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1. INTRODUCTION

The product integral for matrix-valued functions, defined on a compact interval of
the real line, was introduced by Volterra ([21] and [22]) and completed by Schlesinger
([18] and [19]) and Rasch [17]. The main motivation for this construction was the
study of linear differential equations with variable coeflicients and the discussion of
such systems in the complex plane.

The possibility of an extension for more general setting was perceived by Birkhoff
(1], and it was accomplished by Hamilton [6] for functions taking its values in the Lie
algebra of a Lie group of finite dimension. In [16] it was presented a self-contained
survey of this Riemann-type product integral, using all the power of the theory of
finite-dimensional Lie groups.

Recently, Jarnik and Kurzweil [10] in an elementary way constructed a Perron-type
product integral for matrix-valued functions and they applied it to study systems of
linear differential equations. The purpose of this paper is to extend the construction
of the Perron product integral to functions taking its values in a Lie algebra asso-
ciated with a finite-dimensional Lie group. Its main results are the following: 1) a
multiplicative property (Theorem 3.6); 2) the relation with the Perron summation
integral (Theorem 3.8); 3) an existence theorem (Corollary 3.10); and 4) a continuity
property (Theorem 3.12). These properties extend some of the results of [10].

This paper is organized as follows: In the Section 2 we present some basic notions
of manifolds, Lie algebras and Lie groups and some key results with precise references
for the proofs. In the Section 3 we construct the Perron product integral and we
deduce some of its fundamental properties.

* This research was partially supported by a grant from the Natural Sciences and Engi-
neering Research Council of Canada.
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2. PRELIMINARIES

Write N = {0,1,2,...} and let R denote the real line.

Let M be a Hausdorff topological space. A charl on M is a triplet ¢ = (U, ¢, n)
where U is an open subset of M, n € N\ {0} and ¢ is a homeomorphism of U onto
the open subset ¢(U) of R®. The natural number n is called dimension of ¢ and the
open set U is called the domain of ¢, and we write U = Dom(c). Let € be a set of
charts on M of the same dimension n. We say that M = (M, %) is a C* manifold
of dimension n if the following conditions are satisfied:

(i) M =U{Dom(c): c € €}
(ii) If ¢ = (U,p,n) and ¢’ = (V, x,n) are two elements of € such that UNV # @,
then the function x o o~ !: (U NV) — R" is C*°.
(1ii) If €’ is a set of charts on M of the same dimension n such that ¥ C %, then
€ =%.

According to [2, Theorem 1.3, p. 54], a C'™® manifold of dimension n is completely
determined for any set € of charts on M of the same dimension n satisfying the
conditions (i) and (ii).

Let M be a C* manifold of dimension n and let ¢ = (U, ¢, n) be a chart on M.
For every i € {1,2,3,...,n}, put z* = pr;op: U — R. Then the n-tuple of real-
valued functions (li)lsign is called a local coordinale system on c. For each point
y € U, the n-tuple of real numbers (z*(y))i1<ign is called the local coordinates of y
with respect to c.

We present three examples of C™ manifolds:

1. Let V be a vector space over R of dimension n. Then V is a metrizable
topological space. Let ¢ be a linear isomorphisin from V onto R". Then € =
{(V, p,n)} satisfies the conditions (i) and (ii), and it determines a structure of C'™
manifold of dimension n on V.

2. Let M be a C* manifold of dimension n and let N be a non-empty open
subset of M. Consider a set € of charts on M of the same dimension n satisfying the
conditions (i) and (ii). Then ¥’ = {(U N N,<p|U N N,n): (U,p,n) € €} determines
a structure of C'™° manifold of dimension n on N, which is said then to be an open
submanifold of M.

3. Let M and M’ be C'™ manifolds of dimension m and n, respectively. Then,
with the product topology, M x M’ becomes a Hausdorff topological space. Consider
a set € of charts on M of the same dimension m and a set €’ of charts on M’
of the same dimension n, both satisfying the conditions (i) and (ii). Then € =
{(UxV,pxx,m+n): (U,p,m)€€ and (V,x,n)€ €'} determines a structure
of C'*™ manifold of dimension m+n on M x M’, and it is called the product manifold
of M and M’.
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Let M and M’ be C* manifolds of dimension m and n, respectively, and let f:
M — M’. We say that

a) fisa C*® function if, for every £ € M, there exist a chart (U, p,m) on M and
a chart (V,x,n) on M’ such that z € U, f(U) C V and the function x o fop~1:
p(U) =R is C*™.

b) f is a diffeomorphism if f is bijective and if f and f~! are C* functions. It is
clear that the composition of two C® functions is again C®.

