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1. INTRODUCTION

The additive group of real numbers together with its natural order and the sub-
groups of this group with their inherited orders are generic examples of ordered
groups. The study of these groups has led to many generalizations and a vast amount
of literature since the early 1900’s [F]. More recently, the closely related circle group,
C, has been investigated [L, M, N1, N2]. In this paper,! C is viewed as a “locally
totally ordered” group, and some generalizations are investigated.

Definition 1.1 (L. S. Rieger [R]). A cyclically ordered group is a group, K on
which there is defined a ternary relation (a, b, ¢) which satisfies the following axioms:

(1) if a, b and ¢ are distinct elements of K, then precisely one of (a, b, ¢) and (a, ¢, b)
holds;

(i1) (a,b,c) implies (b, ¢, a);

(ii1) (a, b, ¢) and (a,c,d) imply (a, b, d);

(iv) (a, b, c) implies (za, zb, zc) and (ax, bz, cx) for all x in K.

Recall that an ordered group, or o-group, is a group which is totally ordered by a
relation which is preserved by the group operation. Throughout this paper, groups
will be written multiplicatively with identity element e.

Rieger characterized cyclically ordered groups as quotients of o-groups as follows.

Theorem 1.1 (Rieger [R]). Suppose that G is an o-group with an element z in the
center such that e < z and the powers of z are unbounded. Define a ternary relation
on G/{z) by ((‘1,5,6) ifand only if ra, < rp < rcorry < r. <rqgorr, <rq<rm
where r; denotes the unique elements of T satisfying e < ry < z. Then G/(z) is a

! The basis of this paper is the author’s Ph.D. thesis, directed by W. Charles Holland at
Bowling State University, Bowling Green, Ohio [B]
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cyclically ordered group. Conversely, if K is a cyclically ordered group, there exists
an o-group G and an element z in the center of G such that their powers of z are
unbounded and K ~ G/(z) with cyclical ordering described above.

Rieger’s axioms are not easily generalized. For example, there is no obvious ternary
relation which describes the torus, C' x C, as a “partially cyclically ordered” group
analogue of the partially ordered group R x R. In the first part of this paper, we
investigate the natural relationship between locally totally ordered sets and cyclically
ordered sets and prove that cyclically ordered sets are images of totally ordered sets.

Vitézslav Novak [N1] investigated properties of cyclically ordered sets in the early
1980’s. Novak defined a complete cyclic order on a set as a ternary relation satisfying
conditions equivalent to axioms (1), (ii) and (iii) of definition 1.1.

Definition 1.2. A cyclically ordered set is a set, S, on which there is defined a
complete cyclic order.

Cyclically ordered sets are locally totally ordered in the following sense.

Definition 1.3. Suppose that C is a cyclically ordered set with distinct elements
a and b. Define C, 4 and C, by:

Cap={2z€C|(a,2z,b)} and Co={2€C |2z #a}.

i.e., Cqp 1s the subset of C' consisting of points between a and b and Cj is the set C
with one point removed. We note that both C, 5 and C, are totally ordered by the
relation <, defined by ¢ <, y if and only if 2 = y or (a,z,y). ([N1])

A natural relationship between total orders and cyclical orders on a given set is
described in the following theorem, proved by Novak [N1].

Theorem 1.2. Suppose that the set, S, is totally ordered by the relation <.
Define (a,b,c) on S by (a,b,c) iff a,b, and ¢ are distinct anda<b<corb<c<a
orc< a<b. Then (a,b,c) is a cyclical order of S, which we will call the associated
cyclical order of (S,<). Furthermore, if C is a cyclically ordered set, there exists a
total order on C such that the cyclical ordering of C' is the associated cyclical order.

Note that given a cyclically ordered set, C, the total order whose associated cyclical
order is the cyclical order of C' is not unique.

For an arbitrary fixed element, a, of a cyclically ordered set S, we will call the
order <, defined in Definition 1.3 the associated total order on C' determined by a.

Before we prove an analog of Rieger’s theorem for cyclically ordered sets, we define
a type of mapping to correspond to the natural map in Rieger’s theorem.
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Definition 1.4. If S is totally ordered set and C is a cyclically ordered set, a
map ¢: S — C will be called a covering map if ¢ satisfies the following conditions:

(i) for every s in S there exist z,y € S s.t. z < s < y and ¢ maps (z,y) onto
Czy,y, in a one to one and order preserving manner;

(i) if a,b € C and z,y € Cap and & <q y, then there exist s,t € S s.t. s < ¢,
sp==zand ty = y.

