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SECTION ONE: INTRODUCTION AND BACKGROUND

An £-variely is a class of lattice-ordered groups defined by a set of equations. Any
¢-group law can be expressed in the form “w(Z) = e,” where w(z) is an element of the
free £-group on a countable set X of free generators; w() has, then, a (nonunique)

m n

standard form w(z) = V /\ H :cf;;:, where €;jx = 1 and z;;: € X U {e}. An
i=lj=

¢-group G salisfies ¢ w( ) =e” lf for any mapping of X into G, letting g;ji be the

n
image of z;;, w(g) = \/1 /\1 Hl yf;Jkk —=e.
t=1)7= =

Weinberg [W] showed that the f-variety o of abelian f-groups is the smallest
nontrivial £-variety. Since & is finitely based, any f-variety properly containing
&/ contains an £-variety minimal with respect to properly containing &/, called a
cover of &/. Scrimger [Sc] proved the existence of countably infinitely many solv-
able covers of &7, one for each prime integer p, known now as the Scrimger covers
. These f-varieties were generated by f-groups that are not representable: i.e.,
not representable as subdirect products of totally ordered groups. Subsequently,
Gurchenkov-Kopytov [GK], Reilly [R1], and Darnel [D1] showed that the Scrimger
covers were the only nonrepresentable covers of «/. Medvedev [M] proved the exis-
tence of three solvable representable covers of «/. Of these, one, herein denoted .#9,
is generated by the free nil-2 group on two generators a and b, where if ¢ = [a, }],
any element is of the (unique) form a¥b™c", ordered lexicographically from the left
by k, m, and n.

Describing the other Medvedev covers requires more explanation. Let A and B

be totally ordered groups. The restricted wreath product A wr B can be ordered in

* This research was done while the author was a Visiting Lecturer at the Department of
Mathematics and Statistics at Bowling Green State University, Bowling Green, Ohio,
1990-91. The author thanks the Department for it warm welcome and hospitality.
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two ways. Forg € Awr B, g = (f,b), where f: B — A has finite support. Define
(f, b) > (e,e) if b > e or b = e and f(bo) > e for by = max(supp(f)). This gives
an o-group denoted by A wr B. A wr B is defined analogously, except (f,b) > (e, e)
if b>eorifb=eand f(b;) > e for b; = min(supp(f)). One Medvedev cover,
denoted .#* is generated by Z wrZ, where Z is the group of integers with the usual
order, and the order by Z wr Z.

Two other representable covers of & are known at this time, based on orderings
of the free group of rank two. Bergman [B] and Kopytov [K] independently proved
the existence of one of these, #*, and by reversing the order, Kopytov [K] obtained
the other, #~.

The lattice of all ¢-varieties is distributive, and thus if 2 and ¥ are covers of &,
then % V¥ covers both % and 7. Gurchenkov [Gul] proved that all £-varieties have
covers. Presently much more is known about the {-varieties containing the Scrimger
covers that those containing the Medvedev covers. Indeed, Holland and Reilly [HR)
and Gurchenkov [Gu2] independently described all ¢-metabelian ¢-varieties whose
intersections with the ¢-variety 2 of representable ¢-groups is the abelian ¢-variety
&. (An £-group G is €-metabelian if there exists a convex ¢-subgroup A 4 G such
that A and G/A are abelian. In this case, as indeed for all £-groups, there exists a
unique largest abelian convex £-subgroup [H] called the abelian radical and which is
denoted by &/(G). G is thus €-metabelian if and only if G/2/(G) € &.)

Darnel [D2] showed that .#% is contained in the f-variety J* generated by
all &-metabelian o-groups (7 having the positive infinite shifting property: for any
e<he o (G)and e < g € G\ (G), g~ hg > h; and produced laws for Z+. From
these laws, results due to Huss [Hu] and Reilly [R2] that .#Z* is not closed with
respect to lex extensions by the ordered group of integers will be proven in Section
Three.

A convez (-subgroup C of an €-group G is a sublattice and a subgroup with the
property that if e < z < ¢ € C, then z € C. The lattice order of G induces a lattice
order on the set of right cosets #¢(C) of C by CzV Cy = C(z V y). A convex
£-subgroup is prime if z Ay € C implies z € C or y € C; this is equivalent to £ (C)
being totally ordered. Note a convex £-subgroup P is prime if and only if for convex
¢-subgroups A and B, P C A and P C B implies PC AN B.