Let M be a C'*™ manifold of dimension n and let U be a non-empty open subset
of M. We denote by C®(U) the set of all C* functions f: U — R. It is clear that
C>(U) is an associative algebra over R with unity. Let £ € M. We consider the
set F(r) of all real-valued C'*® functions, each defined on some open neighbourhood
of z. If fi, f2 € F(z) we write fi ~ f, if they agree on some open subset of M
containing . Then ~ is an equivalence relation on ZF(z) and each element of the
quotient set C°(z) = F(z)/~ is called a germ of C* functions at z. If f € F(x),
its corresponding germn will be denoted by f;. It is easy to verify that C*(z) is an
associative algebra over R with unity. We define the tangent space Tp(M) to M at
z to be the set of all linear forms v, on C*(x) satisfying the Leibniz rule:

vz(fr-92) = ve(f2)9(z) + f(2)v:(92) forall f,g € F(z).

Every element of T;(M) is called a tangent veclor to M at x. It is easy to see that
T.(M) is a vector space over R.

2.1 Lemma. If M is a C* manifold of dimension n and x € M, then the tangent
space Tp(M) is also of dimension n.

For a proof see [14, Theorem, pp. 41-42).

Let M be a C'™° manifold of dimension n. A C'* veclor field on M is a linear
function X : C®°(M) — C*°(M) such that X(f-¢) =(Xf) g+ f-(Xg). We denote
by x(M) the set of all C'™ vector fields on M. It is clear that x (M) is a vector space
over R such that X oY —Y o X € x(M) for all X|Y € x(M).

Let A be a field of characteristic 0. A Lie algebra over K is a vector space &
over K endowed with a bilinear function from & x & to &/, usually denoted by
(X,Y) — [X, Y], which satisfies the following two identities:

(1) [X,X]=0;
(i) [X,[Y,Z))+[Y,[Z,X]) +[Z,[.X,Y]] = 0 for any elements X, Y, Z in &.

We note that if @ is an associative algebra over K, then the vector space & over
K endowed with the bilinear function (X,Y) — XY — Y X is a Lie algebra over K.

For example, if n € N\ {0}, the set M, (R) of all n x n real matrices is a Lie algebra
over R.
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2.2 Lemma. If M is a C* manifold of dimension n, then x(M) endowed with
the Lie product [X,Y] =X oY —Y o X is a Lie algebra over R.

For a proof see [2, Theorem 7.4, p. 153].

A Lie group of dimension n is a C*™ manifold G of dimension n which is also
endowed with a group structure such that the function (g1, ¢2) — gl_qz_l from the
product manifold G x G to ¢ is C*. For example, if n € N\ {0}, the set GL(n,R)
of all invertible elements of M, (R) is a Lie group of dimension n? under matrix
multiplication (see [2, Example 1.6, pp. 56-57]).

2.3 Lemma. Let (i be a Lie group of dimension n. Then G is a complete metriz-
able topological group with a left invariant metric p.

The proof follows from [4, Proposition 1, p. 97] and [15, Theorewn, p. 34] taking
into account Property 2.3.3 of [3, p. 18] in the proof of [4, Lemme 1, p. 96].

Let G be a Lie group of dimension n and let ¢ € (. Define the function Lg:
G — G by the formula: Ly(z) = gr. It is easy to see that Ly is a diffeomorphism
and the proof of the following lemma is straightforward:

2.4 Lemma. Let (¢ be a Lie group of dimension n, let ¢ € G and let X € x(C).
Define ((Lg)« X)(f)(x) = X(f o Ly-1)(gx) for all f € C*(G) and all z € G. Then
(Lg)s X € x(G).

Let G be a Lie group of dimension n and let X € x(G). We say that X is a left
invariant C™ vector field on G if (Lg). X = X for all g € (. We denote by L(G)
the set of all left invariant C'® vector fields on G. It is clear that X € L(G) if and
only if XfoLy= X(folL,)forall fe C®(G)and all g € G. From this observation
we can deduce the following

2.5 Lemma. Let (i be a Lie group of dimension n. Then L(G) is a Lie subalgebra
of x(G).

The Lie algebra L(() is called the Lie algebra of the Lie group G. For example,
L(GL(n,R)) = M,(R) (see [7, Lemuma 15, p. 59] or [23, Example 3.10(b), pp. 86-87]).

2.6 Lemma. Let G be a Lie group of dimension n with neutral element e. Then

there exists a linear isomorphism from L(G) onto T.(G), and therefore

dim(L(G)) = n.

Fora proof see[14, Theorem 1, pp. 190-191] or [23, Proposition 3.7 (a), p. 85].
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2.7 Lemma. Let i be a Lie group of dimension n with neutral element e. Then
there exists a C'™ function exp : L(G) — G with the following properties:

a) exp(s + )X =expsX -exptX for all s,t €R and all X € L(G).

b) There are open neighbourhoods U of e in GG and V' of 0 in L(G) such that exp
is a diffeomorphism from V onto U.