In Rieger’s theorem, the natural map from G onto GG/(z) is in fact a covering map.
We prove the following analog of Rieger’s theorem for cyclical ordered sets.

Theorem 1.3. If C is a cyclically ordered set, there exists a totally ordered set,

S, and a covering map ¢: S — C.

Proof. Suppose that a € C. Let S = C x Z and order S lexicographically
from the right. That is, define < on s by (c1,m) < (¢c2,n) iff m < nor m = n and
c; <aq c2. Let ¢: S — C be the projection map onto C, i.e. (¢,n)p = c. We will show
that ¢ is a covering map. It is clear that ¢ satisfies condition (i). For condition (ii)
suppose ¢,d € C and z,y € C. 4 satisfy z <. y. We find elements s and ¢ in S with
s < t that map to = and y respectively. If a = ¢, a = z, or a = y then the elements
s = (¢,1) and t = (d, 1) satisfy the required condition. The other possibilities are
that a,c,z and y are distinct and (a, z,y) or a,c,z and y are distinct and (a,y, z).
In either of these cases s = (¢,0) and t = (d, 1) will do.

In addition to the preceding discussion of cyclically ordered sets, we are led to
consider cyclically ordered groups as locally totally ordered groups by the following
example. O

Example 1.1. Let C denote the unit circle group in the complex plane with
cyclical ordering induced by counterclockwise orientation. Let T = C x C with
componentwise multiplication. (See figure 1.1.) C is clearly a cyclically ordered
group, but T" is not cyclically ordered by the product of the cyclical order of C' with
itself. Worse yet, the restriction of this product to the factor C' is not even the
original cyclicall order of C, but is in fact, the empty relation.

pP1 |P2P3

()

Figure 1.1

There is, however, a natural orientation of T, which is the product of the counter-
clockwise orientation with itself. If we consider the total orders induced on the proper

469



arcs of C, rather than the entire cyclical order, then the products of these ordered
arcs are lattice ordered sets and the restriction of these lattice orders to the original

arcs coincides with the original orders induced by the orientation.

LOCALLY PARTIALLY ORDERED SETS

Before investigating locally partially ordered groups we define and explore prop-
erties of locally partially ordered sets.

Jimmie D. Lawson [L] defined a locally partially ordered manifold as a C*> 1an-
ifold with a collection of partially ordered open sets, {U, | £ € M}, such that if
z € Uz N Uy, then the restrictions of <; and <y, agree on some neighborhood of z.
We define a locally partially ordered set in a similar fashion.

Definition 2.1. A locally partially ordered set, or lo.p.o. set, is a set, S, together
with a collection, A, of partially ordered subsets, (C, <c), of S shich satisfies the
conditions: (i) A covers S and (ii) if D, E € A and p € DN E, there exists C in A
with p € C C D N E such that the restrictions of <p and <g agree on C, i.e. the
members of A are pairwise compatible. The collection, A, will be called an atlas on
S and an element, C, of A will be called a chart.

If (S, A) is a lo.p.o. set, then the collection T4 = {U C S | U is a union of charts
in A} is a topology on S with basis A. By an open subset of S, we mean a subset
which is open in Ty4.

Note that the unit circle, C, with atlas the collection of proper open arcs of C
together with the order induced by counterclockwise orientation is a lo.p.o. set, each
chart of which is totally ordered. Furthermore, the torus, C'x C, with atlas consisting
of products of charts described above ordered by (a,b) < (¢,d) if and only if a < ¢
and b < d is a lo.p.o. set each chart of which is a lattice.

Notation. Suppose that S is a p.o. set and a,b € S with a # b. Then we will
use common interval notation as follows:

(a,b)s = {z | a <s ¢ <s b},
[a,b)s = {z | a <s z <5 b},

etc. Also, let S =SU{oo} and S =S5U{-o0}.

