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A NOTE ON JOINT CAPACITIES IN BANACH ALGEBRAS
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(Received December 30, 1991)

The concept of capacity of a Banach algebra element was introduced by Halmos
[1] and extended by Stirling [9] (for alternative approach see also [5], [6]) to mutually
commuting n-tuples (z1,...,z,) of elements of a Banach algebra A. The main result
of [9] states that capo(zy,...,z,) < cap(z1,...,2,) < 2" capo(zy,...,Z,).

The aim of this paper is to show that cap(z,,...,z,) = capo(zy,...,z,) for
every commuting n-tuple (z,,...,z,) of elements of a Banach algebra, so that there
is analogy with the Halmos’ result for n = 1.

Further we show that the joint essential spectruin and the joint spectrum of an mu-
tually commuting n-tuple of operators on a Banach space have the same capacities,
which is again analogy to the case n = 1, see [8].

All algebras in this paper will be complex and with the unit element. Let z,, ...,
z, be mutually commuting elements of a Banach algebra A. By o(z;,...,z,) we
denote the Harte spectrum [2], i.e. the set of all n-tuples (Ay,...,An) of complex
numbers such that either the left or the right ideal generated by z; — A\; (i =1, ...,
n) is proper. Actually, we can take any other joint spectrum instead of the Harte
spectrumn (see the remark bellow).

Let n > 0, £ > 0 be integers. An arbitrary polynomial of degree < k in n variables

may be written in the form

p(z1y. . 2n) = E au(p)2*

lul<k
n
where gt = (p1,...,4tn) is an n-tuple of non-negative integers, || = Y p;, the
i=1
coeflicients a,(p) are complex numbers, z = (z1,...,2,) € C" and z# = 2{'* ... 2=,
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The set of all polynomials of degree < k in n variables will be denoted by Z,(n).
Denote further 2} (n) the set of all polynomials p(z) = ¥ a,(p)z* € Pi(n) with
lul<k
3" lau(p)] = 1. Thesc polynomials were called monic in [9].
lul=k
Let zy,...,z, be mutually commuting elements of a Banach algebra A. The joint
capacity of (z,...,z,) was defined in [9] by

cap(zy,...,z,) = likm inf capy(xy,.. .,1:,,)'/"
- 00

where
capi(zi, ..., xn) = inf{|lp(z1,...,za)||: p € Pi(n)}.

For a compact subset K C C” define the corresponding capacity by
cap K = liminf(cap, K)'/*
k—o0
where
cap;, K = inf{||pl|x : p € PL(n)} and IPlle = sup{Ip(z)|: z € K}.
This capacity was studied in [10] and called the homogeneous Tshebyshev constant
of a compact set i'.

By Siciak [4], the capacity can be expressed in another, more convenient way.

Denote by Qx(n) the set of all polynomials p(z) = Y 2* € P(n) such that
lul<k

:zET}:l

1{| Y au(p)e”

lvl=k

where T = {z = (21,...,2n) €EC": |zl =1 (i = 1,...,n)} is the n-dimensional
torus.

Theorem 1. Let z,,...,z, be mutually commuting elements of a Banach alge-
bra A. Then

(a) cap(zy,...,z,) = klim» capp(zy,...,z0) % = ilzfinf{||p(x)||l/": p € Qr(n)},
(b) cap(zy,...,zn) = il’:finf{(capp(xl, oz ) ripe Qk(n)},

(c) cap(z1,...,zp) = capo(zy,...,Tn).

Proof. (a) We use the argunient of [4], Remark 9.5.
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Let p= Y a,(p)z¥ € Pi(n). By Cauchy formulas we have for every u with
lvigk
lul =k

e} =] S eo],

lau(p)| < max{l Z a,(p)z”
lvi=k

Further

|5 e

lvl=k

p < 2 < "+ L ww-

lvl=k

where ('”:'1?1) is the number of coefficients a,(p) with |x| = k. Denote by

ar = inf{||p(z1,...,z)||: P € Q(n)}.