For a proof see [20, pp. 84-88] or [23, pp. 102-103].

In the case where G = G L(n,R), it can be shown that exp X =1 + -’l\—, + XT,Z- +...
where [ is the identity matrix in G (see [23, Example 3.35, pp. 105-107]).

3. THE PERRON PRODUCT INTEGRAL

A closed interval of the real line is said to be non-degenerate if it contains more
than one point. Let S (R) denote the set of all non-degenerate closed intervals of
the real line. For K € S(R) we denote by S (K) the set of all elements of #(R)
contained in K.

Let K € #(R). A subdivision of K is a non-empty finite subset A of K x S (K)
such that

()IfF(t,J)e A, thent € J.

(ii) If (¢, J) and (&', J') are two distinct members of A, then J N J' = 0.

() u{J: (t,J)e A} =K.

If K € #(R) we denote by o(/) the set of all subdivisions of K. For [a,b] € #(R)
it is clear that every element of o([a,)]) can be written in the form

A =A{(t,[zi-1,zi]): i € {1,2,...,n}}
where n € N\ {0}, ; € [zi-1, z;] and
a=20< 21 <293<...<xp_1 <z =b.

Every point z; for 1 <i < n—1is called a tag of A.
Let [a,t] € #(R), let ¢ be a real nuinber such that a < ¢ < b, let

A= {(ti, [xim1, 2] i €{1,2,...,n}}
be an element of o([a, c]) and let

Ar = {(s5,[yj-1,4]): 7€ {1,2,...,m}}
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be an element of o([c,b]). Put s; = tnyj and y; = 2,4 for all j € {1,2,...,m}.
Since z,, = ¢ = yo, the set

A= {(ti,[xi-r,xi]): 1€ {1,2,...,m+n}}

is a subdivision of [a, b] and this fact is denoted by A = A} o A,.

Let ' € #(R). Then

a) Every function from K to ]0,+oo[ is called a gauge on K.

b) If 6 is a gauge on K, a subdivision A of K is said to be §-fine if J C ]t — 8(¢),
t + 6(t)[ for every (t,J) € A.

Write o(K,8) = {A € o(K): A is &-fine}. It is well-known that o(K,8) # @
for every K € J(R) and every gauge é on K (see [12, Lemma, p. 22] and [13,
Compatibility Theorem, p. 38]).

n
If (z;)ieN is a sequence of elements of a Lie group, then the symbol [] z; is defined
1=0
by the inductive formulas:

0 n+1 n

H.‘B,’ =Io and H i = Tn4it -HI,'.
: 1=0 i=0

Now let (G be a Lie group with neutral element e, let L((') be the Lie algebra
of G, let K € #(R), let u: K — L(G) and let [a,b] € S(K). For each element
A = {(ti, [zi1,zi]): 1 € {1,2,...,n}} of o([a,b]), write

n

S(u,A) = Hexp((xi —zi—y)u(ly))-

We say that u is Perron product integrable on [a,b] if, for every £ > 0, there exists
a gauge 8 on [a, b] such that o(S(u, A1), S(u, Asz)) < € whenever Ay, Az € o([a, b],6),
where g is the left invariant metric on (i given by Lemma 2.3.

Henceforth we fix an element K € #(R).

3.1 Lemma. Let u: K — L(G) and let [a,b] € I (K). Then u is Perron product
integrable on [a,b] if and only if there exists an element g € G with the following
property:

(¥) For every € > 0 there exists a gauge & on [a,b] such that o(g,S(u,A)) < e
whenever A € o([a,b],$).

Proof. Since the sufficiency is trivial, it remains to show the necessity.
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For every n € N\ {0}, let W,, = {S(u,A): A € o([a, b],6) for some gauge é on
[a,b] and o(S(u,A), S(u, A’)) < L for all A’ € o([a,b],6)}. Since u is Perron product
integrable on [a, b], every W, # 0, n=1,2,3,.... We shall show that

2
diam(W,) < - for every n € N\ {0}.

Let S(u,A;), S(u,A2) be two elements of W,,. Then A; € o([a,b],é;) for some
gauge & on [a,b] and o(S(u, A;), S(u,AY)) < L for all AL € o([a,b],8) (i = 1,2).

n

Let 8§ = min{é;,é2} and let A € o([a,b],8). Then
A € o([a,b],8;) No([a, b],62)
and therefore
o(S(u, A1), 5(u, A2)) < e(S(, 1), 5, A)) + o(S(w, A), S(u, Ag) ) <
Hence diam(W,,) < f We shall show that
Wpet CW, for every n € N\ {0}.

