Czechoslovak Mathematical Journal

Thérése Merlier
On lattice ordered periodic semigroups

Czechoslovak Mathematical Journal, Vol. 43 (1993), No. 1, 95-106

Persistent URL: http://dml.cz/dmlcz/128377

Terms of use:

© Institute of Mathematics AS CR, 1993

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128377
http://dml.cz

Czechoslovak Mathematical Journal, 43 (118) 1993, Praha

ON LATTICE ORDERED PERIODIC SEMIGROUPS
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As in our previous papers [3], [4], [5], by a lattice ordered semigroup, we mean a
semigroup S on which we can define an order relation < such that

- (S, <) is a distributive lattice; A and V are the least upper bound and the greatest
lower bound.

-VaVbVc a(bA¢)=abAacand (bAc)a=baAca

- VaVbVc a(bve)=abVacand (bVec)a=baV ca.

The purpose of this note is to give some algebraic properties of lattice ordered
periodic semigroups and particularly in the finite case.

1. LATTICE ORDERED NILSEMIGROUPS. LATTICE ORDERED PERIODIC
SEMIGROUPS

Proposition 1. Let S be a lattice ordered finite semigroup, generated by the
element “a”. If the order of S is n, then {a™} is the unique subgroup of S and a™ is
a zero of S. Moreover, S is totally ordered.

Proof. We know, cf. [2], chapter 1, that S = (a) = {a,a?,...,a",...,a"},

where K = {a",a"*! ... a™} is a cyclic subgroup of S of order n — r + 1, with
a™*t! = a". Let a¥ = e be the idempotent of K, the identity element of I; k > »r
and (e V a)* = (a’)* for some integer i and consequently (e V a)*¥ = (a*)’ = e.
But since S is abelian, we have e = e Vea Vea? V...ea*"' V a* and ea < e,

ca* = e < eab! ... Cea < eande = ea(= ae); e is the zero of S. Clearly, K = {e}.

Let us now show that S is totally ordered. If a and a? are incomparable, then
ava®’=a,i>2andaAad® =a’,j>2 FromaAa®=al, we deduce a"" ! Aa™ =
a*tn=2 — e/ ™™ = e = ¢" and a® S a"~! and from a V a? = a’, we deduce similarly
a®~! < a”, contradicting a” < a"~'. Hence a and a? are comparable and S is totally

ordered. O
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Proposition 2. Every lattice ordered nilsemigroup is locally finite.

Proof. Let S be asuch semigroup, of zero 0. Let ay, a, ..., ap be elements of
S and denote by A the subsemigroup they generate. We show that A is finite. (We
know that this property is true if S is abelian, or if S is totally ordered, cf. [6]). As S
is a nilsemigroup, we can suppose af = a3 = ... =a; =0=(a1VazVaz...Va,)" =
(ay Aag A...Aap)", since a™ = 0 implies a*™ = 0 for every integer k, k > 1. Let a

N
be in A: a = [] z;, with z; € {a1,as,...,a,}. Suppose that N > n.

i=1

Then a=(z1z2...24)Tn41.--2N, and
a<(a;VayV...Va,)"tppr...2xy =0 and
a>(

agANagA...ANap)"Tpyy...xny =0 since, for each z;,

we have (a; Aas A ... Aap) <zi<(a1VayV...Vap).
Finally a = 0, and every element of A # 0 is a product of at most n — 1 elements,
chosen among p elements. Therefore A is finite and S is locally finite. O

Theorem 1. Let S be a periodic ordered semigroup, and suppose that the idem-
potents of S form a bisimple semigroup of S. Then every spindle F, is a subsemigroup
of S, convex sublattice of S, nilsemigroup of zero e.

“Let us recall that in a periodic semigroup S we can define the equivalence relation
Z by
a=bZ o 3eeS, e=e?> and IneN", a" =" =e.