Then
k+n—1
(1 capp(zy, ... 2n) € g < ( 0o 1 ) capi(zy,...,Zn).
Let p € Qi(n) and let m, s be non-negative integers, 0 < s < k—1. Then q = p™

1/mk+s ey k- k
2} € Qui4s(n). Thus amrs < P l|zill®, oy, <o - max{l, |z ||k 1}/ mb+s
. 1 1k TR 1/k . 1/k
and limsup all” < ak/ . So the limit Lllm ak/ exists and is equal to mfak/
L — 00 k

r—00

1/k

By (1) the limit klim capi(z1,...,2,)'"* also exists and
00

1/k

Uk — llm aL

cap(zy,...,2p) = klilgo capp(zy, ..., zn)

:ilgfa,lc/k = il;fil\f{”p(::,,...,tn WY pe Qx(n)}.

(b) Let p € Qi(n) and let ¢ = =* Z (q)zt € PL(1) = Q,(1). Then qop €
Qsk(n) so that =0
(2) cap(zi,...,n) < l(gop)(@r, . x)I'** (7€ Qu(1)).
Hence
cap(y,..., za) < infinf{{lg(p(z1, ..., 2)'**: g € Qu(1)}

= (capp(x1,...,2,))'/*

and

cap(zq, ..., &) < il‘:finf{(capp(rl, ...,xn))l/k: pE Qk(n)}.
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On the other hand cap p(xy,...,2,) < ||p(x1, ..., z,)|| for every p € Qi(n). Together
with (a) this gives cap(z;,...,z,) = i]k}finf{(cap p(z1,. .., z0))*: p € Qr(n)}.

(c) By (2) we have cap(z,...,7,) < [Ilp(z1, - .., za)*]|!/** for every p € Qi(n) and
positive integer s. So

cap(zy,...,zn) < il:f{“})(l‘h...,;l.',,)’”l/’k} = |p(z1, ...,z,,)lcl,/k.

By the spectral mapping theorem for commuting elements z,,...,z, € A (sce [2])

we have
' k
[p(z1,. .., z0)|* = max{|p(z)|: z € o (2, . ..,1:,,)}1/ .
So
cap(zy,...,zn) < i'l:ﬁ"f{”P“,l,{:,,,,,,;,_)3 PE Qi(n)}

E4n— 1\ "k :
< ir‘!f( :n i l) (ca.pk a'(:cl,...,z,.))l/k.

Hence cap(zj,...,zp) < capo(zy,...,z,).
On the other hand,

”P(rlw ceey -'L'n)“ 2> |p(1/'l» sy 'rn)la = “I’”o(:,,...,xn)

for every polynomial p € ;. (n), so that
capi(zy,...,&n) 2 cap o(zy,...,2p)

and

cap(zy,...,&p) 2 capo(zy,...,zn).

a

Following the concept of Zelazko [L1], a subspectrum & is a set-valued func-
tion which assignes to every n-tuple of commuting elements zy,...,z, of a Ba-
nach algebra A a non-empty compact subset &(zy,...,z,) C C" such that 1)

n
G(zy,...,zn) C ] o(zi) and 2) 6(p(z1,...,2,)) = p(6(xy,...,z,) for every m-
i=1

tuple p = (p1, ... ,;),,,) of polynomials in n variables.
By [7] (cf. also [6]), cap&(x1,...,zn) = capo(zy,...,z,) for every subspectrum
satisfying

max{|A]: A € (z1)} = max{|A]: A € o(z1)} (z, € A).
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This includes e.g. the approximate point spectrum, the left, right,defect and Taylor
spectra. Condition (b) of the previous theorem enables to extend this result to the
subspectra satisfying cap (z,) = capo(z;) (z1 € A). An important example of
such a subspectruin is the essential spectrum of operators in a Banach space.