In fact, let S(u,A) € Wy4y. Then A € o([a,b]), 8) for some gauge 6 on [a, b] and
o(S(u, A), (S(u,A")) < —% for all A’ € a([a,b],6).
n
Since -1~ < n, it follows that S(u, A) € W,,.

n+1

Let F,, = W, for all n € N\ {0}. Since diamn(F,) = diam(W,) it follows that
lim diamn(F,) = 0. But (G, ) is a complete metric space. Then, by Cantor Theoremn

n—00

[11, p.413], there exists g € G such that ﬂ F. = {g}. To prove the condition (),

let € > 0. Choose ng € N\ {0} such that —"’—- < €. Since g € F,, = W,,, there exists
S(u, Ag) € Wy, such that g(g, S(u, Ao)) < £. Then Ag € o([a, b], ) for some gauge
6 on [a,b] and o(S(u, Ap), S(u, A")) < n‘—o for all A’ € o([a,b],8). Let A € o([a,b],8).
Then o(g, S(u, A)) < o(g, S(u, Ao)) + o(S(u, Ag), S(u,A)) < €. a

It is clear that, if u is Perron product integrable on [a, b], then there exists a unique
element g € G satisfying the condition (*) of Lemma 3.1. This element is called the

b
Perron product integral of u over [a,b] and it is denoted by (P) [Texp(u(t)d?).
a
Now consider the set D([a,b]) of all pairs (6, A), where é is a gauge on [a, b] and
A € o([a,b],6). It is clear that D([a,b]) is non-empty. If (8;,A;) and (62, Az) are

355



two elements of D([a,l]), we say that (8;,A;) is finer than (62, A2) and we write
(01, A1) 2= (82, A2) if 8y < é2. For example, if (8;,A;) and (82, A2) are two elements
of D([a,b]), 6 = min{é;, b2} and A € o([a,b],6), then (8, A) is finer than (6;,A,)
and (62, Az). Since (Dfa,b],>) is a partially ordered set, the preceeding example
shows that (D([a,b],>) is a directed set. Let u: K — L(G) and let [a,b] € F(K).
For each (6, A) € D([a,b]) define h(6, A) = S(u,A). Then h is a net in G. Since G

is a HausdorfT topological space, the net 2 converges to at most one point.

3.2 Lemma. Let u: N — L(G) and let [a,b] € #(K). Then u is Perron product
integrable on [a, b] if and only if the net h converges. Moreover,

b
(Iéi,lAn) h(é,A) = (P) l:Iexp(u(t)(lt).

Proof. Suppose that u is Perron product integrable on [a,)]. Let € > 0. Then
by Lemma 3.1, there exists a gauge 8. on [a, b] such that

b
g((P)Hexp(u(t)(lt),S(u,A)) < e whenever A € o([a,b],d).

Choose a §.-fine subdivision A, of [a,b]. Then (6,A:) € D([a,b]). Let (§,A) €
D([a, b)) be such that (6, A) > (6., A¢). Then A is §.—fine, and therefore

b

g((P)Hexp(u(t)dt),h(é,A)) <e.

a

b
Hence the net K converges to (P) ] exp(u(t)dt).
a
Suppose that the net h converges and let g = (Ligl) h(é,A). Let € > 0. Then there
exists (6, A¢) € D([a,b]) such that (6,A) € D([;t,b]) and (6,A) > (6, Ac) imply
o(g,h(8,A)) < e. Let A € o([a,b]),d:). Then (6:,A) € D([a,b]) and (., A) >
(e, A¢). Therefore o(g, S(u, A)) < €. By Lemma 3.1, u is Perron product integrable
on [a,b]. O

3.3 Lemma. Let u: N — L(G) and let [a,b] € #(L'). Then u is Perron product
integrable on [a, b] if and only if, for every € > 0, there exists a gauge § on [a,b] such
that o(S(u,Ay)™}, S(u,A2)"1) < € whenever Ay, Ay € o([a,b],d).

Proof. Suppose that u is Perron product integrable on [a,b]. By Lemma 3.2,
the net h converges, and therefore h is Cauchy in (GG, %R), where %g is the right
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uniformity on . Let € > 0. Then V = {g € G: o(g,¢) < €} is a neighbourhood
of e in (7, and therefore U = {(g1,92) € G x G: g2 97! € V} is an element of Zg.
So there exists (8, A) € D([a,b]) such that (8, A’), (8”,A") € D({a, b]) and (&', A"),
(8", A") > (&, A) imply h(8"”,A")-h(8',A')"' € V. Let Ay, Az € o([a, b],8). Since

(6,A1),(6,A2) € D([a,b]) and (8, Ay),(6,A2) 2 (6, 4),
we get S(u,As) - S(u,Ay)~! € V. Hence
0 (S(u,A1)™" S(u, A2)7 1) = o (S(u, Az) - S(u, A1) e) <e.