Observe that totally ordered sets and cyclically ordered sets are lo.p.o. sets with
_atlases defined as follows. For a totally ordered set, S, we define an atlas on .S, which
we call the standard atlas on .S, as

{((a,b)s,ss) la€ S,be S, and a # b}.
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For a cyclically ordered set, S, we define the standard atlas, A, consisting of all
sets Cqp defined as follows:

_J{z€S|(a,zb)} ifa#b,
“b = {z€S|2#a} ifa=0b,

ordered by z < y on Cy if and only if (a, z,y).
An example of a lo.p.o. set with lattice ordered charts is a product of lo.p.o. sets
with totally ordered charts. Suppose that {(Sx, Ax) | A € A} is such a collection of

lo.p.o. sets, and let S = [] Sx and A = {(C,<c) | C = [] Cx, Cr € AXVA € A}
AEA AEA
with (z)) <c (ya) if and only if z) <) yaVA € A and <, is the partial ordered

associated with C'y, then (S, A) is a lo.p.o. set each chart of which is a lattice.
To define equivalent atlases and the completion of an atlas on a set, we need two
preliminary definitions.

Definition 2.2. If (S, A) is a lo.p.o. set and if (a,b) € S x S, we define a string
from a to b in A as a finite collection {(a,', C'i)}?=1 from S x A such that (i) a; = a
and a, = b; (i) ai,a;41 € C; and a; <; a;4; for 1 <7 < n —1 where ; the partial
order associated with Cj; and (iii) [ai, ai41); and [aj,a;j4,); are disjoint for i # j
and 1 <4, <n—1. A loop is a string from an element to itself.

Definition 2.3. If (S, A) is alo.p.o. set and (B, <p) is a partially ordered open
subset of S, then B is compatible with A if B satisfies:

(i) z € B implies there exists C' in A such that z € C' C B, and <¢ = <p|c;
(ii) z,y € B and £ <p y imply that there exists a string

{(a,-,()',-)}?___1 fromztoyin Ast. C;C B, | <ig<n.

That is, for compatible subsets of S, being connected is consistent.

Definition 2.4. Let A and B be atlases on a set S. Then A is equivalent to B,
denoted A Eq B, if and only if T4 = Tp, every chart of A is compatible with B, and
every chart of B is compatible with A.

Definition 2.5. The completion of an atlas A on S, denoted C(A), is {(B, <B) |
B C S and B is compatible with A}.

Theorem 2.1. Equivalence of atlases on a given set S is an equivalence relation.

The proof of this theorem is routine. There are two useful corollaries.
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Corollary 2.2. If A and B are atlases on a set S, and (C, <¢) is compatible with
A, and A Eq B then (C,<¢) is also compatible with B.

Corollary 2.3. If A and B are atlases on a set S and Tq = Tg then: AEqC(A);
C(C(A)) = C(A); A C B implies that C(A) C C(B); and AEqB if and only if
C(A) = C(B).

Theorem 2.4. If (S, A) is a lo.p.o. set, then C(A) is an atlas on S and C(A) is

the unique maximal atlas containing A which is equivalent to A.

Proof. Since A C C(A), C(A) covers S. If B, C € C(A) and z € BN C, then
there are charts D and E in A such that £ € D C B with <p=<ppandz € ECC
with <p=<c¢|g. Since x € DN E there is G in Asuch that € GC DNE C BNC
and ¢ agrees with <p and <g so <¢ agrees with g and <¢. Thus C(A4) is an
atlas on S. If B is another atlas on S such that A C B and if A Eq B then by
Corollary 2.3, C(A) = C(B) and so B C C(A). Thus C(A) is maximal with respect
to containing A and being equivalent to A. a

We will characterize totally ordered sets and cyclically ordered sets as lo.p.o. sets.
To do so, we need a few more definitions.

Definition 2.6. A lo.p.o. set, (S, A) is connected if whenever s,t € S, s # t,
there exists a string from s to ¢ or there exists a string from ¢ to s.

Definition 2.7. A lo.p.o. set, (S, A) is simply connected if (S, A) is connected
and contains no loop.