Every class is called a spindle and will be denoted by F,, where e is the idempotent
of this class. It is well known, cf. [6] that if S is totally ordered, F, is a subsemigroup

of 5.7

Proof. In afirst time, we show that e is zero of F,. Let z be in F,; z™ = e for

some integer n. As

ze=ex=2"t" (zVve)"=z"Vz"Tlevz"%e.. . VzeVe

" levztZ...VzeVe

il

and z(z Ve)" = z"eVzilev...VzlevVaze = eVz'levz"2e...VzZe V re.
Then z(z Ve)* = (z Ve)" and zF(z Vv e)* = (z Ve)" for any integer k. Finally
(zve)(zVe) =(zVa™)(zVe)" =z(zVe)*Va™(zVe)" = (zVe)" and (zVe)" =
f = 7% (zVe)" = fis an idempotent such that zf = f = fz by symmetry. We
deduce ef = fe = f. But efe = e, fef = f since the idempotents of S formn a
bisimple subsemigroup. Hence e = f and 2" = (2 Ve)" = e. Similarly, (z Ae)” = e.
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From (z Ve)* = e, we deduce ze < e and z"e = e < 2" 'e < ze < e. In conclusion,
e 1s zero of the spindle Fe.

Now let z and y be two elements of Fi.: 2™ = y* = e. Fromze = ex = ey = ye = ¢,
we find (z V y)e = ¢, and if 2 V y belongs to F,, with ¢ = g%, ge = eg = e. But
ege = e, geg = g, and ¢ = e. And we have x Vy € F, and similarly 2 Ay € F,.
Therefore F, is a sublattice of S, evidently a convex sublattice.

From the inequality (a Ab)? < ab < (aV b)?, we deduce that F. is a subsernigroup

of S. a

2. WEAKLY NEGATIVE LATTICE ORDERED PERIODIC SEMIGROUPS

Definition. An ordered semigroup is said to be weakly negative if for all z,
2 <z
<z

Lemma 1. [n a weakly negative lattice ordered periodic semigroup, every spindle

F, is a subset of zero e and e is the least element of F,.

It is routine to prove these properties. We note that generally F. is not a sub-
semigroup.

In the following, S is a weakly negative lattice ordered periodic semigroup. The
definition of “height” is given in [1]. We suppose that S is a distributive lattice of
finite length.

Lemma 2. Let a be an element of height 2 in a spindle F, of S. Then a permute
with all elements b of height 1 of F, which are comparable with a, and we have
ab = ba = e or ab = ba = a>.

Proof. Suppose e < b < a with a of height 2 and b of height 1. Necessarily
b2 = e. We have e < ab < (aV b)? < aVb. But ab = a is impossible since ab = a
implies ab? = ae = ab = a = e. Therefore ab = e or e S ab S a with ab # b
(ab=b=>a'b=b=c¢eb=c¢).

If a? = e, then ab = ba = e since e < ab < a?, e < ba < a® by isotony.

Ifa? # e, e < a® < aand a® = e, a? is of height 1. We have then two possibilities:

a

a
l) (l2 a2:b
or
e
e = a3 = b2
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In the first case, a® Vb = a which implies a® V ab = a® = ¢ V ab = ab and similarly

aVba = a®=eVbaand ab = ba = ?.

In the second case, a? = b which implies ab = ba = a® = e. Finally in all cases

ab = ba. O

Lemma 3. If two elements a and b are of height 1 in a spindle F,, then ab =
ba=ce.

If @ # b, we have aAb = e and ab < (aV b)? < aVb. The aVvb
equality ab = a V b is impossible, as a < aV b = ab implies
eSa<gabg ab? = e by isotony. Therefore, ab < a V b. But a
covers aAb = e, b covers aAb = e, therefore aV b covers a and b,
and a Vb is of height 2. Lemma 2 implies a(a Vb) = (aVb)ae.g.
eVab=eVba(a® = ¢€), and ab = ba. But, frome < abSaVb e

we deduce ab = e or ab is of height 1. Suppose that ab = ba is of height 1: then,
aNab=e=aANb=0bAab (ab# a, ab# b otherwise a =¢, b=¢) and abV a, abVb
are of height 2. But ab < aV b impliesaVab<aVd bVab<a;asaVab, bV ab,
a V b are of the same height 2, we will have in this case a lattice of type:

aVb
a ab with aVb = aVab = bVvab. But this lattice,
sublattice of S, is not distributive.
Then, ab = ba = e.
e

Lemma 4. In a spindle F,, the product of an element of height 2 by an element
of height 1 is an element of height 1 or is egal to e (height 0).