To prove the sufficiency, let U be an element of the right uniformity % on G.
Then there exists a neighbourhood V of e in G such that

U={(g1,92) €EG x G: gog7 ' € V}.

Let € > 0 be such that {g € G: g(g.€) < €} C V. By hypothesis, there exists a
gauge 6 on [a, b] such that

o(S(u,A)71, S(u,A2)7 ) <€

whenever Ay, Ay € p([a,b],8). Let A € o([a,b],8). Fori = 1,2, let (6;,4;) €
D([a, b]) be such that (8;,A;) > (6, A). Then Ay, Ay € o([a,b], 8), and therefore

9(5(“,A:’)‘S'(",Al)—l»e) = Q(S(U,Al)—l,S(u,Ag)_l) <e.

Hence h(é2,A2) - h(6,,6,)~" € V. Consequently, h is a Cauchy net in (G, %Rgr).
Since (G, %R) is a complete uniform space, it follows that the net h converges. By
Lemma 3.2, u is Perron product integrable on [a, b]. a

3.4 Theorem. Let K = [a,b], let u: K — L(G) and let [c,d] € F(K). If u is

Perron product integrable on [a,b], then u is Perron product integrable on [c, d].

Proof. We consider three cases:

l.c=aand d<b.

Let € > 0. Since u is Perron product integrable on [a, b], there exists a gauge &
on [a,b] such that o(S(u, A’), S(u,A”)) < € whenever A’, A” € o([a,b],6). Let A €
o([d,b],6](d,b]). For Ay, Az € o([c, d), 8|[c, d]), write Ay = AjoA and Ay = Ay0A.
It is easy to verify that Ag and A4 are two é-fine subdivisions of [a,b], S(u, Az) =
S(u, A)-S(u, Ay) and S(u, Ag) = S(u, A)-S(u, Az). Since g is a left invariant metric,
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we have go(S(u, A1), S(u,Az)) = o(S(u,A) - S(u,Ay), S(u,A) - S(u,Az)) < €, and
therefore u is Perron product integrable on [e, d].

2. c>aandd=b.

Let ¢ > 0. Since u is Perron product integrable on [a,b], by Lemma 3.3, there
exists a gauge 8 on [a,b] such that o(S(u,A’)~!,S(u,A"”)"!) < ¢ whenever A/,
A" € o([a,b],8). Let A € o([a,c],b|[a,c]). For Ay, Ay € o([c, d), é|[c, d]), write
Az = AoA; and Ay = Ao A,. 1t is easy to verify that Az and A4 are two é-fine
subdivisions of [a, b], S(u, A3) = S(u, A;)-S(u,A) and S(u, Ag) = S(u, Asz)-S(u, A).
Then S(u,Az)™! = S(u, A)~!-S(u, Ay)~! and S(u, Aq)~! = S(u, A)~1-S(u, Ay)~ 1,
and therefore

Q(S(u,AI)_’,S(u,AZ)") = Q(S(u, A)-l~S(u,AI)",S(u,A)"~5(",Az)") <e.

By Lemma 3.3, u is Perron product integrable on [c, d].

3.¢>aand d<b.

Since u is Perron product integrable on [a, ], the first case implies that u is Perron
product integrable on [a,d]. Let v = u|[a,d]. Since v is product integrable on [a, d],
the second case implies that v is Perron product integrable on [c,d]. So u is Perron
product integrable on [c, d]. a

3.5 Lemma. Let [a,b] € #(N), let ¢ be a real number such that a < ¢ < b and
let D.([a,b]) = {(6,A) € D([a,b]): ¢ is atagof A}. Then D.([a,b]) is a cofinal
subset of (D([a, b}),>).

Proof. Let (8,A) € D([a,b]). Define a gauge &' on [a, b] by
&' (1) < min(jt —¢|,8(t)) for t#c¢ and &(c) < é(c).

Let Ao = {(¢, [zi=1,2:]): i € {1,2,...,n}} be a §-fine subdivision of [a,b]. We
may suppose that ¢ is not a tag of Ag. Then there exists j € {1,2,...,n} such that
zj_; < ¢ < zj. Because Ag is ¢'-fine, the above conditions imply that ¢; = c¢. Put

Ay = {(t, [zo, z1]), (L2, [z1, 22]), - (1, [25-1, 15]) ),

Az = {(t, [ty 250), (1, (25, 25 4])s - (s [Zn-1, 20]) )

A’ = A] o Ag.
Since A is §'|[a, c]-fine and Ay is &'|[c, b]-fine, A’ is §'-fine. So (8, A") € D.([a, b])
and (&', A') > (6,A). a

3.6 Theorem. Let K = [a,b], let ¢ be a real number such that a < ¢ < b and let
u: K — L(G). If u is Perron product integrable on [a,c] and [c, b], then u is Perron
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product integrable on [a,b] and
b b c
(P) [T exp(u(t)dt) = (P) [ ] exp(u(t)dt) - (P) [ ] exp(u(t)de).

