L)5 r5 / ' 

By the Lagrange Mean Value Theorem there exists £ £ (r,r + L) such that 

I= L ( l V-1 
= _ _ ! _ ___) 

l + sVr1+ ä rs(r+L)s/ °(r+L) 

If s $ 1 we have 

„ 5 - l 

^ l + sV" 1 " 7 ~ P 5 "* 7 """^ ' " 1 -+ 5~T~T V " V + L ' / 

>___.f1_f___VW 
^ 1 + 5V VK + L/ Jr1+^ 

For s ^ l we get 

7>-_fJ--(r + £)a~1) = - - — L f i - _ _ ) 
^ 1 + BVr1*5 r 5 ( r + L ) 5 / 1 + B r1*5 V r + L / 

L / K \ 1 
^ 1 + s V K + L J r 1 * 5 ' 

Thus, (2.6) holds with c - 2 m i n ( ^ 7 ( l - (jfe)') , ^ (1 - ^ - ) ) . D 
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L e m m a 2 .10 . Let N ^ 2, k - N < € < p + k - N and M = [0, l]k. Then there 

exists a unique bounded linear operator 

T: Wl*{QN,d€) -> W^^^-^M) 

such that 

Tu = u\ 
м 

for all functions u G C°°(QN). 

P r o o f . Let u G C°°(QN). We introduce general cylindrical coordinates 

(x ' , r ,D), x' = ( .r i , . . . , j? f c ) , Q = (D i , . . . ,DN-fc-i), by 

X\ — X i , 

%k = -Cjfc, 

xjb+i = rcosD i , 

xk+2 = r s inD i cosD2, 

xN = rs inD i ...sinDAr_it_2CosD^_ f c_i. 

Let fi' = {(.r ' ,r,D): * ' G (0,1)*, r G (0,1), D G ( | , g ) ^ " * " 1 } . Obviously M = 

{(x', r, Q') G £2': r = 0} . Let fi be the set of points on R^ whose cylindrical coordi­

nates (x ' , r , Q) belong to Q'. Then Q C QN^ M C .T2, d(x) = r and there exist two 

constants ci,O2 > 0 such that 

(2.7) cxr 
N-k-ì ^ ^ ( . - ' . r . ß ) ^ ^ - * - 1 , ( x ' , r , ß ) є S T , 

where J(x', r, D) is the Jacobian of the mapping (# ' , r, o) »—> x. Define a function v 

by 

v(x'', r, D) = w(x). 

It is easy to see that v G C°°(Qf) and 

|
(9t> I I du I 

- — ( x ' , r , D) = — (x)\ for t = 1 , 2 , . . . , A?, 
OXj I I OXi I 

#*>/ , \ ^ SГ \ д u r \ 

j = * + l Ј 
ôr 

<9v 
N 

дu 
(x ' ,r ,D) <: r ] T b r r W 

i = À; + l 
ðæг-

for j = l , . . . , N - k - 1. 
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These inequalities and (2.7) yield 

(2.8) I(v) := f \v(x' ,r, Q)\prN-k'lre dx' drdQ 

ft' 

+j{^\^''r'4+\t{x''r's)\yN~k~ir£dx'drds 

.N-k-ì 

/

l r) IP 

Y ^ ( z ' , r , D ) rN-k-lre-pdx'drdQ 
fri \dQiy 'I 

^c3\\u\Wl'"(QN,d'W. 

Set Si = £ — N — k — 1 and define the anisotropic weighted space Vl,p(Q', r€l) as the 

closure of C°°(TV) with respect to the norm || . \V\\ = ( / ( . ) ) l / p . Obviously 

(2.9) Vl-r(n',rei)^W1-p(n',r£í). 

Put t ing e = £\ in Theorem 2.8 we obtain the existence of a constant c.\ > 0 such 

tha t 

(2.10) c4 | | t ; |Wt1- ' '(íí ' ,r t»)| |p 

• / / / / 
(o,i)* (0 ,1)41,f)""*- 1 ( f . f ) " -*" 1 

\v(x')0)Q)-v(y',0,iP)\p 

(\x' -y'\ + \Q-iP\)N+P-2-£i 
dQdýdx' dy' 

Denote the right-hand side of (2.10) by Ii. Since v(x', 0, Q) = u ( # i , . . ., Xk, 0, . . ., 0) 

i/(.r ' ,0), we can write 

(2.11) h = j J Hx',0)-u(y',0)\pJ(\x'-y'\)dx'dy', 

(0 , l ) f c (0 , l ) f c 

where 

J(W-y'\) 

ž O5 
/ / 

d^i . . .d£Af-*,-iď/'i • • -dil>N-k-\ 
O ' - lj'\ + \ei - 1>2\ + • • • + \QN-k-l ~ 1>N-k-l\)N+p - 2 - Є ! 