SECTION Two: O-GROUPS OF {-VARIETIES GENERATED BY ORDERED GROUPS

The f-variety generated by a class € of ¢-groups is the class of all ¢-groups G
that are £-homomorphic images of £-subgroups of cardinal products of numbers of €.
Thus if % is a collection of o-groups, any o-group G in ¢-Var(%) is the -homomorphic
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image of an f-subgroup S of a cardinal product IIAG) of o-groups {G»} C € by a
prime subgroup P of S. While P is always the intersection of a prime Q of IIAG\
with S, in general . need not be contained in the normalizer Nii(Q) of Q in IIAG\
and so we can not in general substitute SQ for S and Q for P.

Proposition 2.1. Let G be a representable £-group, S be an £-group of G, and
P be a prime of S. If P 4 S, then there exists a prime subgroup Q of G such that
P = SnNQ, S is contained in the normalizer Ng(Q), and Q « SQ. In this case,

SQ/Q = S/P.

Proof. We start by replicating from [C] that there is always a prime subgroup
Q of G such that SNQ = P.

Let # = {C € €(G): CNS = P}. # # 0 as the convex {-subgroup of G generated
by Pisin #. Let € be a chain in #. Then P C SN{J¥. Suppose there exists
geUENS)\P. Thenge C e ¥ and g €S, implyingge CNS = P. Thus #
has maximal elements; let @ be one.

Now suppose e = a A b where a,b € G\ Q. Then Q C T = G(Q,a) and Q C
R =G(Q,b). So PCc SNT and P C SN R. But since P is primein S, P C
(SNT)N(SNR)=SN(TNR)=SNQ = P, an obvious contradiction. So @ is
prime in G.

Now suppose that ( is representable and that P4S. Suppose by way of contradic-
tion that S € Ng(Q). Choose s € S such that s~1Qs # Q. Since G is representable,
either Q C s~!'Qs or Q C sQs~!.

Assume Q C s !Qs. Then P C SNs™'Qs = s71(SNQ)s = s"'Ps = P since
P aS. So S C Ng(Q) which is an £-subgroup of G ([BKW, p. 77], [M¢], [R1], and
[D1]). The rest follows from the Second Isomorphism Theorem. O

Proposition 2.1 allows us to consider only o-groups arising from quotients of
£-subgroups of a cardinal product of o-groups by prime subgroups of that product.
We can further specify those primes.

Since the intersection of prime subgroups is prime, every prime subgroup contains
a minimal prime subgroup. Conrad and McAlister [CM] showed that the minimal
prime subgroups M of a cardinal product TIAG» of o-groups {G.} are in a one-
to one correspondence with the set of ultrafilters  on A; the correspondence is,
for M, Uy = {{/\ € A; there exists ¢ € M such that gy, = e}}‘ and for Z,
May = {g € IAG): {X: g» = ¢} € %}. Since minimal primes are normal in
representable -groups, this means that o-groups in £-varieties generated by o-groups
arise in a very natural way from quotients of f-subgroups of ultraproducts of the
generating o-groups.
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SECTION THREE: REPRESENTABLE COVERS OF .# 1

In the Introduction, .#* was mentioned as being contained in the (-variety
Jt generated by all f-metabelian o-groups G having the property that for any
e<he@(G)ande< ge G\ (G), g7 hg > h. In [D2], it was shown that laws
for 7+ are:

Proposition 3.1. Z%1 is defined by the laws:

() y'zsy Az =

(i) [lwil Allzr, il fwel A llz2, 32l] = e

(iii) for e < u < v, v [a,b]|v > u™!|[a, b]|u

(iv)* |23, ys, 1A [(I[zs, 3]l [zs, wall =2 Ae)| A (2111272 A e)| = e
(v-n) fore <y <z, 27 (|[z,¥)| A Jw))z > (|[z, ¥]| A |w])*, n=1,2,3, ...

Containment of .#t in I+ is obvious since Z wr Z is an {-metabelian o-group
hasving the infinite shofting property.

These laws also show that .# 1 is not closed with respect to lex extensions involving
the group of integers.

Proposition 3.2. a) (Huss [Hu]) (Zwr2)zZ ¢ .4,
b) (Reilly [R2]) Zz(ZwrZ) ¢ 4.

