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INTRODUCTION

Tolerance relations (i.e., reflexive, symmetric and compatible binary relations) on
algebras have attracted some attention in the literature of the last decade. (For
example, see [3], [4], [6], [6] and other papers of Chajda; for results on weaker com-
patible relations, see [8], [14] and [15]; for the case of lattices, see [1] and [14].)

In this paper, we define the tolerance number tn(A) of an algebra A as the least
positive integer n such that for any tolerance relation 7 on A, the n-th relational
power 7" of T is transitive (i.e., 7" is congruence on A), provided such an n exists;
otherwise we define tn(A) to be w. We also define the tolerance number of a class of
algebras of the same type as the supremum of the tolerance numbers of the algebras
in the class. We prove that if tn(A) = n then A is congruence (n + 1)-permutable.
(The converse fails.) The proof yields a Mal’cev-type characterization of the local
condition “tn(A) < n” and the result implies that the varieties with tolerance number
at most n are just the congruence (n+1)-permutable varieties. These facts generalize
earlier descriptions of “tolerance trivial” algebras and varieties in [4], [6], [12] and
[15].

The quasi-variety of all BCK-algebras, which is not a variety and which has no
nontrivial congruence permutable subvariety, is a good case study. It turns out that
every nontrivial variety of BCK-algebras has tolerance number 2, yet every nonzero
countable cardinal is the tolerance number of some BCK-algebra. The theory of
BCK-tolerances is applied to obtain characterizations of varieties of BCK-algebras.
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I. UNIVERSAL ALGEBRAS

We denote by w the set of all non-negative integers, and by & = (F,ar) an
arbitrary but fixed type of (universal) algebras with a set F of operation symbols
and an arity function ar: F — w. All algebras considered in this section are assumed
to be of type &F. We denote by A = (A; F) and by K a given algebra and a given
class of algebras respectively. For binary relations 7, n C A? we write 77 for the
relational product of 7 and n and we define

0 =idy := {(a,a): a € A}; ™"t =7"1 (n€EW).

A tolerance relation (briefly a tolerance) on A is a binary reflexive and symmetric
relation on A which is compatible with every operation in F. (A congruence on A
is therefore just a transitive tolerance on A.) We write Tol A (resp. Con A) for the
set of all tolerances (resp. congruences) on A. Both of these are algebraic closure
systems on the lattice of subsets of A2 and hence algebraic lattices when ordered by
set inclusion. The corresponding algebraic closure gperators are denoted by T (resp.
©). We write T((a1, b1), ..., (an, b)) for T({(a1,b1),...,(an,bn)}). It is well known
that
om=J@Tm)" (nc4ad)
new

We define the tolerance number tn(A) of A and the tolerance number tn(K) of K
by:

in(A) min{n: 0 < n € w and 7™ € Con A for every 7 € Tol A} if this exists;
n =
w otherwise;

tn(K) = sup{tn(B): B € K}

(where the supremum is taken in the well-ordered class of all ordinals). We therefore
have tn(@) = 0 and

1< tn(A), tn(K) L w (for K # 0).

If tn(A) = 1, i.e. TolA = Con A, we say that A is tolerance trivial. In general
we say that K possesses a property of algebras if every element of K possesses this
property.

The symbols n, m shall denote elements of w throughout. By an n-ary algebraic
function (n > 0) on A we shall mean an n-ary operation G: A™ — A such that for
some r € w, some (n + r)-ary F-term t and some elements by, ..., b, € A, we have

G(ay,...,an) =t(a1,...,an,b1,...,b;) (a1,...an € A).
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Our main result in this section (Theorem 1.2) extends results proved in [4], [6], [12],
[15].

1.1. Lemma. (Chajda [3, Lemma 2]). Let ay, ..., an, by, ..., by € A. For
¢,d € A, we have (c,d) € T((a1,01), ..., (an,bn)) if and only if for some 2n-ary
algebraic function G on A, we have

G(al,...,an,bl,...,bn)zc
G(bl,...,b,,,al,...,a,,)=d.

1.2. Theorem. Iftn(A) = n then A is congruence (n + 1)-permutable.

Proof. For convenience, we assume that n is odd. The even case requires
minor notational modification only. Suppose that tn(A) = n and that 6, € Con A
with

(a,b) €bpbyp...0p.
N,

n+1 terms
Then for some cg, ¢1, ..., Cn, cnt1 € A, we have
(1) a = cofcipey . ..cn_10cppenyr = b.

Thus, if 7 = T((co, ¢1), (1, €2), - - -, (€n=1,¢n), (cn, cnt1)), we have (a,b) € 7"*1. But
77*+1 = ™ by assumption, so there exist dg, dy, ..., d, € A such that

a= donleg...d”_len =b.