If e < a < b with a of height 1 and b of height 2, we have seen, in lemma 2, that
ab = ba = e or b%. As b? is of height 1 or b2 = e, we have the result.
We consider now the following case:

height 2 a-

height 1 @1 b and we examine the product azb with b £ aa.

€

a; Ab = e, a; and b cover e, then a; V b covers a; and b; therefore a; V b is of
height 2.
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as Ab = e is covered by b, therefore as V b covers as and as V b is of height 3.

b ¢ as implies ay V b # az. Therefore a; V b and ay are of same height and
incomparable. So, we have an ordered set of the following type:

height 3 a Vb
height 2 as a; Vb
height 1 a; b

e

But in a spindle F, containing z and y, we have always zy < (zVy)2 < zVy
and the equality zy = z V y is impossible if = # e, y # e because it implies z%y =
’Vey=z*VrVy=zVy==zyand zVy =z’y=... = 2"y = e which is not.
Therefore, here, asb S ax Vb, baz S a2 V b and also azb # a3, azb # b, bay # ao,
bay # b.

Suppose now a»b is of height 2.

If b < asb, then azb < a3b < asb and azb = a2b. .. = akb = e which is not.

Therefore b ¢ a2b and of course a; Vb # azb, bAazb =e.

Suppose, moreover, that a; < asb.

In this case, we have:

height 3 az Vb
height 2 a; V b (12()
height 1 a,

ayVbVas = as Vb; ap V asb = as V b necessarily because as < aa Vb, asb < as Vb
and the heights are 2 for as, azb, 3 for as Vb; (a1 Vb) Vazb = az V b for the same
reasons.

But this is impossible, as this sublattice is not distributive.

Therefore a; £ agb and necessarily we have a scheme of this following type:
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height 3 az Y b

height 2 ay Vb

(‘Igb

height 1 b

e

Effectively, (a3 V 0) V (azb) = az V b, because ash < as Vb, a; Vb < ay Vb and the
heights of a; V b, ayb are 2, the height of as V b is 3.

(a1 Vb) Aaab = (ay Aazb) V (b Aab). But a; £ asb, b £ asb, as and b are of
height 1. Therefore a) Aa2b =e, bAazb = e, and we have (a; Vb)Aasb = bAarb = c.
But this sublattice cannot exist: This lattice is not modular! .

Consequently a2b (and bas) are of height 1 or 0.

Theorem 2. Let S be a finite weakly negative lattice ordered semigroup and let
F. be aspindle. If a, element of F, is of height 2 and ifb, element of I';, is of height 1,
there are two possibilities:

either ab = ba is an element of height 1 or 0

or ab # ba, and one of these two elements is of height 1, the other being of height 0.

1°) If e < b < a, then, from lemma 2, we deduce ab = ba, and ab = ba = e or
ab = ba = a?, which is of height 1.
2°) Now, we suppose that a and b are incomparable; we put a = as, and of course

we have a diagram of this type:

aVb

a=as height 2

b height 1

ay

e height 0

From lemma 4, we know that a;b and ba, are of height 1 or 0.
If we suppose asb # bas, and if we suppose moreover that asb and bay are both of
height 1, then we have the following properties:
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azb and bya are distinct of b(azb = b = ab = b = e); therefore azb Ab =bas Ab = e,

asb A baz = e too, since azb and bay are of height 1 and different. As the double
equality asbVb = bas Vb, asb Ab = bas A b implies asb = ba- in a distributive lattice,
we necessarily have a2b Vb # baz V b. Moreover azb and b cover azb A b = e, then
asb V b covers asb and b; similarly bas V b covers bas and b. So, asb Vb and bay V b
are of height 2. And we finally obtain the diagram

height 2 asbvb bas Vb
b
height 1 bas
asb
height 0 e

Consequently, asb V b and bas V b being of the same height 2 and incomnparable,
asb Vv bVbay is of height > 3.