Proof. (a)for G = (ZwrZ)zZ, any element is of the form (f,m,n), where
f:Z —Zand mn €2 Then &(G) = {(fym,n):m =n =0}. Soif h = xo,
the characteristic function of {0}, and g = (0,0, 1), then g~'hg = h is not infinitely
greater than h.

(b) For H = Zz(Z wr Z), elements of the form (m, f,n), where m,n € Z and f:
Z 1. (H)isthen {(m,f,n):n =0}. fh =(1,0,0) and g = (0,0, 1), then
9 'hg=g. a

There is a third way to totally order (ZwrZ)®Z. Define ((f, n),m) € (Zwr2)s1
to be positive if n > 0, if n = 0 and m > 0, or if n = m = 0 and f(k) > 0 for
k= max(supp(f)). We will denote this o-group as Zﬁr(o,(l) (ZzZ), the subscript to
denote that the wreath action is done by the upper component of ZzZ while the lower
component has a trivial action. To be consistent with the order on Z v'v_r(o,d) (Zz1),
we will write an element ((f, n),m) as (f, m, n).

Proposition 3.3. Z \;v_r(o,(l) (Zx2) ¢ M.

Proof. Letg= (f), 0,1)and h = (f), 1,0). Then A is in the abelian radical while
g is not, and g~ lhg = h. O

* Due to Andrew Glass
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Remarks. This author originally had a proof based on ultrapowers of ZwrZ that
showed Z\;v_r(gxl)(Z;Z) ¢ #+. A.M.W.Glass then devised law (iv) of Proposition
3.1 that simultaneously excluded Zz (ZwrZ), (ZwrZ)zZ, and Z wr(oxz)(Zz Z) from
M.

The following proposition, whose proof will be left to the reader, describes
Zz(ZwrZ), (ZwrZ)zZ, and Z wr(oxz) (ZzZ) in terms of generators.

Proposition 3.4. Let G be an o-group generated by elements a, b, and c.

a) Ife<c<b<a,la,c]=][cb)=[b2",0%"] = e for all integers m and n, and if
b < b, then G = Zz(Z wr Z).

b) Ife < c < b < a,[a,c]=[a,b] = [c*", "] = e for all integers m and n, and if
c< ct, then G=(Zwr2)zl.

) Ife<c<gbka, [a,b)=[bc]=[c
cLct then G=1 v’v—r(o,(l) (Z;Z).

m

n . .
,¢*'] = e for all integers m and n, and if

Definition. %% will be the ¢-variety generated by Zz (Z wrZ), ¥} the f-variety
generated by Z v:r‘r(o,d) (ZzZ), and ¥t the (-variety generated by (Z wr Z)zZ.

Our goal is now to show that %+, %}, and ¥%* are distinct f-varieties and to
discuss their containments. For the discussion, recall that elements g and h of an
£-group are a-equivalent if there exist positive integers m and n such that |h| < |g|™
and |g] < [A]".

Proposition 3.5. %} c %*.

Proof. In(ZwrZ)zZ, let a=(0,1,0), b= (0,0,1), and ¢ = (X0,0,0). Then
b='cb = ¢, while a~'ca(x1,0,0).

Note (ab)~!c(ab) = a~!ca and ab is a-equivalent to b.

Consider the elements a = (a,b,(a,b)z,(a,b)s,...), b = (b,0,0,...), and ¢ =

()
(¢,c,¢,...)of [] [((ZwrZ)zZ]. For any nonprincipal ultrafilter  onw = {0,1,2,...},
n=0

the images @, b, and ¢ of @, b, and ¢, respectively, in [(ZwrZ)zZ)* /% , have the prop-
erties that @ > b > ¢, (a)~'é(a) > ¢, (b)~'é(b) = ¢, and ab = ba. So the f-subgroup
generated by @, b, and ¢ is o-isomorphic to Z wr(oxz) (ZzZ). Thus ¥} C %*.

To show ¥+ C ¥+, it suffices to note that Z \;v_r((,xz) (ZzZ) satisfies (iii) of
Proposition 3.1 while (Z wr Z)zZ does not. 0

Proposition 3.6. %t is incomparable to ¥,}.