Proof. By Lemma 3.5 D.([a,b]) is a cofinal subset of (D([a,b],>). Let
k(6,A) = S(u,A) for all (§,A) € D.([a,b]). Then k is a subnet of the net h.
We shall show that

lim k(8,4) = (P)lf[exp(u(t)dt) : (P)Ij[exp(u(t)dt).
Let (6, A) € D.([a, b]) be such that
A = {(ts, [£icy, z:)): i € {1,2,...,n}}
where ; = ¢ with 1 <j < n— 1. Put
6:1(6) = b|la,c],  62(8) = 8][c,b],

A(A) = {(ti, [zi-1.z:]): i € {1,2,...,7}}

and
Az(A) = {(ti, [zi-1,z:)): i€ {j+ 1,7 +2,...,n}}.
Then
(61(8), A1(A)) € D([a,c]) and (82(8), Ax(A)) € D([c, b]).
Let
Di([a, c]) = {(8:1(8), A1(A)): (6, A) € Dc([a, b])}
and

Da(le, 1) = {(62(8), As(A)): (6, A) € De([a, b])}.

Let (60, Ag) € D([a, c]) and let (600, Aoo) € D([c,b]). Define: 1. A = Ag o Ago;

2. 8(t) = So(t) ifa < t < c, 8(t) = oo(t) if ¢ < ¢ < band &(c) = 6"(c) =
min{bo(c), boo(c)};

3. 6(t) =8'(t) ift € [a,c] and 6(t) = §"(¢t) if t € [c,b]. Then it is clear that

(8,A) € D.([a,b]),8 = 6,(5),6" = 62(5), Ao = A1(A) and Agg = As(A).

This shows that D;([a, c]) is a cofinal subset of (D([a, c], >) and Ds([ec,b]) is a cofinal
subset of (D([c,b],>). Let v = u|[a,c] and w = ulle,b). Put hy(8;,4) = S(v,Ay)
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for all (61,A1) € Dy([a,c]) and ha(82,A2) = S(w, As) for all (62,A2) € Da([c, b]).
Since w is Perron product integrable on [a,c] and [c,b], we have

) (81, A1) = (P) [T exp(u(t)dt)

lim
(61,8,)€D([a,c

and
b

. j _ | .
(62'A2)lé'32([c'b]) 12(62, Aa) (P)I:Iexp(u(t)d!)

But k(6,A) = h.z(éz(&),Ag(A)) : /11(61(5),A1(A)) for all (6, A) € De([a,]). Then

b c
(I;I‘;])k(é, A)=(P) Hexp(u(l)(lt) . (P)Hexp(u(l)(lt).

Now let € > 0. Then there exists (89, Ag) € D.([a,b]) such that

b

g(k(&, A),(P) Hexp(u(t)dt) -(P) He.\:p(u(t)dt)) <e€

c

whenever (8, A) € D.([a,b]) and (8, A) > (60, Aq). Define a gauge ¢’ on [a, b] satisfy-
ing the following conditions: 1. §'(t) < bo(t) for all t € [a,)]; 2. t+6'(t) < cift < c;
3. t=68(t") > cift > c. Let A be any §'-fine subdivision of [¢,b6]. We may suppose
that ¢ is not a tag of A. Then we can write A = {({;, [zi—1,2i]): 1 € {1,2,...,n}}
where z;_; < ¢ < z; for some j € {1,2,...,n}. Since A is §'-fine, the conditions |
and 2 imply that ¢ = tj. Define

A= {(tl) [:L‘o,x;]), cee ’(t.i—l’ [xj—'.’)-”j—l])»(lj, [xj—la tj])y
(tj’ [tiv":j])'(tj-kl» [IjrxjH])r P (™ [”n-hzn])}-

Then
(6',A") € Dc([a,b]) and (&,A") > (6o, Ao).
So
b ¢
g(k(é', A'),(P) H exp(u(t)dt) - (P) Hexp(u(t)(lt)) <E.
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But

n

k(o' A) = ] exp((zi — zic1)u(ts)) - exp((zj = t;)u(t;)) - exp((¢j — zj-1)u(t;))
i=j+1

j-1
X H exp((z; — zi—1))u(t;)
i=1

= Hexp((z; —zi—1))u(t;) = S(u,A).

i=1
Then
b c
g(S(u, A), (P)Hexp(u(t)dl) . (P)Hexp(u(t)dt)) <eE.

