Czechoslovak Mathematical Journal

Zuzana Bukovské; Tibor Salat
Topological results on sequences {n,x}7>; and their applications in the theory of

trigonometric series
Czechoslovak Mathematical Journal, Vol. 43 (1993), No. 1, 115-123

Persistent URL: http://dml.cz/dmlcz/128387

Terms of use:

© Institute of Mathematics AS CR, 1993

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128387
http://dml.cz

Czechoslovak Mathematical Journal, 43 (118) 1993, Praha

TOPOLOGICAL RESULTS ON SEQUENCES {n;z}$2, AND THEIR
APPLICATIONS IN THE THEORY OF TRIGONOMETRIC SERIES

Z. BukovskaA, Kosice and T. SALAT,*) Bratislava
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0. INTRODUCTION

All results of this paper are based on Theorem 1.1 which describes from the topo-
logical point of view the behaviour of fractional parts of numbers ngz (k= 1,2, ...),
where £ € R and {n}§2, is a given sequence of positive integers. In the second
part of the paper we give a new proof of the categorical analogue of the well-known
theorem of Cantor and Lebesgue.

Let us recall the usual notation. In what follows under R = (—00, 00) we under-
stand the metric space of all real numbers endowed with the Euclidean metric. If
{an}$%, is a sequence of real numbers then {a,}, denotes the set of all limit points
of the sequence {a,}3>,. For M C R and ¢t € R the symbol M + ¢ denotes the set
{z+t: 2 € M}. The symbol @ stands for the set of all rational numbers. For t € R
the symbol [¢] denotes the integral part of ¢ and (t) =t — [t] the fractional part of ¢.
Further, X is the Lebesgue measure in R and ||z|| the distance of the real number z
from the nearest integer, i.e. ||z|| = min{(t), | — (¢)}.

1. SEQUENCES {(niz)}r=,
Metric properties of sequences
(1) (o), (= €R)

ny < ng < ...< ng < ...Dbeing a fixed sequence of natural numbers, have been
investigated in several papers (see e.g. [2], [4]). In the following theorem we describe

the behaviour of these sequences from the topological point of view.

*) Research supported in part by the Grant no.1/47 of Slovak Ministry of Education and
by the Grant no. 363 of Slovak Academy of Sciences.
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Theorem 1.1. Let n; < ny < ... < nx < ... be a sequence of positive integers.
Denote by W(ny,no,...) the set of all z € R for which {(nxz)}, = [0,1). Then
W(ni,ns2...) is a residual set in R which can be expressed as the union of a Gs-set
and a countable set.

Proof. Denote by Do the set of all numbers of the form -, where v is an
J

integer, 0 v <n; (j=1,2,...). Put

oo
D= U (Do + h)
h=—o0
(h runs over all integers). Obviously D is a countable set. Put S = R\ D. In the
sequel S will be regarded as a metric subspace of R. Further, S is evidently a (s-set
in R.
For » € [0, 1] we put

Alry={z e S:re{(ncz)}:}.

We shall show that A(r) is a dense Gs-set in S.

By the definition of A(r) we have

A 1
2) A =NNU{zes Iz -ri< ¢}

k=1p=1j=p
For a fixed j the function g;: S — R,g;j(z) = (njz) is continuous on S and so
according to (2) the set A(r) is a Gs-set in S.

It is proved in [4] (see also [2]) that tlie set of all z € R for which {(nxz)}52, is
dense in [0,1] has full measure.

This implies the density of W(ny, ns,...)in S. (Note that this fact can be obtained
also from Theorem 4.1 of [6] p. 32 according to which the sequence {ngz}32, is
uniformly distributed mod 1 for almost all z € R.) Hence A(r) is a dense G-
set in .S and therefore it is a residual set in .S (cf. [7], p. 49). But then also the set

A= (1 A(r)isresidual in S. It can be easily checked that A = SNW(ny,n,...)
reQn[o,1]
and so A is a residual Gg-set in S. Since S is a Gs-set in R, the set A 1s a Gs-set

in R. In the equality R = AU (S \ A)U D each of the sets S\ A, D is a set of the
first Baire category. Therefore A is residual in R. The assertion now follows at once
from the equality

W(ni,ne,...) = AU[W(n;,ne...)N DJ].
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2. CATEGORICAL ANALOGUE OF THE CANTOR-LEBESGUE THEOREM

Recall that a set E C [0, 1] is said to be an R-set if there exists a trigonometric
series

[ee]
(3) Z(an cos 2rnz + by, sin 2nnz)

n=1

which pointwise converges on E but nli{l;o a, = nli_{lgo b, = 0 does not hold (see [1],
p. 721-722). We now introduce the following new notion:

A set £ C [0, 1] is called a Y-set if there exists a trigonometric series (3) such that
for each x € E we have

lim (a, cos 2nnz + b, sin2rnz) =0
n— o0

but

lim a, = lim b, =0
n—oo n~— 00

does not hold.