Definition 2.8. If s,t are distinct element of lo.p.o. set (S, A) and if there is
a string {(a;,Ci)}:.':l from s to ¢ that satisfies the condition that for every string
n—1 m-—1
{(b;, Dj)};___l from s to ¢, .Ul lai,aip1)i = 'Ux [bj,bj4+1];, then we will call the set
i= j=
n-1
U [ai, @i+1]; the path from s to t.
i=
Notation. If the path from s to t exists we will denote it by st. In this case we
will also use the following notation:

Sto= 5t — {s,t},

={yeS|yesv for some v € S},
§—{s},

{y€ S|y e 75 for some v € S} and

s — {s}.

c”l »l ch o
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Definition 2.9. If (S, A) is a lo.p.o. set then (S, A) is totally connected if for
each pair s,t of distinct elements of S, st exists.

Totally ordered sets correspond to simply connected lo.p.o. sets that satisfy five
conditions as given in the following theorem.

Theorem 2.5. Suppose that (S, A) is a lo.p.o. set that satisfies the following five
conditions:

(i) (S, A) is simply connected;

(i1) every chart in A is totally ordered;

(iii) a,b € S, a # b implies that either ab or ba exists;

(iv) if C is a chart in A and a,b € S then if 83? resp. °@, resp. ‘@S is a subset
of C then (m <c), resp. (°a@ ,<c), resp. (@S <c) is a chart in A;

(v) z € C € A implies there exists a,b € S with z € ﬁg C,ora € S with
z€°@ CC,orae S withze @°CC.

Then there exists a unique total order < on S such that the standard atlas on
(S, <) is equivalent to A. Conversely, if (S, <) is a totally ordered set with standard
atlas A, then (S, A) is a lo.p.o. set satisfying conditions (i) through (v) above.

Proof. Define <on S by a < bif and only if ab exists. Then < is antisymmetric
and transitive since (S, A) is simply connected. Condition (ii) guarantees that for
all @, b € S, precisely one of a = b, a < b, or b < a holds. Condition (iv) yields
that A is equivalent to the standard atlas on (S5, ). Uniqueness follows from the
fact that if two atlases on S are equivalent and a, b € S, there is a string from a
to b in each atlas. The proof of the converse is routine observing that ab = (a,b)s,
°@ = (a,00)s and @°= (—o0,a)s.

Cyclically ordered sets correspond to totally connected lo.p.o. sets that satisfy
similar conditions to those of theorem 2.5. O

Theorem 2.6. Suppose that (S, A) is a lo.p.o. set that satisfies the following five
conditions:

(1) (S, A) is totally connected;

(i1) every chart in A is a totally ordered set and is strictly contained in S;

(iii) if a and b are distinct elements of S, then abUba = S and abn ba = {a, b};

(iv) C is a chart and ab C C imply ( msq °’_b°) is also a chart;

(v) ¢ € C € A implies that there exists a,b € S with z € ZE"Q C ora € S with
°w =C.

Then there exists a unique cyclical order R on S such that the standard atlas on
S induced by R is equivalent to A. Conversely, if S is a cyclically ordered set with
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standard atlas A, then (S, A) is a lo.p.o. set satisfying conditions (i) through (v)
above.

Proof. Define a cyclical order on S by (a,b,c) if and only if a, b, and ¢
are distinct elements of S and @ € cb. Then by condition (ii) we know that for
distinct elements a, b, and ¢ of S precisely one of (a,b,c) and (a, ¢, b) holds and that
(a,b,c) implies (b, ¢, a). Conditions (i) and (ii) together with being totally connected
guarantee that if (a, b, ¢) and (a, ¢, d) then (a,b,d) and that the standard atlas on S
induced by this order is equivalent to A. Uniqueness follows from condition (iii) and
transitivity of the equivalence of atlases. The proof of the converse follows from the

. o—0
observation that ab = Cy4 and °@ = Cy 4. 0

3. STRUCTURE PRESERVING MAPS

In this section, we will define mappings that preserve the structure of lo.p.o. sets
and then define isomorphic lo.p.o. sets.

Definition 3.1. Suppose that (S, A) and (R, B) are lo.p.o. sets and that ¢:
S — R. Then, ¢ is structure preserving if ¢ satisfies the conditions:

(i) if sp € D € B then there exists C in A such that s € C, Co C D, and a <¢ b
implies ap <p by,

(i) a, b € C € A and a <c b, implies there is a string, {(b;, D;)}j=; from ap to
by in (R, B) such that D; C Ap; 1< j<n

and ¢ is structure reversing if ¢ satisfies the conditions:

(i) if s € D € B then there exists C in A such that s € C, Co C D, and a ¢ b
implies by <p ap,

(ii) a, b € C € A and a <¢ b, implies there is a string, {(b;, D;)}7

7=y from by to
ap in (R, B) such that D; C Ap; 1 < j < n.