Using ( N — k — l)-times Lemma 2.9 we arrive at the estimate 

ce c6 (2.12) 
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From (2.11) and (2.12) we obtain 

i ^ , f f N*'.o)-»(y/.o)lp
 Ar<(W 

- i > * j J \x,_^p+2k_N_c dxdy. 
(0,l)fc (0,1)^ 

The estimates (2.8), (2.9), (2A0) and (2A2) imply the assertion of the lemma. • 

Again, it is not difficult to prove the following more general statement: 

Theorem 2.11. Let N ^ 2, k - N < e < p + k - N and let (Q, M) E B(k, N). 

Then there exists a unique bounded linear operator 

T: Wl>p(Q,d£) — Wl-*^>P(M) 

such that 
Tu = U\M 

forallueC00^). 

3. INVERSE THEOREMS 

Let N ^ 2 and let k be fixed, 1 ^ k ^ N - 1. For x € (xXl...}xN) G HN 

we shall write x = (x' ,x"), x' = (xi,...,Xfc), x" = (xfc+i,..., XJV). Let $ be a 

function of C°°(Rk) such that $(x') = 0 for \x'\ ^ 1, $(x') > 0 for |x'| < 1 and 

f\x'\<\ $ ( x / ) d x ' = 1- We define an operator R by 

(3.1) Ru(x',x") = \x'Tk j 4>(^-)u(t')dt', ueLJoc(R
k). 

|r'-<'K|r"| 

Lemma 3 .1 . Let k - N < e < p + k - N and K > 0. Let Qk = (-K, K)k, 

D={xeRN:x = [x\ x"), x' e Qk, \x"\ ^ K - max |x,|, xt >• 0 for Jb + 1,..., N) 
t = l , . . . , f c 

and M = Q*. 
Then the operator R is a bounded linear mapping of Wl~ p ,p(Qk) in 

Wl>f>(D,d£). 

P r o o f . The linearity of the operator R is obvious. Now, we shall follow the 
idea of the proof of Lemma 6.9.1 in [3]. Without loss of generality we may assume 
K = 1. From (3.1) we get 

(3.2) A K « ( ^ , / ) = p p / D 4 « ( - ^ i - ) t . ( « ' ) d . ' , . = 1,2,.. . ,*, 
| r ' - t ' |< |r" | 
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(3.3) A*«(*VO = j-^n-

f (.tfL^(*L±)-yD^(fízl)(*i-ti)**)u(ť)dť 

J V |x"| V \X"\ ) 2-<u^\ \X"\ ) |x"P )uV>at> | . r ' - ť ' | < | . r " | 

l = fc + 1,...,N. 

If we take u = 1 in (3.1) we get Ru(x\x") = 1 and from (3.2) and (3.3) we obtain 

O-^TpT / DH^f)dt'> « = 1.2,...,«> 
|-'-<'K|-"| 

_!_ / f ___t«f flzi^ _ y DMX-^-){Xj"tj)x') dt> 
»\k+i J \ Ix/'I^V. |x" | / - ^ 3 V |x" | / |x" | 2 / ' 

u/__i»/|<r I*-//. - 1 - 1 

|aľ 

1 ^ - í ' K И 
г = k+l,...,N. 

Thus, (3.2) and (3.3) can be rewritten in the following way: 

DiRu(x',x")= i^J--- / Di*(3L-±)(u(ť)-u(x'))dť, 

| - ' - ł ' | < | - " | 

i = l , . . . , i , 

Ð І ^ - ' 0 - | - - Ï - Г 

/ (->(^)-ţ^Ҷ^)^)wo-^))-^ 
ғ ' - ť ' | < | _ " | J _ 1 | r ' - t 'K|_" | 

t = t + l , . . . , i V . 