In [3] a set £ C [0,1] has been called a weak D-set with respect to a sequence
ny < ny < ... of natural numbers provided kli_l‘l(:o [Inkz|| = 0 for each z € E. Weak
D-sets have been studied in the theory of trigonometric series as “sets admitting a
sequence with limit zero” (cf. (1], p. 732; [3]).

It is easy to see that every R-set and also every weak D-set are Y-sets. According
to [5] the converse is not true. The following theorems of Cantor and Lebesgue

belong to classical results in the theory of trigonometric series.
Theorem A. If ECR, M(E) >0, and

lim (a, cosnz + b, sinnz) =0
n—oo

for each x € F, then

lim a, = lim b, =0
n—oo n—oo

(cf. [10], p. 279).

e8]
Theorem A'. If E C R, A(E) > 0 and a trigonometric series _ (a, cosnz +
n=1

n g S€ /

b, sinnx) (pointwise) converges on E, then
lim a, = lim b, =0
n—o0Q n—aoo
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(cf. [1], p. 174; [10], p. 279).

Obviously Theorem A’ is an easy consequence of Theorem A. We introduce it
for reasons which will become evident when we shall investigate the possibility of
conversion of these theorems (see Remark 2.1 in the next part of the paper).

In connection with Theorems A, A’ a question arises whether their categorical
analogues are valid, i.e. whether such theorems hold which can be obtained from
theorems A, A’ if we replace the assumption A(F) > 0 by the assumption that E is
a set of the second Baire category. In [1], (p. 736) it is proved that such an analogue
is true for Theorem A’.

Theorem A can be formulated as “every Y-set has measure zero” while Theorem
A’ states that every R-set has measure zero.

Let us remark that Theorems A, A’ have been generalized in several directions
(see e.g. [8]). From the results of [9] the categorical analogoue of Theorem A can be
deduced (see Theorem 2.1 below). A proof of Theorem 2.1 was published already
in the year 1909 in [11]. Here we give a simple proof of this theorem based on our

Theorem 1.1.
Theorem 2.1. Let A C R be a set of the second Baire category and let

lim (a, cosnz + b, sinnz) =0

n—00
for each x € A. Then lim a, = lim b, =0.
n—oo n—oo

From Theorem 2.1 we immediately get

Theorem 2.1". Let A be a set of the second Baire category and let a trigonometric
o0

series Y (an cosnx +b, sinnz) converge pointwise on A. Then lim a, = lim b, =

n=1 n— o090 n—oQo
0.

Thus Theorem 2.1 asserts that every Y-set is a set of the first Baire category while

Theorem 2.1’ states that every R-set is a set of the first Baire category.

Proof of Theorem 2.1. Write a, cosnz + b, sinnz in the form
a, cos nx + b, sinnz = g, cos(nz — ay,),
where
Oon = \/m, Ap = Pn COSQy, b, =p,sina,, a, €][0,2n] (n=1,2,...).
The assertion of Theorem 2.1 is equivalent to the assertion that g, — 0 (n — o0).
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We prove that g, — 0 (n — o0). We shall proceed indirectly. Assume that

lim g, = 0 does not hold. Then there exists a number 7 > 0 and a sequence
n—oo .

ny < ng < ... of natural numbers such that
(4) on,2n>0 (k=1,2,..).
We can already assume that {c,, }52, converges and
(5) lim a,, =« € [0,27].
k—o00
The assumption of Theorem 2.1 is equivalent to the equality
lim g, cos(nz — a,) =0
n—00
for z € A. From this by virtue of (4) we get (for z € A)
(6) lim cos(ngz — an, ) = 0.
k—oo

Put for brevity
Vi = Vi(z) = cos(npz — an,) (k=1,2,..)).
Then we have
(7) Vi = cos 1 cos uy, + Sinngx sin ay,, (k=1,2,..)).

Put ¢t = Z. Then t € [0, 1] if z € [0,2n]. We have npz = 2nnit, npt = [ngt] + (nit)
and so we get cosnpx = cos 2n(ngt),sin nyx = sin 2n(nt).
Further, put
Xk = Xi(t) = cos 2r(nyt) (k=1,2,..)).

Then according to (7) we obtain
sinag, -4/1 — Xff = Vi — Xrcosa,,.
Squaring and calculating a little we get
(8) X = 2Xp Vi cosan, 4+ (V2 —sina,,) = 0.

This is a quadratic equation for .X, and so

_ 2Vicosap, £/ Dy

9) Xy 5
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where
(10) Dy = 4V cos? a,, — 4V2 + 4sin’ a,, = 4(1 — V@) sin? ay,,.