Proof. For any integer n, it is easy to verify that Z v'v_r(o,(l) (ZzZ) satisfies
(v-n) of Proposition 3.1 while Zz (Z wr Z) does not. So %+ ¢ 7,}.
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The following law showing %+ € 7, is due to A. M. W. Glass and again replaces
a proof by this author that used ultraproducts.
¥} satisfies the law:

Iz, y, ]| A |(|2|It||z|—l /\C)I A I(I[z,y“lzll[z’y”_zAe)|
Az ol 217 Ae)| = e

For in ZE(ZV‘\TI'Z), if [z,y.1] # e, then [z,y] # e and t is of the form (m;, f1,111) where
n1 # 0. So if z is of the form (m2,0,0), then |(|[=, y)DIz|~! Ae| = e, while if z is of the
form (mg, f2,0), then |z]'¥! >> |z| and so |(|z||‘l|z|‘2/\e)| = e. Finally if z is of the form
(m2, f2,n2), where ng # 0, then |[z, y]|'*| > |[z,]| and so |(|[x,y]]"||[1:,y]|"2/\e)| =
e.

Now Z Jv-r(o,(z) (Z;Z) does not satisfy this law as can be seen by using the substi-
tution z = (X0,0,0),y =t = (0,0,1), and z = (0,1,0). So %} ¢ %;*. 0

Proposition 3.7. %+ ¢ 7*.
Proof. It is easy to verify that (Z wr Z)?EZ satisfies the law:

1

“Gore<y<z, (I Al VIl gl Ale)™ > (lz, ]l Alel)?”

which fails in Zz(Z wr Z). O

With the aid of two lemmas, we will show that if G is an o-group in 1’b+ \ A1,
then G contains a copy of Zz(Z wr Z), which will then prove ¥t covers A+,

Lemma 3.8. ‘Vb"' NI+t=_at.

Proof. Let G be an o-group in %' N 7+; if G € &, then G € .#*+. So
assume G is not abelian. Since G € ’Vb+, there exists a set A, an £-subgroup S of
A(Zz(ZwrZ)), and prime subgroup P of I15(Zz(Z wrZ)) such that G = S/P. Let
M be the minimal prime subgroup of H = M (Zz (Z wr Z)) contained in P, and let
Z be the ultrafilter defined by .#.

Suppose P < Ps € «/(S/P). Then s) = (m,\,f,\,n)‘), where my,n, € Z, and f;\:
Z — 1. Since S/P is not abelian, there exists P < Ps < Pt ¢ «/(S/P). S/Pe€ Tt
implies P[t™!,57!'] < Ps < P[t,s”'] and hence M[t™',s7'] < Ms < Mift,s™'],
giving us that {X: [t5!,s5'] < sa < [ta,s5']} €. Thus {A:ny =0 and f >0} €
. Clearly if P < Ps ¢ &/(S/P),{\:ny >0} e%.

Let Q@ = {g = (ma, fo,ny) € DA(ZZ(Z wr Z)): {A: fr=0and ny =0} € };
since M C @, Q is prime and so is comparable to P because M C P. Suppose
P C Q. Now from the proof of Proposition 2.1, we can assume that P is maximal
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with respect to P N S being a prime subgroup of S, andso P=PNSC QNS.
Let e < s € (SNQ)\ P. Then if Ps € &/(S/P), we have seen that {\: fr>0and
ny =0} € %, while if Ps ¢ &/(S/P), {A:nx >0} € . So Q C P and consequently
S/ P is an o-homomorphic image of S/Q.

Define o: ﬂA(Z;(Z wrZ)) — MA(Z wr 2): (m,\,f,\,n,\)a)\ = (fA,\,n,\). Then o is
an £-homomorphism. Now for the diagram

S/Q MA(Zwr Z)/%
| &
S NA(Z wr Z)

with & and 3 natural. Clearly Qo C Ker # and so o lifts to an -homomorphism & :
S/Q — NA(Zwr Z)/% .

Let t € KerB and s € SN {t}o~!. Then {A:ty = (0»,0)} €  and so {A:
sy = (nu,f)\,n,\) with f)\ = 0, and ny, = 0} € . Thus s € Q and so & is an
£-isomorphism. 0

Lemma 3.9. For every positive integer n, ’1’b+ satisfies the law:

Uy, 81l A [(la, B4, 817" A )] A [(l21]217" A o)
Al(la, 8]l 121 Ae)| = e.”