By Lemma 3.1, u is Perron product integrable on [a, b] and

b b c
(P) [] exp(u(tydt) = (P) [T exp(u(t)de) - (P) [] exp(u()dt).

(R]

We denote by || - || any norm on L(G). Let K € #(R), let u: K — L(G) and let
[a,b] € F(K). For each element A = {(t;,[zi—1,#i]): i € {1,2,...,n}} of &([a,b))
we write s(u,A) = zn: (zi—zi—1)u(t;). Wesay that u is Perron sumimalion integrable
on [a, b] if there exi!s-ts an element X € L(() with the following property:

(**) For every € > 0 there exists a gauge 6 on [a, ] such that ||.X — s(u,A)|| < e
whenever A € o([a, b}, §).

It is easy to see that, if u is Perron summation integrable on [a, b], then there exists
a unique element X € L(G) satisfying the condition (*x). This element is called the
Perron summation integral of u over [a,b] and it is denoted by (P) f: u(t)de.

For each (8, A) € D([a, b]) define j(8, A) = s(u,A). Then j is a net in (L(G), || -|])-
A trivial modification of the argument used in the proof of Lemma 3.2, yields the
following Lemna:

3.7 Lemma. Let u: K — L(G) and let [a,b] € #(K). Then u is Perron summa-
tion integrable on [a,b] if and only if the net j converges. Moreover,

b
(lbi,.&,)j(a,A) = (P)/a u(t)dt.
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3.8 Theorem. Let [a,b] € #(K) and let u: K — L(G) be a function such that
[u(s), u(t)] =0 for all 5, t € [a,b]. If u is Perron summation integrable on [a,b], then
u is Perron product integrable on [a,b] and

(P) f[exp(u(l)(lt) = exp ((P) /ab u(t)dt).

Proof. Let (6,A) € D([a,b]) be such that
A = {(ti,[zi=1,zi]): i € {1,2,...,n}}.

Then
h(6,A) = S(u,A) = H exp((zi — zi—1)u(t;)) = exp (Z(z:,- - z;_l)u(t,-))
i=1 i=1

because [u(t;),u(t;)] = 0 for all i,j € {1,2,...,n}. So h(é,A) = exp(j(8,A)). The
continuity of exp and Lemmas 3.2 and 3.7 imply the result. a

Let [a,b] € #(K). A Riemann partition of [a,b] is a finite family 7 = {I;}7_, of
n ° °
elements of #(K) such that |J I; =[a,b]and ;NI =0 if j £ k. If [ € F(K) we
ji=1

denote by |I| the length of I.

Let 7 be a Riemann partition of [a,]. Then

a) The positive real number ||7|| = max{|I|: I € =} is called the mesh of =.

b) A choice function for 7 is any function c: # — K such that ¢(I) € I for all

lem.

Consider the set Dg([a,b]) of all pairs (7,c), where = is a Riemann partition
of [a,b] and c is a choice function for . If (7, c) and (#',¢’) are two elements of
Dg([a,b]), we say that (x',c') is finer than (w,c), and we write (7',¢') > (m,¢), if
lI7'l] < |I=|l- It is clear that Dg([a,b],>) is a directed set.

Let u: K — L(G). For each (m,¢) € Dg([a,b]) with

r={[zi-1,zi]:a=z0< 1 <23<...< Ty < Ty =b}, n e N\ {0},

we write
n

Sr(u,(m,c)) = Hexp((xg —zi—1)u(c([zi-1, zi])))-

i=1
Then the function (7,¢) — Sr(u,(7,c)) is a net in G. If this net converges, we say
that u is Riemann product integrable on [a, b] and the limit (lim) Sr(u,(m,c)) is called
x,c

b
the Riemann product integral over [a,b] and we denote it by []exp(u(t)dt).
a
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3.9 Theorem. Let [a,b] € #(K) and let u: K — L(G). If u is Riemann product
integrable on [a,b), then u is Perron product integrable on [a,b] and

b

b
(P) [T exp(u(t)dt) = ] exp(u(t)dt).

a

b
Proof. Write g = [Jexp(u(t)dt). Let € > 0. Then we can choose (mg,co) €
Dg([a, b)) such that o(Sr(u,(m,c)),g) < € whenever (7,c) € Dr([a,b]) and (7,¢) >

(mo, €o).