We shall estimate I?u and DjItu in the norm of LP(D, d£). Note that d(x) = \x"\ for 

i G D. 

Let us estimate I0 = \\Rn\Lp(D,d£)\\p: 

We put &(#') = 1 — max |x,-|. According to (3.1), we have 
t * = i , . . . , j f c 

'•=/ / lw / <W°(ť)dť 

Q* |_" |<6(x') |*'-ť'K|*"| 

|x'Tdx"dx'. 
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Using the substitution s' = T^TT, the Holder inequality, the spherical coordinates 
for x" and the Fubini theorem we obtain 

/„ = / ( í | 1 Q(s')u(X' - s'\x"\) ds'\P\X"\' dX") dx' 

Q* \x"\<b(x') | í 'Kl 

í j c , / / í \u(x'-s'r)\pds'rN-k-1+cdrdx> 

Qk0<r<6(x')|»'|^l 

1 

= d [ [ í \u(X'-s'r)\pdx'rN-h-1+'drds'. 

\s'\^l 0 (r - l , l -r )* 

Now we use the substitution yf = x' — s'r. Obviously, |t/| — |s'|r ^ |t/ + s'r| = |x'| :$ 
1 - r, and so | i / K 1 - r{\ - \s'\) ^ 1. 

Increasing the integration domain we obtain 

l 

Io^ci J J J \u{y')\Pdy'rN-k-l^drds'^c2\\u\L^{Qk)\\^ 

|5'K1 0 |y'|^l 

1 

where c2 = c\ f ds' J rN~~k~l+edr. 
|5'Ki o 

To estimate I, = \\DiRu\Lp{D, de)\\p for i = 1,2, . . . , N we proceed in the same 
way as in the previous case. We obtain 

Utoj j J W-^-^Kv-^'ds'drd.' 
QkO<r<b(x')\s'\^l 

t j W)-U(X>)Y V \t>-x>r*-»-< 
^C3J J \f-X'\P+^-N-e J r P + 2 *- /v- . - i <"•<"<>*• 

Q* |.'-x'|<6(x') \t'-t'\ 

Direct calculation yields 

/ 

\l> _ a . ' |P+2t-Ar- e . 
dr < 

r P + 2 f c - N - £ - i ^ p ^ J f c - N - f . ' 

Since {*': | x ' - / ' | <$ 1 - max |xt|} C Qk, we have 

''<«•//i,-V»-"--d,,d'' < «\W-^->(Q>W, 
Qk Qk 

which completes the proof. • 
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Lemma 3.2. Let G C Rk have a Lipschitz boundary, i.e. G G C0,1 in the sense of 

Definition 5.5.6 in [3], s G R, 0 < 5 < 1. Then there exists a bounded linear operator 

S: WS,P(G) — Ws,p(Rk) 

such that 

Su = u on Q. 

P r o o f . We shall write x = (x',Xk) where x' = (x\,... ,;r*_i). Let Q^ = {x = 
(.r', Xjt), x' G Qfc-i, —1 < Xfc < 0}. Define an extension operator So in the following 
way: 

>xk) for x G Qk 

-Xk) for x eQl 
{ U(x* Xk 

U(X',-Ì 

It is not difficult to prove that So is a bounded linear operator from Ws,p(Qk) into 

Ws,p(Qk^Qk)-
Using the local description of dG, the corresponding partition of unity and the 

standard technique we obtain the assertion of the lemma. • 

L e m m a 3.3. Let N ^ 2, k - N < e < p + k - N and let M = [0, l]k. Then there 
exists a bounded linear operator 

Ro: W1~Ii^±L>p(M)^W1,p(QN,d£) 

such that 

T(R0u) = u. 

P r o o f . Take K sufficiently large so that D D QN where D is the domain 
defined in Lemma 3.L Set Qk = [— K,K]k. Let S be the operator from Lemma 
3.2 and R the operator from Lemma 3.1 (with G = Qk and 5 = 1 - N~k*£)- Let 

u G W1'£L=^±L'P(M). Obviously, 

\\RSu\W1,p(QNld
£)\\ <: cl\\u\W1-I^^>p(M)\\. 

It remains to prove that T(RSu) = u. Note that Su G Lp(Qk) and Su = u on M. 
Put 

I(x") = f \(RSu)(x', x") - u(x')\p dx'. 