But a2b Vb < az Vb, bax Vb < ayVblab < (az V)2 < az Vb] and as Vb is of
height 3. (In a finite distributive lattice, Afz] + h{y] = h{z Vy] + h(z Ay]). Therefore,

asbVbVbay =as Vb= (abVbas) V.
Elsewhere, (a2b V baz) Ab = (azb Ab)V (baz Ab) =e =az Ab.

) (aabVbaz) Vb=uaz Vb
And finally, we obtain
(a2bVbas) ANb=as Ab
and, as S is a distributive lattice as = asb V bas. From bas V asb = ay, we deduce
bash V azb? = asb, and basb Ve = azb = basb; now azb = bazb implies b%(azb) =
bazb = asb = e, which is impossible. [azb is of height 1).
Therefore asb # bas implies that one of the two elements asb, ba, is of height 0,
e.g.is e.

Example. We built a finite weakly negative lattice ordered semigroup, which
is a nilsemigroup (e.g. it is reduced to an unique spindle). The diagram of the order

relation is the following:
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(lz\/b

as (l]Vb

ay b

e

If we put asb = ay, bay = e, we obtain the following multiplication table, which is

effectively the one of a sernigroup

e ay as b ar Vb a Vb
e e e e e e e
a e e e e e e
a9 € e € ai aq ay
b e e e e e e
ar Vb e e e e e e
a Vb e e e ay a; a,

Lemma 5. Let S be a lattice ordered periodic semigroup. If e is a maximal

idempotent among the idempotents, then e is the greatest of idempotents.

Let e be a maximal idempotent and let f be in S so that f = f2; eV f € S and
e<eVf. Ase™ = e for all integers n, e < (eV f)” too. As S is a periodic semigroup,
there exists p € N* so that (e V f)P is idempotent and e = (e V f)P. If we develop
the product (e V f)? we find an expression of the type e V f V z and consequently
eVfVve=e2>f.

Corollary 1. Let S be a lattice ordered periodic semigroup. If e is a maximal
idempotent, among the idempotents, then ef and fe are idempotents, for any idem-

potent f of S.

From lemma 5, we deduce f < e for every idempotent f. And it is well known

that if two idempotents are comparable, their product is an idempotent.

Notation. In the following we say that b covers a (and we note b > a (or

a < b)) if there is no such element c that a S ¢ S b.
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Lemma 8. Let S be a finite weakly negative lattice ordered semigroup and let e
be the greatest idempotent of S.

If f = f? and if f < e (in the ordered subset of idempotents), then for all integers
k, k # 0, and for all b in Fy be < e, eb < e, and (e Vb)k =evbt.

Proof. For some integer n € N*, (e V b)" = e; from this equality we deduce
e=eVb*VebVbeVy, y€S, and we obtain eb < e, be < e and (e V b)* = e Vv bF.
a

Notation. If F, and F; are two spindles, we put Fy < F. if: Vz € Fy,
Vye Fe=>z<y.

Theorem 3. Let S be a weakly negative lattice ordered periodic semigroup. Let e
and f be two idempotents such that e covers f in the ordered subset of idempotents,
F; < Fe, and (Fy)? # {f}.

Then ef = e if and only if fe = e and in this case, F.Fy = F;Fe = e.

Proof. Suppose for example that ef = e. If a € Fy, and if b € F,, from the
hypothesis and from Lemma 1, we deduce f < a S e < b. Consequently, we obtain
ef —e<bagbe=¢candba=ce.

And we have F.F; = e. Moreover, as f < e, fe is an idempotent between e and
f and as e covers f, fe = e or fe = f.

We suppose now that fe =e. Let bez € Fy; f <z <e. Then f < z? < ze e,
f < (ze)F < e for each integer k.