A straightforward argument verifies that the composition of structure preserving
maps in structure preserving.

If a lo.p.o. set consists of a cyclically ordered set, C, together with its standard
atlas, then structure preserving permutations of that lo.p.o. set coincide with permu-
tations of C' that preserve its cyclical order. Similarly, structure preserving permu-
tations of a lo.p.o. set consisting of a totally ordered set together with its standard
atlas coincide with permutations of T' that preserve its total order.

If (S,<s) and (R, <g) are totally ordered sets and A and B are the standard
atlases on S and R, respectively, then a mapping, f, from S to R which is structure
preserving is order preserving. The converse does not hold as in demonstrated by

the following example.
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Example 3.1. Let Q denote the set of rational numbers, S = ((—oo, 1)U {2} U
(3,00))NQ, and i: S — Q be the injection map. Then i is clearly order preserving,

but 7 is not structure preserving since 2i = 2 € (%, %) but there is no open interval
in S about 2 which maps into (2, 3).

Definition 3.2. Suppose that (S, A) and (R, B) are lo.p.o. sets and that ¢ is a
one to one mapping of S onto R. We will say that ¢ is an sp-isomorphism, and that
(S,A) and (R, B) are sp-isomorphic, if and only if both ¢ and ¢~! are structure

preserving.

Note that two atlases, A and B, on a set, S are equivalent if and only if the lo.p.o.
sets (S, A) and (.S, B) are sp-isomorphic, since A and B are equivalent if and only if
the identity map is both structure preserving from (S, A) to (S, B) and from (S, B)
to (S, A).

We conclude this section with two examples.

Example 3.2. Let C denote the unit circle in the complex plane with counter-
clockwise orientation and let A denote the standard atlas on C'. Let B be the atlas
on C consisting of the union of the collection of all proper open arcs of C' with the
collection of disjoint unions of proper open arcs of C'. Then (S, A) is sp-isomorphic to
(S, B) since the union of disjoint proper open arcs of C' is contained in some proper
open arc of C.

Example 3.3. Suppose R is the set of real numbers and S = R\ (0,1). Let <
denote the usual ordering on S and define < by a < b if and only if (i) a = b or (ii)
a<bgOor(iii)l<a<bor(iv)b<g<0anda>1. Let Aand B be the standard
atlases on (.5, <) and (S, <), respectively. Then (S, <) and (S, X), respectively. Then
(S, <) and (S, X) are not sp-isomorphic since S is an element of A and 0 <s 1 but
there is no string in B from 0 to 1.

4. LOCALLY PARTIALLY ORDERED GROUPS

The concepts of locally partially ordered sets and structure preserving maps are

now used to define locally partially ordered groups.

Definition 4.1. Suppose that G is a group and that A is an atlas on the set
G. Then (G, A) is a locally partially ordered group, or. lo.p.o. group, if and only if
(G, A) satisfies the following conditions:

(i) the product mapping (z,y) — yz from G x G to G is continuous in Ty;
(ii) the inverse mapping ¢ — z~! from (7 to G is structure reversing;
(iii) left and right translations are structure preserving.
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Example 4.1. If G is any p.o. group and B is the trivial atlas, i.e. B = {(G, <)},
then (G, B) is a lo.p.o. group.

Example 4.2. Suppose that G is an o-group and that A is the standard atlas
on the totally ordered set GG. Then (G, A) is a lo.p.o. group.

Example 4.3. Suppose that G is a cyclically ordered group and that A is the
standard atlas on the cyclically ordered set G. Then (G, A) is a lo.p.o. group.

Example 4.4. Suppose that for each A in A, (G, Ay) is a lo.p.o. group. Let

G = [] G and let A = [] Ay with ¢ defined for C = [] Cx in A by (ax) <c
AEA AEA AEA
(bx) if and only if ay <) by (where <, denotes the partial order on C)) for all A in

A. Then (G, A) is a lo.p.o. group.

Given a lo.p.o. group (G, A) and a chart C in A, we would like to know that C~!
is also in A and, that a <¢ b if and only if b=! <c-1 a~!. Theorem 4.1 establishes
that inverses of charts may be included in an atlas.