Corollary. Let A be a Banach algebra and let ¢ be a subspectrum satisfying
capd(z,) = capo(z;) (z1 € A). Then

capa(z1,...,2n) = capo(xy,...,z,) = cap(zy,...,Zn)

for every n-tuple 1, ..., z, of mutually commuting elements of A.

Proof. Let z;,...,z, be mutually commuting elements of A. Consider the
algebra C'(K) of all continuous functions on the compact set K = &(zq,...,z,) CC"
with the supnorm on K and let z;, ..., 2, be the independent variables.

As|lqllx = llg(z1, - - -, zn)llc(k) for every polynomial g it is easy to see that cap K =
cap(21,...,2n) and cap p(K) = capp(z1,...,2,) for every polynomial p. Thus

cap(z1,...,za) = infinf{(capp(z1,...,z))"/*: p € Qu(n)}

inf inf{(cap o(p(z1,-..,2n)))'/* : p € Qe(n)}
= infinf{(cap 5(p(z1,...,22)))"/*: p € Qe(n)}
= inf inf{(cap p(& (21, ..., 2)))/* : p € Qu(n)}

ilkgfiuf{cap P(z1,..,2n): P € Qr(n)}

= cap(z1,...,2n) = capd(x1,...,Zp).

O

Let .X' be a Banach space. Denote by B(.XX') the algebra of all bounded operators
on X and by K(X) the ideal of all compact operators on X. Denote by 7 the
cannonical projection from B(.X') onto the Calkin algebra B(X)|N(X). Let Ty, ...,
T, be mutually commuting operators on X. Denote by o.(T1,...,T,) the spectrum
of the commuting n-tuple (7(71),...,n(7T,)) in the algebra B(,\’)Il\'(,\’).

Let S € B(X). As o(S) contains only countably many points in the unbounded
component of C — o.(S) we have cap g.(S) = capo(S) (cf. [8]). Hence

capo.(Th,...,Ty) =capo(Th,...,T,) = cap(Th,...,T,)
for every mutually commuting operators Ty, ..., T,, € B(X).
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Another example when the previous corollary can be used is the essential Taylor
spectrum (for the definition see e.g. [3]).

Acknowledgement. This paper was written during the author’s stay at the Uni-

versity of Saarbriicken. The research was supported by the Alexander von Humboldt
Foundation.

(1]
(2]

3]
(4]
5]

[10]
(11]

References

P.R. Halmos: Capacity in Banach algebras, Indiana Univ. Math. J. 20 (1971), 855-863.
R. Harte: Tensor products, multiplication operators and the spectral mapping theorem,
Proc. Roy. Irish Acad. Sect. A 73 (1973), 285-302.

R. Levi: Notes on the Taylor joint spectrum of commuting operators, Spectral Theory,
Banach Center Publications Vol. 8, 1982, pp. 321-332.

J. Siciak: Extremal plurisubharmonic functions and capacities in C", Sophia Kokyuroku
in Mathematics 14 (1982).

A. Soltysiak: Capacity of finite systems of elements in Banach algebras, Comm. Math.
19 yr1977, 405-411.

A. Soltysiak: Some remarks on the joint capacities in Banach algebras, Comm. Math.
20 (1977), 197-204.

A. Soltysiak: On a certain class of subspectra, Comm. Math. Univ. Carolinae, to appear.
D.S.G. Stirling: Perturbations of operators which leave capacity invariant, J. London
Math. Soc. 10 (1975), 75-T8.

D.S.G. Stirling: The joint capacity of elements of Banach algebras, J. London Math.
Soc. 10 (1975), 212-218.

V.P. Zakharyuta: Transfinite diameter, Tshebyshev constant and a capacity of a com-
pact set in C", Mat. Sb. 96 (1975), 374-389. (In Russian.)

W. Zelazko: Axiomatic approach to joint spectra l., Studia Math. 64 (1979), 249-261.

Author’s address: Institute of Mathematics, Academy of Sciences of Czech Republic,

Zitna 25, 11567 Praha 1, Czech Republic.

372



		webmaster@dml.cz
	2020-07-03T09:24:10+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