As f < e (in the ordered subset of idempotents) and as Fy < F., ze € F, or
it
results fe = e, which is not. Therefore, ze = y € F; and we obtain (ze)(ze) = y* =
z(ex)e = ze = y since FFy; = e. But f is the idempotent of F; and y = f, and
finally we obtain Fy -e = f. As we have supposed (Fy)? # {f}, there exists two
elements » and s of Fy so that f S Se, f S s S e with f#rs. By isotony, we
obtain

ze € Fy. If ze = a € F., we have ze? = ae = ze = e. But, from ze = ¢

)

f=fs<rs<re=f. Contradiction.
So ef = e implies fe = e, and F.F; = F;F, = e. Conversely, if fe = e we obtain
ef = e by symmetry. O

Theorem 4. Let S be a weakly negative lattice ordered periodic semigroup. Let e
and f be two such idempotents that e covers f (in the ordered subset of idempotents)
and Fy < I..

Then, Fy is a nilsemigroup, with f as zero.

Proof. If {F})}? = f, it is trivial.
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If {F;}? # f, we can apply Theorem 3.
Let z and y be two elementsof Fy: f<zSe, [<ySe. O

Therefore f < zy < e, f < (zy)” < e for any integer n, and zy € F; U F..
If zy € F., zy = ¢, because e is the least element of F,. If 2™ = y* = f, we
have f = zntlynt!l = zhe .y = fef. Consequently, ef = e = fe is impossible
and necessarily, ef = f = fe. But from z < e, y < e, we deduce, by isotony,
ry<ey<e?=ce, and zy = e implies ey = ¢, ef = e (= fe). Contradiction.

So, zy belongs to Fy, which is a subsemigroup of .S, and of course a nilsemigroup

of zero f.

Remark. With the same hypothesis, as in theorem 4, if (Fy)?2 = {f} it is
possible to have ef # fe. We can give an example.

S f b o e a® a
f ff f f f f
b | f f f f f f
A f
e e e e e e e
a’ e e e e e e
a e e e e e a?

ordered by f<b< b <e<a’<a.

3. CONSTRUCTION OF PERIODIC WEAKLY NEGATIVE
LATTICE ORDERED SEMIGROUPS

Let Fy, Fa, ..., F, be n nilsemigroups whose zeros are respectively e}, es, .. ., e,.

Suppose each F; is a weakly negative lattice, ordered by order relation < and e; is
n

the least element of each F;. We put S = (J F; and we define in S the product z; - y;
i=1

where z; € F, y; € F; by

z; - y; = ¢;y; = product of z; and y; in F; if i = j

ejifi<j

e if j < i.

i
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In particular, e;e; = eje; = ¢ if i < j
=e; if j <.
Then we define on S an order relation by

i<y ei=jandz; <y;in Fori<j

(S, ., ) becomes an ordered semigroup. 1t is easy to see that z;-(y;-zx) = (2i-y;)-2x = .
riyjzp il i = j =k and that z; - (y; - 21) = =i - (Yj - 2&) = €sup(i k) If the cardinality
of {i,j, k} is greater that 2. In each F}, e; < z and 22 < z; by hypothesis. So S is a
weakly negative lattice ordered periodic semigroup,

Conversely, suppose that S 1s a periodic weakly negative lattice ordered semi-group
and that moreover, if Fo,, Fe,, ..., Fe, design the spindles of S, Fe, < Fe, <
Fey... < Fo . We also suppose that e;11e; = eiy16; =eiyy fori=1,2, ..., n—1.

Then F,, -F. =e; ife; <ej forall (i,j), 1 # ]

=e; ifej <e; forall (¢,7), 1 #J.

In Theorem 3, we see that e; < ejyy, Fe, < F,
implies I, Fe ,, = Fe,,, = Fe,,, Fe,.
Now we calculate Fy F., with i < k:

4 and ejeiy) = ey = eiqr6;

k—i41
Fe Fep 2 Fe,ep = Fe, - (ek) "
2 Fe. €641 ... €k

= €i€i41 ... € = €.

But F. Fe, <er-Fer =ep.

So Fe Fe, = ek, and similarly F,, F, = e if i < k. So, we have

Theorem 5. Let S be the union of n weakly negative lattice ordered nilsemi-
groups [ ; S becomes a weakly negative ordered periodic semigroup with the prop-
erties 'y, < Ie, < ... < F,_, ejeip1 = €jp16; =ejyy fori=1,2, ..., n—1, if and
only if I'e, I'e) = ej fori < j and F,, - Fe; = e; for j <.
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