Theorem 4.1. Suppose that (G, A) is a lo.p.o. group. For each C € A, define
a partial order on C~! by a <c-1 b if and only if b=! <c a™!. Let B = AU
{(C~',<¢-1) | C € A}. Then B is an atlas on G, B Eq A and (G, B) is a lo.p.o.
group.

Proof. B is an atlas on the set (G since A is an atlas on the set G and the
mapping * — z~! is structure reversing. Clearly, T4 = Tp. To show B Eq A4, it
suffices to show that if D is in B\ A then D is compatible with A. If z € D € B\ A,
then D = C~! for some C in A and, since the inverse map is structure reversing,
there exists £ in A such that z € E and E~! C C. Since D is open in Ty, there
exist F' in A such that z € FN D. Now, z € EN F so there is a chart, G, in A
such that z € G C ENF and <¢ = <g|g. But then <p = <p|g since a <g b
implies @ <g b which implies b=! <¢ a~! and this implies a <p b. Thus, condition
(1) is satisfied. Condition (ii) follows directly from the fact that the inverse map is
structure reversing.

Finally, we must show that (G, B) is a lo.p.o. group. Since A C B and A Eq B,
the mapping (z,y) — zy is continuous in Tg. The mapping z — z~! is structure
reversing and the mappings * — zg and ¢ — gz are structure preserving since if
D € B then either D or D™! is in A and (G, A) is a lo.p.o. group.

Henceforth we will assume that the atlas of a lo.p.o. group contains the inverse
of each of its charts. The fact that for a lo.p.o. group, translations are structure
preserving yields their following theorem. a

476



Theorem 4.2. Suppose that (G, A) is a lo.p.o. group and that (N,g) € A x G.
Define a partial order, <n4 on Ng by n1g <ng4 n2g if and only if ny <y nz. Similarly
define <gn on gN. Let B = {(Ng,<ng) | (N,g) € Ax G}U{(gN,<yn) | (N, g) €
A x G}. Then (G, B) is a lo.p.o. group and B Eq A.

Note that if Ny and B are defined by No = {C € A | e € C}, and B =
{(Ng,<ng)| (N,g) € Na x GYU(gN,<4n) | (N,g) € Na x G then B = A.

Definition 4.2. Suppose that (G, A) is a lo.p.o. group. Then Ny = {C € A |
e € C} will be called the family of nuclei of (G, A) and each member of N4 will be
called a nucleus.

The following theorem provides necessary and sufficient conditions for a collection
of subsets of a group G, each of which contains the identity, e, of i, to be a family
of nuclei for some atlas A on G for which (G, A) is a lo.p.o. group. For a similar
result which is fundamental to the theory of topological groups the reader is referred
to Husain [Hu] and Cohn [C].

Theorem 4.3. Suppose that (G, A) is a lo.p.o. group and that N, is the family
of nuclei of (G, A). Then N4 satisfies the following conditions:

(i) B, D € N, implies that there exists C' in N4 such that the restrictions of <p
and <p agree on C;

(ii) C € N4 implies C~' € N4 and ¢; <c ¢z if and only if ¢! <c-1 7'

(iii) C € Na implies there exists B in N such that BB~! C C and <p = the
restriction of <¢ to B;

(iv) C € N4 and g € G imply that there exists B € N4 such that gBg~' C C and
by < by iff gbyg™! <c gbag™';

(v) z € C € Ny implies that there exists B, D € Ny such that Bz C C, zD C C;
by <p by iff bz <¢ bax; and dy <p ds iff xdy <c zd>.

Conversely, if G is a group and N is a non-empty collection of partially ordered
subsets of G, each of which contains the identity, e, and if N satisfies conditions (i)
through (v) above, then B = {(zNy,<:ny) | =,y € G and N € N} is an atlason G
and (G, B) is a lo.p.o. group.

Proof. It is clear that for a lo.p.o. group, (G, A), N4 satisfies conditions (i)
through (v) of the theorem. For the converse, note that since N is non-empty, B
convers G. The fact that for N and M in N and z, y, z, and w in G the charts zNy
and zMw are compatible follows from conditions (i), (iv) and (v).