M 
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Then 

l(x")= í í <S>(s')((Su)(x'-s'\x"\)-u(x'))ds' 

M J ' | < 1 

$ c 2 j j\(Su)(x'-s'\x"\)-(Su)(x')\"dx'. 

dx' 

\S'\<1 M 

The p-mean continuity of Su yields 

lim /(*") = 0. 

By virtue of the trivial imbedding 

If(M)<->Ll(M) 

we have 

(3.4) lira ||(flSu)(x',x") - u(x')\H (M)\\ = 0. 
|.r"|—>0 

Since RSu G Wx'p(D,de), by Theorem 2.H the trace of RSu on M exists. Denote 
this trace by v. We shall prove that 

lim \\(RSu)(x', x") - v(x")\Ll(M)\\ = 0. 
| a r" |—-0 

Let wn € C°°(QN), tin - • RSu in Whp(QN)d
£). We can write 

(3.5) / \(RSu)(x'9 x") - v(x')\ dx' ^ f \(RSu)(x', x") - (RSun)(x', x")\ dx' 

M M 

+ / \(RSun)(x', x") - tin(x', 0)| dx' + / |tin(x', 0) - v(x')\ dx' 

M M 

= Ji(n,x") + J2(n,x") + J3(n). 

Set (T/v-it = jjzrkSiy-k where sjv-* is the (N -k — l)-dimensional Hausdorff measure 
of the (N — fc)-dimensional unit sphere. For simplicity we write fn instead of HSti — 
RSun. From the definition of the operator RS we have fn(x',x") = fn^'.x'^) for 
\x"\ = |x2'|. Thus, we can rewrite the integral Ji(ti,x") in the following way: 

(3.6) J1(u,x") = J\fn(x',x")\dx' 

M 

M |y"| = |*"| 
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Put 

M(\x"\) = {y": \y"\ < \x'% Vi > 0 for i = k + 1 , . . . , N}. 

Since the traces ofWl>l(Q) are in Ll(dQ)> there exists a constant C3 > 0 independent 
of \x"\ and such that 

M M ( | x " | ) 

IV 

+ £|ALn(*',y'')|)dx'dy''. 

We use (3.5), (3.6), the Holder inequality and the general cylindrical coordinates to 
obtain 

Ji(ntx")^c4J J ((\fn(x\y")\P 

M M(\x"\) 

+ ^|A/„(x',y")|'>)|y"|£dx'dy")1/P. Q r^-'-^drY' 
» = 1 0 

^c5|x''|1-J^||/n|w1.t ,(QN,<Ollp. 

Consequently, 

(3.7) Jx(n,x") «C c5\x"\l-*^\\RSu - RSun\W
l>*>(QN}d

£)\\. 

Note that evidently 1 - N~j;+£ > 0. 

Let 6 > 0 be a fixed real number. Then for every n there exists r(n) > 0 such that 

(3.8) J2(n,x")= f\(RSun)(x
,
ix")-un(x\0)\dxf < 6/3 for \x"\ < r(n). 

M 

The proof is analogious to the estimate of I(x"). 

Finally, from the trivial imbedding 

W^(QNyd
£)^Wl^(QN) 

and from Lemma 2.2 we have 

lim J3M = 0. 
n—*oo 
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Now, fix n0 such that J3(n0) < 6/3. From (3.8) we can find a corresponding number 
r(n0) such that J2(n0,x") < 6/3 for \x"\ < r(n0). According to (3.7) there exists a 
number rx > 0 such that 

Jx(n0,x")<6/3 for \x"\ < r{. 

Let r = min(ri, r(n0)) . 
The estimate (3.5) implies 

J(x") < 6 for \x"\ < r. 

Therefore, 

(3.9) lim J(x") = 0. 

By (3.4) and (3.9) we have u = v in Ll(M). Setting R0 = RS we complete the proof. 
D 

Theorem 3.4. Let N ^ 2, 1 ̂  k ^ N - 1, £ G R, k - N < e < p + k - N and let 

(Q, M) E B(k, N). Then there exists a bounded linear operator 

R: W1'£LTtS'tP(Af) -> Wl'p(n,<P) 

such that 
T(Ru) = u. 

P r o o f . The theorem is an easy consequence of Lemma 3.3. D 
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