By the previous lemma, there exist (2n + 2)-ary algebraic functions G, ..., G, on
A such that
di-1 = Gi(co,€1,€2,...,Cn=1,Cn; €1,€2,€3, ..., Cn, Cn+1),
di = Gi(,cl)CZ,CS; «++yCn,Cn41, Co,C1,C2, . "acn—lxcn)
for i =1, ..., n. Now since congruences on A are compatible with all of the G;, it

follows from (1) that

di_19Gi(co, c2,€2,C4,€4,C6,...,Cn_1,Cn—1,Cn41;

¢, C,€3,€3,C5,C5,...,Cn—2,Cn, cﬂ)odi
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and

di—10Gi(c1,c1,¢3,¢3,C5,C5, ..., Cn-2,Cn, Cn;

€0,C2,C2,C4,C4,C6,.--,Cn-1,Cn-1, Cn+l)‘Pdi

fori=1, ..., n,so that

(a,b) € (98 N 0p)" C ((8)(89)) "™/ *(00)
= el ...l (n+1 terms).

O

1.3. Corollary. Let K be a variety of algebras. Then tn(K) = n if and only ifn
is the least positive integer such that K is congruence (n + 1)-permutable.

Proof. (<) follows from Theorem 1.2 and Hagemann’s result (see [8, p. 8]) to
the effect that a variety K is congruence (n + 1)-permutable if and only if for every
B € K and every reflexive subalgebra 7 of B2, we have "*+! C 7.

(=) follows from (<«=) and Theorem 1.2. O

1.4. Corollary [12]. Every tolerance trivial algebra is congruence permutable.

Proof. Setn =1 in Theorem 1.2. a

1.5. Corollary [4], [6], [15]. A variety of algebras is tolerance trivial if and only
if it is congruence permutable.

Proof. Setn =1 in Corollary 1.3. a

1.6. Corollary. The following conditions are equivalent:

(i) tn(A) < n;
(ii) for any co, ¢y, .. ., Cn, Cnt1 € A, there exist dg,dy, ..., d, € A and (2n+2)-ary

algebraic functions Gy, ..., G, on A such that dy = ¢q, d, = ¢4 and
di—l = G,’(CO,Cl, . ')cﬂ—l) cﬂ;clac27 s )cﬂ)cn-f-l)a
d; = Gi(c1,¢2,--.,Cn, Cn41;€0,C1y- -, Cn=1,Cn)
fori=1,...,n.

Proof. (i) = (ii) is implicit in the proof of Theorem 1.2; (ii) = (i) follows
easily. a
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1.7. Corollary. [12] The algebra A is tolerance trivial if and only if for any
a,b,c € A, there is a 4-ary algebraic function G on A such that a = G(a,c,c,b) and
b= G(c,b,a,c).

Proof. Setn =1 in Corollary 1.6. a
The converse of Corollary 1.4 is false: see [4] and [12, Remark 2.18 a).

II. BCK-ALGEBRAS

We now fix the type F = (F,ar) with F = {.,0}, ar(-) = 2 and ar(0) = 0. We
make standard use of the symbols H,I,S and P to denote class operators acting
on classes K of F-algebras (see e.g., [2, Chapter 1I, §9]). If A = (A;.,0) is an
F-algebra, we write H(A) for H({A}) (the class of all #-homomorphic images of
A) and for a,b € A, we abbreviate a.b as ab, except where this may cause confusion.

A BCK-algebra is a F-algebra satisfying the axioms:

BCK (I) ((zy)(z2))(2y) = 0,

BCK (1) (e(zy)y =0,
BCK (III) zz =0,
BCK (IV) 0z =0,
BCK (V) zy=yz=0=>z=y.

We denote by BCK the class of all BCK-algebras. (We assume some familiarity
with these algebras: see survey articles 7], [11].) Clearly BCK is a quasi-variety
of type &F. By a BCK-variety, we mean a variety V of type & such that V C
BCK. BCK itself is not a BCK-variety [16]; moreover, no nontrivial BCK-variety
is congruence permutable [7, Theorem 4.3]. In view of the results of Section I, this
makes BCK an interesting case study with respect to tolerances.

Henceforth A = (A;-,0) shall denote a given BCK-algebra. The relation € on A,
defined by z < y iff zy = 0, is a partial order on A with least element 0, and A
satisfies zy < z (see [11]). An ideal of A is a subset I of A with 0 € I such that
a € I whenever ab,b € I. The ideals of A are hereditary subsets of A and form a
complete lattice, denoted Id A (ordered by set inclusion).

Let a, b, by, ..., b, bny1 € A. We define inductively:

(2) abl e bnbﬂ+1 = (ab1 PN bn)bn+1

n+1l
and we abbreviate this expression as a [] b;. The order of the b; is immaterial in (2)

i=1
however, in view of the BCK-identity zyz = zzy [11, Theorem 1]. More generally,
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let B = (bj; j € J) be a finite family in A. (Recall that a family is just another
name for the mapping j +— b; (j € J). The range of B is {b;: j € J}. We say that
B is a family in a set C if its range is a subset of C. The family B is said to be finite
if J is a finite set.) We may now define (without ambiguity):

j€J

a [T b if J#0;
aHB:{
a if J=0.