Continuity of the product mapping, condition (i) of the definition of structure
reversing for the inverse mapping, and condition (i) of the definition of structure
preserving for left and right translations follow from conditions (ii) through (v). To

complete the proof that the inverse mapping is structure reversing, observe that if
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z <gnh Y, then the string {(y=1,A"IN"1g=1) (2=, A"IN~1g=1)} from y~! to z~!
is of the required type. Similarly, to complete the proof that translations are structure
preserving, note that if z <,n, y, then the strings {(zg,zng), (yg,zwa)} and
{(gz,92Nw), (9y,9zNw)} are of the required type. a

We close this section with an example of a lo.p.o. group and a family of nuclei for
that group.

Example 4.5. Let C be the unit circle in the complex plane together with the
cyclical order induced by counterclockwise orientation. Denote by d(a,b) the mini-
mum arc length between the points a and b on C; denote by r, the counterclockwise
rotation satisfying d(z,zr,) = o for all z in C (o a real number, 0 < o < 1); and
denote by z’ the point of zry/;. Let G be the group of all permutations of C' which
preserve the cyclical order. For each z in C and for each positive real number ¢, let
B(z,e) = {y € C | d(z,y) < €} and let N. = {g € G | Vz,zg € B(z,¢)}. Partially
order Ne by f <. g if for all € C and for all w € C with w & B(z,¢), (v, zf, zg).
Then, if we choose f and g in an N, with ¢ small enough that B(z,2¢) and B(a', 2¢)
do not intersect, say € = {5, the collection {N; | 0 < € < 5} is a family of nuclei for
an atlas A on G, (G, A) is a lo.p.o. group and each chart of A is a lattice.

5. ON RIEGER’S THEOREM

In this final section, we characterize ordered groups and cyclically ordered groups
as lo.p.o. groups and restate Rieger’s theorem in terms of lo.p.o. groups.

In section 2, necessary and sufficient conditions for a lo.p.o. set to be equivalent to
an ordered set with standard atlas, or to a cyclically ordered set with standard atlas,
were given. In the following two theorem, these results are extended to ordered and
cyclically ordered groups.

Theorem 5.1. Suppose that G is an o-group and that A is the standard atlas on
G. Then (G, A) is a lo.p.o. group and satisfies conditions (i) through (v) of Theorem
2.5. Conversely, if (G, A) is a lo.p.o. group that satisfies conditions (i) through (v)
of Theorem 2.5, then there is a unique total order < on G such that (G,<) is an
o-group whose standard atlas is equivalent to A.

Proof. It suffices to show that for a lo.p.o. group satisfying conditions (i)
through (v) of Theorem 2.5, the total order < defined in the proof of Theorem 2.5 is
compatible with the group operations. Suppose that a < b and g € G. Then there is
a string from a to b, say {(“ivci)}:;] such that a; <; a4 for 1 < i< n—1. Now,

since £ — xg is structure preserving, for each 7 between 1 and n— 1, there is a string
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from a;g to a;+19. The union of these strings forms a string from ag to bg and so
ag < bg. Similarly bg < ag.
A similar argument verifies the following theorem. O

Theorem 5.2. Suppose that G is a cyclically ordered group and that A is the
standard atlas on G. Then (G, A) is a lo.p.o. group and satisfies conditions (i)
through (v) of Theorem 2.6. Conversely, if (G, A) is a lo.p.o. group that satisfies
conditions (i) through (v) of Theorem 2.6, then there is a unique cyclical order
(,, ) on G such that (G(, ,)) is a cyclically ordered group whose standard atlas
is equivalent to A.

Theorem 5.3 is a restatement of Rieger’s theorem in terms of lo.p.o. groups. We
use the term “o-group conditions” to refer to the five conditions of Theorem 2.5

while the term “cyclically ordered group conditions” refers to the five conditions of
Theorem 2.6.