According to (6) for all sufficiently large k (e.g. for k > ko) the inequality V2 < 1
holds. Hence for z € A and k > ko we have Dy > 0 and so we can calculate X} from
(9). If & — oo then by virtue of (5)-(7) and (10) we obtain

(11) lim X; = lim cos(nkz — an, ) = |sina|.
k—o00 k—o00
We have proved that if z € AN [0, 2] then (11) holds, i.e.
(11" lim cos 2n(ngt) = %|sin |
k—o0

where ¢t = 5= € [0, 1].
Since the functions g(z) = (nkz) (k =1, 2, ...) are periodic (with the period 1),
Theorem 1.1 implies that the set M of all t € [0, 1] with

{(net)}, = [0,1]

is residual in [0,1]. By virtue of continuity of the function cosine the limit points
of the sequence {cos2n(nit)}g%, fill up the whole interval [—1,1] if ¢ belongs to
M. Therefore if £ € AN[0,2n], then t = - belongs to [0,1]\ M (see (11’)) and
(0,1]\ M is a set of the first category. Further, the function t = = (x € [0,2x]) is a
homeomorphism of [0, 2x] onto [0, 1]. Hence according to the previous considerations
the set of all z € AN[0, 2n] is a set of the first category. By periodicity of the functions
cosine, sine we see that the set A is a set of the first category in R. However, this
contradicts the assumption of the theorem. O

Using the method of the proof of Theorem 2.1 we can give a new proof of Theo-
rem A.

Proof of Theorem A. We proceed indirectly. Similarly as in the proof of
Theorem 2.1 we can derive the relations (4)-(11’). Then we apply the quoted result
from [6] (Theorem 4.1, p. 32). Owing to this result the set of all y € [0, 2x] for which
{(nry)} i, is dense in [0, 1] is a set of full measure. Hence by continuity of cosine
we see that the set of all ¢ € [0, 1] for which (11”) holds is a null set, and so the set
[0,2r] N E' is also a null set. Owing to periodicity of cosine we deduce from this that
A(E) = 0. This contradicts the assumption of the theorem. a

Remark 2.1. Theorems A and 2.1 can be conversed. This is not true for
Theorems A’ and 2.1’. This is shown by the following example given by H. Steinhaus
(cf. [10], p. 474-477):
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The trigoniometric series

L cos k(e — lnlnk - ‘
Z 2—(11—;71—1—“——2 = Z(tu cos kr + by sin k),
k=3 k=3
_cos(hInlnk) _sin(klnInk)
TR T T Tk
(A =3.1....) satisfies the condition Llim ap = k]im bi = 0. but as is proved in [10],

it converges nowhere,

3. WEAK [)-SETS

We can deduce from Theorem 2.1 that every weak D-set has Lebesgue measure
zero. Actually, it is known that a weak D-set is an H,-set (see [1], p. 732) and
therefore it has Lebesgue measure zero. We present here a direct proof of this fact

based on our Theorem 1.1,

Theorem 3.1, Let ny < ny < ... he a sequence of natural numbers.  Then
AME(nyp.ns. ) =0, where F(ny,na. . ..) is a weak D-set with respect to the sequence

Ny .Mtoy ...
Proof. Choose afixed a € (0, 1) and put
M) {r eR:a ¢ {(npr))) ).

As we have already seen. for almost all # € R we have {(npa)}, = [0, 1] (cf. [1] or

[6], p. 32). Hence it suflices to show that
(12) F(ny,na,...) CM(a).

Let w € E(ny,ns, . ..) and suppose that » does not belong to M(«). Then there

exists a sequence by < ko < .oLof natural numbers such that

Tini (g, ) = o
j—ov

Since a € (0, 1) there is an 5 > 0 such that for all sufliciently large j (e.g. for j > jo)
we have

(13) (ng,x) € (y, 1 =1).
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This yields
(13) L= (nk,2) € (1,1 = 1),
From (13), (13") we get (for j > jo).
Ing, z]] = min {(ng, z), 1 = (ni,2)} € (n, 1 = 1)
and this contradicts the fact that x belongs to E(ny,no,...). 0

Theorem 3.2. Let ny < ny < ... be a sequence of natural numbers. Then the
set E*(ny,na,...) of all v € R with

L-li!lci) [[ngz|] =0

is an Fys-set of the first Baire category in R.
Proof. By the definition of the set E*(ny,nsy,...) we have

oo

(14) E*(ny,na,...) = ﬂ U ﬂ {.L ER:|njz| < %}
s=1j=s

k=1s

For a fixed j the function h;: R — R, hj(r) = ||njr|| (z € R) is continuous on R.
Owing to this fact and to (14) it 1s obvious that E*(ny, ny,...) isan F,s-set. Further.
E*(ny,n9,...) 1s a subset of the complement of the set VW (n,ny,...) occuring in
Theorem 1.1. So by Theorem 1.1 the set E*(ny,na,...) s a set of the first Baire

category in R. a

Corollary. Every weak D-set is a set of the first category.

Remark 3.1. By asuitable choic of the numbers ny (k= 1, 2. ..)) the set
I7*(ny,no,...) can be made dense in R, For example, choose ng = k' (A= 1.2...)).

Then all rational numbers belong to E=(ny,na, .. .).
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