Proof. Assume [r,s,t] # e # [a,b] in Zz(Z wr Z). If |z| = (m,0,0), then
[[a,b]||z]=" > e. If |z| = (an, f,0), where f > 0, then for any n, |z|¥! > |z|. Finally,
if |z] = (m, f, k), when k > 0, |[a, 8]*! > |[a, 8]]. o

Theorem 3.10. ‘/’b+ covers At

Proof. Let G be an o-group in %'\ .#*. Then there exist e < h € & (G)
and e < g € G\ &(G) such that g~!hg is a-equivalent to h.

We show first that if [a,b] # e, then h < |[a,b]|. Suppose e < |[a,b]| < h. Since
G is not nil-2, there exist r,s,t € G such that [r,s,t] # e. Then t € G\ &(G); and
since G//(G) is abelian, |g|ll|g|™™ < e for all n > 2. Likewise, since g > |[a,b]|,
[a,b]]g~! < € and so for the law of Lemma 3.9 to hold for z = g, |[a,b]|? > |[a, 8]|"
for all n > 0. Thus g~!|[a, b]|g > |[a, b]].

So |[a,b,g]| # e. For n > 2 and any integer k, h=*|[a, b]|h*|[a,b]|”™ < e, while
g~ 1 (h¥)g being a-equivalent to h implies there exists M > 0 such that foralln > M,
(g7 'h*g)h~" < e. So again for Lemma 3.9 to hold with r = a, s = b, t = g, and
z = h, we must have |[a, b]| > hF for all k.

199



In particular, [g, h] = e, since g~'hg being a-equivalent to h implies either [g, h] <
h or [g, h] is a-equivalent to h.

Thus the o-subgroup of G generated by h, [[a,b]|, and g is o-isomorphic to
Zz(Zwrl). o

The proof that ¥} covers .#% is much the same except in one key step which
will be pointed out later.

Lemma 3.11. ¥} NI+ = «#+.

Proof. Let (G be an o-group in %Y N Z*. If G is abelian, then G € .#*.
Otherwise, for any e < h € &@/(G) and e < g € G\ #(G), g~ hg > h.

G € %} implies, by Proposition 2.1, that there is a set A, an ¢-subgroup S of
H = MA(Z wroxz) (ZzZ)), and a prime subgroup P of H such that P < S and

= S/P.

Let M be the minimal prime subgroup of H contained in P. Then M 4 S and
since S/ P is an o-homomorphic image of S/M, it suffices to show that S/M € .#*.

We first show S/M € Z*. To do so, we must show for any M < Ms € &/(S/M)
and any M < Mt ¢ o/(S\ M), Ms < Mt~ !st.

Suppose by way of contradiction that Pt € @/(S/P). Since S/P is nonabelian,
there exists r € S such that P < Pt < Pr ¢ &/(S/P). Since S/P € I*, Pt K
Pr=Yr and so Mt < Mr~'tr. Now &/(S/M) = Q/M for some prime Q 4 S. Since
S/M is £-metabelian, S/Q is abelian and so there is ¢ € @ such that qt = r='tr. Since
Mt ¢ (S/M) =Q/M, M < M|qg| < Mt < Mr~ltr, implying Mqt < Mr~'tr
[BCD, Prop. 1.4], a contradiction since gt = r~!tr. So Mt ¢ &/(S/M) implies
Pt ¢ &/ (S/M).

So P < Ps < Pt implies Ps < Pt~ 'st, and hence Ms < Mt~ 'st.

Let % be the ultrafilter on A such that M = {g € H: {A: gx» = ¢} € Z}. For
s € 5, sy will be written (f}, my,ny) as before.

M < Ms ¢ &/(S/M) implies {A:ny, > 0} € %, as if {\: ny
Ms e &/(H/M) and so is in &/(S/M).

On the other hand, M < Ms € &/(S/M) implies that for any M < Mt € (S/M)\
A (S/M), Ms < Mt~'st; so Ms < M[t,s™'] and thus {A: sy < [tx,s7']} € Z.
Thus M < Ms € &/(S/M) implies {A; my =n) =0} € Z.

0} € %, then

Define o ; IIA(Z \;v_r(o,(l) (Z;Z)) — MA(Z wrZ) by (f,\,m)‘,n,\)a,\ = (f,\,ru). ois
a group homomorphism but, even on S, need not be an ~-homomorphism. Consider,
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though, the diagram:

S/M NA(Z wr 2)/%
‘| s
s MA(Z wrZ)

where a and # are natural. Then Mo C Ker 8 and so o lifts to a homomorphism &
from S/M into (Z wrZ)M /% .