Let 5 = ||mo||l. Let & be a gauge on [a,b] such that §(t) = 17 for all t € [a,b].
Let A € o([a,bd],6) be such that A = {(¢;, [zi=1,2]): 7 € {1,2,...,n}}, where n €
N\ {0}. Put ¢([zi=1,zi]) = ¢t; foralli € {1,2,...,n}. Then c is a choice function for
the Riemann partition 7 = {[z;—1,z;]: i € {1,2,...,n}} of [a, ). Because A is é-fine,
we have (m,¢) 2> (mo,¢0). So o(Sr(u,(m,¢)),g9) < €. Since Sg(u,(m,c)) = S(u,A),
we get 9(S(u,A),g) < €. By Lemma 3.1, u is Perron product integrable on [a, b] and

b

(P)l;]exp(u(t)dt) =g. g

3.10 Corollary. Let K = [a,}] and let u: K — L(G). If u is bounded and
continuous a.e. on I, then u is Perron product integrable on [a, b].

Proof. It is an immediate consequence of Theorem 3.9 and the Existence
Theorem of [16, p. 326]. 0O

Let [a,b] € #(K) and let u: K — L(G) be a Perron product integrable function
on [a,b]. If t;,t2 € [a,b], we define

t2
(P)[Iexp(u(tydt) = if =1,

t

and

12 ty -
(P) ] exp(u(t)at) = ((P)Hexp(u(t)dt)) L >t
1) t2
Then it is easy to verify that
ts t3 12
(P) [T exp(u(t)dt) = (P) [T exp(u(t)dt) - (P) [ exp(u(t)at)
t) ty t

for all t1,12,t3 € [a, B].
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3.11 Lemma. Let K = [a,b], let [c,d) € F(K) and let u: K — L(G) be a Perron
product integrable function on [a,b]. Then

a) Jim (P)[Texp(u(t)dt) = (P)[Texp(u(t)d),

c<s<d i ¢
b) li-Ti (P)ﬁexp(u(l)dt) = (P)ﬁexp(u(t)dt).
c<s<d ¢ ¢

Proof. a)Lete>0. By Theorem 3.4 u is Perron product integrable on [c, d].
Then, by Lemna 3.1, there exists a gauge é on [c, d] such that

wWim

d
o((P [T exp(u(t)dt), S(u, 4)) <

whenever A € o([c,d],8). Let s be any real number such that ¢ < s < d. Since
u is Perron product integrable on [s,d], there exists a gauge &, on [s,d] such that

6, < 6|[s,d] and

d
o((P) [T exptu(t)at), 5(u,,)) < 3

™

whenever A, € o([s,d], ;). Let p(t) = exp((t — ¢) - u(c)) for all t > ¢. Since ¢ is
continuous at c, there exists 7 > 0 such that y < min{d—c,é(c)} andc <t <c+17g
implies o(p(1),e) < €/3. Let s be a real number such that ¢ < s < ¢+ 7 and let
A, be a é,-fine subdivision of [s,d]. Let A = {(c,[c,s])} o A;. Then A is a é-fine
subdivision of [c,d]. Since S(u, A) = S(u, A;) - exp((s — ¢)u(c)), we get

d d
g((P)Hexp(u(t)dl), (I’)Hexp(u(t)dt))
d
< g((P) H exp(u(t)dt), S(u, A)) + o(S(u, Ay) - exp((s — ¢)u(c)), S(u, A, ))

d
+ o(S(u, A,), (P) H exp(u(t)de))

€ €
<3+ o(¢(s),e) + 3 <e

Hence
d d
lim (P) [T exp(u(t)dt) = (P) [ exp(u(t)de).
c<s<d s ¢
b) A trivial modification of the argument used in a). a
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3.12 Theorem. Let K = [a,b], let u: K — L(G) be a Perron product integrable
function on [a, b] and let

pls) = (P)erxp(u(l)(ll) for all s€eK.

Then ¢: K — G is uniformly continuous.

Proof. It suffices to show that ¢ is right-continuous on K \ {b} and left-
continuous on K \ {a}. Lemma 3.11 b) implies immediately the left-continuity of u
on K\ {a}. Let c€ K\ {b}. By Lemma 3.11 a) we have

b b
lim (P) [ exp(u(t)dt) = (P) [] exp(u(t)dt).

ce<s<b s ¢
Since

s s b
(P) Hexp(u(t)dl) =(P) Hexp(u(t)(lt) -(P) Hexp(u(t)dt)
a b a

for all s € K and the function (g, g2) — gl'lg-_r from G x G to G is continuous, it
follows that

3 c b
lim (P)Hexp(u(l)dt) = (P)Hexp(u(t)(lt) . (P)Hexp(u(i)dt)

e<s<d a b

= (P) [J exp(u(t)dt)

and therefore liimp(s) = ¢(c). a
slc
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