Theorem 5.3. (Rieger). Suppose that (G, A) is a lo.p.o. group which satisfies
the o-group conditions and there is an element z in the center of G such that for each
g € G, g € z7z"*! for some integer n. Let m: G — g/(z) be the natural mapping and
let B={(Dm,<px)| D € A, D C &S and d;7 <py do7 if and only if d, € g&%}
Let C = {hEg | E € B;g,h € G/(z); and heyg < heag if and only if e; <p e2}.
Then C is an atlas on G/(z), and (G/(z),C) is a lo.p.o. group which satisfies the
cyclically ordered group conditions.

Conversely, if (G, A) is a lo.p.o. group that satisfies the cyclically ordered group
conditions, then there is a lo.p.o. group (KN, B) such that (K, B) satisfies the o-group
conditions, K contains an element z in its center such that K = Uz"z"+1 and if C
is the atlas on K/(z) derived above, then (K/(z),C) Eq (G, A).

Before proving a partial generalization of Rieger’s theorem for lo.p.o. groups we
extend the definition of a covering map to lo.p.o. sets.

Definition 5.1. If (S, A) and (R, &) are lo.p.o. sets, a mapping ¢: S — R will
be called a lo.p.o. set epimorphism, or lopo-epimorphism, if whenever s, t € S; sy,
tp € D € B; and sp <p ty, there exist ¢, d € S such that cp = sp, dp = tp, and
there is a string {(c;, C;)}, from cy to dy such that C;jp C D for 1 < i < n.

Definition 5.2. If (S, A) and (R, B) are lo.p.o. sets then a lopo-epimorphism ¢:
S — R will be called a covering map if for each s € S there exists C € Aand D € B
such that s € C', Cp C D and ;¢:: C — D is one and order preserving.

Our last theorem is a partial generalization of Rieger’s theorem. By a topological

group, we mean a group GG with a topology on G' (not necessarily Hausdorff) such
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that the map (z,y) — zy~! from G x G into G is continuous. We prove that if G
is a topological p.o. group and N a discrete normal supgroup, then GG/N is a lo.p.o.

group.

Theorem 5.4. Suppose that G is a topological group and a p.o. group, N is
normal in GG, 7: G — G/N denotes the natural map and GG has an open subset M
such thate € M, M = M~', and NOM = {e}. Then N = {(Cm,<cr) |e € C C M;
C is open; and ¢y <cx cam if and only if ¢y, c2 € C and ¢; < ¢} is a family
of nuclei for an atlas A on G/N, and (G/N, A) is a lo.p.o. group. Furthermore,
B = {(91Mg2,<) | 91,92 € G} is an atlas on G and 7 is a covering map from (G, B)
to (G/N, A).

Proof. We first show that N satisfies the axioms for a family of nuclei of a
lo.p.o. group, i.e. N satisfies the conditions of Theorem 4.3. For axiom (i), suppose
that Cm, Dmr € N. Thene € CND, CND C M, and C N D is open. Since 7 is
one to one on M, (CN D) = Cr N Dr and <crj(cap)yr = <pr|(cap)r- Thus,
(CN D)m € N and axiom (i) is satisfied. To see that the inverse of a chart in N is in
N, we note that (i) Cm € N implies C C M and thus C~! C M; (ii) e € C implies
e € C~1; (iii) C is open implies C~! is open; and (iv) the orders of Cr and C~'7
agree with those of C and C~!.

For axiom (iii), observe that Cm € N implies there exist open sets E, F' containing
e with EF C Csoif H=ENF~! then Hr € N. For axiom (iv), note that Cm € N
and g7 € G/N imply that there exists an open set D in G such thate € D C g~ 'Cyg
soif H=DNM, then Hr € N. Finally, if ¢ € C and C7 € N, then, since
(z,y) — zy™!
(eD)m = ewDm C Cm; and <pr agrees with with <c«.

is continuous, there exists an open set D containing e with ¢cD C C;

We have shown that N is a family of nuclei for a lo.p.o. group. The proof that B is
an atlas on G is routine. It remains to be seen that 7 is a covering map. So suppose
that er <cyx dm for some Cm in N. Then e¢r = com and dn = dom for some cg, dy
in C with ¢g < dg in G, and since this property is preserved by translation, 7 is a
lopo-epimorphism. Finally, if ¢ € G, then g € Mg € B, and (Mg)mr = Mmgm € A so
7rIMg is order preserving. Since 7r|M 1s one to one, 7r|Mg is one to one and 7 is, in
fact, a covering map. O
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