Now t = (...,(f,\,n)‘),...) € Ker 3 implies {: (f,\,n,\) = (0,0)} E%. Sos =
(.-, (fr,ma,mp),...) € t&~" implies Ms € &/ (S/M). Since then {A: my = 0}N{A:
f: 0 and ny, =0} €%, Ms = M and thus & is an isomorphism.

Ms > M implies, if Ms & &/(S/M), {A: ny, > 0} € Z and so (Ms)7 is positive
in (ZwrZ)A/% or, if Ms € o/ (S/M), {A: ny = my =0 and f > 0} € % and again
(M s)é is positive. So & is an o-isomorphism and thus S/M € .#*. a

Lemma 3.12. For every positive integer n, ¥} satisfies

Uy, LA |z, )z, )™ Ae)| = e

Proof. Suppose [r,s],[r,s,t], and [z,y] are all nonidentity elements of Z\v;l—l‘(()xl)
(ZzZ). Then t = (f),m,n) where n # 0 since [r,s,t] # e and |[z,9]| = (f2,0,0).
Then |[z, y]|!!! > |[z,y]| and so the law is true. o

(The above laws were proposed by Reilly [R2] as part of a set of laws that might
define %))

In showing that ¥* covers .+, we showed that any o-group G € %' \ A4+
contains a copy of ZI(Z wr Z). Unfortunately, it is not true that every o-group
K € ¥} \ .#* contains a copy on\;v_r(o,(z) (Z;Z). Indeed, let H be the o-subgroup
on\;v_r((,xl) (ZzZ) generated by (0,0, 1) and (—Xo, 1,0). Then H does not contain a
copy of Zwr(oxz) (ZzZ). We will, however, show that every o-group K € ¥} \ .+
contains a copy of H and so ¢-Var(H) does cover .#*. The next lemma shows that
¢-Var(H) = ¥}.

Lemma 3.13. Let G = Zv:'_r(o,(l) (ZzZ) and H be the £-subgroup of G generated
by @ = (0,0,1) and b = (=xo, 1,0). Then ¢-Var(H) = ¥}.

Proof. It suffices toshow that if G does not satisfy an ¢-group law “w(z) = e,”
neither does H.
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So suppose g = {gijx} is a substitution for w(z) = V /\ H "’:;;: into G such
i=1j=1k=1

that w(g) # e. Since G is totally ordered, we can, by using w='(Z) if necessary,
assume w(z) > e. Furthermore, if “w(Z) = €” is not a law for abelian ¢-groups, it
obviously is not a law for £-Var(H) [W] and so we can assume w(;) = (f, 0,0).

Note that Jijk = (fijky m,-jk,n.-jk).

For H, [H, H] is freely generated as an abelian o-group by {[a, }]¥)": n € Z} and
[H, H] is convex in H. Thus any element of H can be written uniquely in the form
(f,b™,a"), where f € [H, H].

For giji = (fijk, mij,nije), fije = 2 CijerXr. Define fije to equal

_ r€supp(/fijx) ~
3 ~ Cijk(Xr — Xr-1); then fije = [ ,;i“,(a)"’]. Moreover, [@,b] = x1 — Xo
resupp(fijk) _ _
and 50 Xy — Xr—1 = @~ ""V[a,bla""! € H; hence fijx € H.
We first show that the substitution ¢;;; = (f,-jk,m,-j,,,n,-jk) gives w(?) # e.

- P
It is easily verified that if w;i;(g) = [ (fije, miji, nije)®9* = (gij, uij, vij), then

l'[(f-;k,mqk,"uk)“’* = ([65',(@)7"), wij, vi;) = (§ij, wij, vij). Hence if vij # 0
and/or uij # 0, (gij, uij, vij) is positive or negative as (§;j, uij, vij) is. Suppose,
though, that v;; = u;; = 0 and g;; # 0; then supp(gij) has a maximal element s;;.
Now for any s, §ij(s) = §ij(s) — gij(s + 1). So §i; is positive or negative as g;; is. If
vij = u;; = 0 and §;; = 0, then Gij = 0 as well. So w(?) #e.

Unfortunately, T may not be contained in H. A naive substitution (that al-

most works) is to substitute for ¢;;; the element h;j;x = f;jki)""f“d"'i“ = (f.-jk -

p .
mijkXo, Mijk, Niji). However, letting [T (mijexo, mije, niji) % = (hij, wij, vij), it
k=1

p .
is easily verified that [] hijx = (§ij — hij, uij, vij), and so, if s;5 = max(supp(g,-j)),

k=1
we might easily obtain that h;;(si;) = §ij (si;)-
But hyjj = Y cijiXr. Now since w(?) # e, then for any ¢, (&)“’w(?)(ﬁ)" #

resupp(hij)

e, (@)~ Tw(t)a? = V A((@)~93:;(@)7, uij, vij), and (§i;)®" has as its maximal support
1J

element s;;+q. Thus if we choose ¢ such that for all i and j, s;;+q > max(supp(ixi,j.))

for all ¢’ and j' and let h{;, = (@)~ fiji(@)9b™ii* @™k we obtain that w(z’) # e.
0O

Theorem 3.14. ¥} covers #A*.
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Proof. Let G be an o-group in %} \ .#*. Since G ¢ J* (by Lemma 3.11),
there exist e < h € @(G) and e < g € G\ &(G) such that g~'hg is a-equivalent
to h.

There exists e < ¢ < d < g such that |[c,d]| # e. So g7 |[c,d]lg > d~!|[c,d]|d >
|[c,d]]. Now for any e < a < b such that [a,b] # e, by Lemma 3.12, we have
[, d, g}l A |(l[a, 8]I%][a, 6] =" A €)| = e, implying g~"|[a, b]lg > |[a,b]|. We must have,
then, that h > |[a,b]| for any a and b, since if b < |[a,b]| for some e < a < b,
b= hd = b=1(h A |[a,b]|)b > h A |[a,b]| = h, and thus [b,h=] > h > [, b7 1] > e.
So g~ '[b,h~')g > g~ hg > g~ '[h71,b7]g > [h~", 5] which is a-equivalent to h,
a contradiction to g~'hg and h being a-equivalent. Hence h > |[g, h]].

If [g, h] = e, then the o-subgroup of G generated by g, h, and |[c, d]| is o-isomorphic
toZ \;v_r(o,(l) (ZZ‘-Z)

Suppose [g, h] # e; first assume [g, h] > e. Then the o-subgroup of G generated by
g and h is o-isomorphic to the o-subgroup of Z\‘v_r(o,(z)(lﬁz_l) generated by @ = (0,0, 1)
and b = (—xo,1,0). By Lemma 3.13, this o-subgroup generates ¥;}.

If [g,h] <'e, then

[9. (g, h)h]) = g~ 'h~[g, k] glg, R)h = g~ 'h~'gg~"[g, h] "' ghlg, h]
=g '"h~'ghg~ " g[g, k)" 'glg, k] = [g, h)*[g, h]~¢ > e.

So the o-subgroup generated by g and [g, h)h is o-isomorphic to H. ]

For the other Medvedev (-variety .# ~, we likewise obtain ¥, covering #~, ¥,
covering 4=, ¥;~ # ¥, and ¥,; C ¥;~. A surprising result, due to Huss [Hu] but
with a proof simpler than hers, is:

Proposition 3.15. %t = %",

Proof. Let H = ]'l [(Z wr 2)ZZ] and let a be the element ((0,0,1),(0,0,2),

(0,0,3),. ) b be the element ((0,0, 1),(0,0, ]),(0,0, 1),.. .), ¢ be the element
((0,1,0),(0,1,0), (0, 1,0),...) and d = ((Xo,0,0),(X0,0,0),(X0,0,0),...).

Let % be any nonprincipal ultrafilter on w = {0,1,2,...} and a, b, ¢, and d be the
respective images of a, b, ¢, and d in H/%. Then a > b>> é> d > e and &, b are

central elements. Then the o-s.ubgmup generated by a, b(c)’ ,and d is o-isomorphic
to (ZwrZ)zZ. a

Finally, we prove:
Proposition 3.16. .#° ¢ ¥%*.
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Proof. We leave it to the reader to check that (Z wr Z)z Z satisfies the law:

-1
“fore<y<z, |yl Vilzyl” > Iz y]*”

Now for the free nil-2 o-group on generators a and b with a¥b™[a,b]” > e if k > 0,
-1

k=0and m>0,ork=m=0andn>0,it is clear that [a,b] = [a,b]* V [a,]* <
[a, b)2. (]
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