We also define ab® = a; ab™t! = (ab™)b (n € w).
If C C A, we denote by (C) or (C), the ideal of A generated by C, i.e., (C), =
N{I: C CI€ldA}. Recall that (8), = {0} and that for C # @, we have

3) (C)p ={a€ A: a1l D=0 for some finite family D in C}

[10, Theorem 3]. If C = {e1, ..., cn}, we write {c1,...,¢,) for (C).
For n € Tol A, we call 0/ := {a € A: (a,0) € n} the kernel of 5. We have
0/n € Id A, by [12, Theorem 2.2 ¢]. On the other hand, for I € Id A we define

w1 = {(a,b) € A%: ab,ba € I},
= ﬂ{n € TolA: 0/n =1},
6r=(){n€ConA:0/n=1}.

It is known that ¢y € Con A and is the greatest tolerance on A whose kernel is I.

Of course 77 (resp. ) is the least tolerance (resp. congruence) on A whose kernel
is I. We recall from [12, Remark 2.5 b] that

(4) or=J .

new

The following characterization of 7y was obtained in [12]; the notation has been
changed to suit our present purposes.

2.1. Theorem. [12, Theorem 2.4]. Let I € Id A and a,b € A. Then (a,b) € 1/ if
and only if there exist m > 1, a {-}-term t = t(z1,...,z,,) elementscy, ..., c;m € A
and finite families By, ..., By,, Dy, ..., Dy in I such that

a=1t(c; I By,...,e;m I By),
b:t(cl In D],...,Cm an)
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2.2. Corollary. Let I € Id A and a,b € A. Then (a,b) € 0; if and only if for
some positive n, m there exist m-ary {-}-termst,, ..., t,, elements ¢;; € A and finite
families B;j, Dij in I (fori=1,..,nandj=1,..., m)such that

a=1t1(c1y I By,...,c1m I Bim),
b= tn(cnl II Dnl,‘ < yCnm I Dnm)

and in case n > 1, also:
t,~(c,-1 I D;y,...,cim 1T D,‘m) = tk(ckl 11 Bii, - .., Ckm 11 Bim)

fori=1,..,n—1andk=1+1.

Proof. The result follows immediately from Theorem 2.1 and (4); the require-
ment that all ¢; have the same arity is merely a notational convenience. a

2.3. Corollary. Let I,J € Id A and ) CIdA. Let L = ViaaJ (= (Us)a)- Then
() ICJenCr &0 Chy;
(ii) VTolA{TN3 N e J} =1L and VConA{0N1 N e .7} =0L.

Proof. (i) If I C J, it follows immediately from Theorem 2.1 and Corollary
2.2that 7y C 7y and 8y C6;. If ; C 75 and a € I then (a,0) € 71, hence (a,0) € 75,
ie.a€0/r; =J. Sorr C 7y implies I C J. Similarly 6y C 65 implies I C J.

(i1) From (i) we have 7y C 7 for all N € 5. Let n € TolA with |J 7w C 7
Ne;

and let¢ M = 0/n. If N € j and a € N then (a,0) € 7n so (a,0) € 1, ie., a € M.
We therefore have Uy C M hence L C M, (since M € Id A). Now (i) implies that
1L C 7m C n. This proves that 7, = Vroa{7~n: N € 3}. The second assertion may
be proved similarly. a

We remark that the condition “A is a member of some BCK-variety” is used
frequently in the literature, where in many cases “H(A) C BCK” would suffice. The
latter condition is strictly weaker than the former: see Example 2.12. The following

simple result is therefore of interest.

2.4. Proposition. The following conditions on a BCK-algebra A are equivalent:
(i) H(A) C BCK;

(ii) (Vo,0 € ConA)(0/p =0/0 = o = 0);

(iii) (VI € 14 A)(6; = 1);

(iv) (¥ € Tol A)(posy = U{n"™: n € w});

(v) (Ya,b € A)((a,b) € B(absa))-
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Proof. (i) = (ii) is proved in [7, p. 108] (under the unnecessarily strong
assumption that A is a member of a BCK-variety).

(i1) = (ii1) follows since 0/6; = 0/ = I.

(iii) = (iv) follows easily from (4) and the fact that 7} C #" C ¢y, where I = 0/7.

(iv) =(v) Set I = (ab,ba). From (a,b) € ¢; and (iv), we obtain (a,b) €
U{rf:new} =14

(v)=(i) Let ¢ € Con A. It suffices to check that A/o satisfies the axiom BCK
(V), so suppose for some a,b € A, we have ab,ba € 0/o. If I = (ab, ba) then I C 0/0.
By (v) we have (a,b) € 8y C 8y/, (by Corollary 2.3.(i)) C o, as required. a

2.5 Remark. In [9, Theorem 1], Idziak states without proof the following nec-
essary condition (due to Komori) for a class K of F-algebras to be a BCK-variety:
Let T be the absolutely free F#-algebra freely generated by two distinct variables z
and y, and let B = (B; .,0) be the F-algebra with B = {0, a,b} such that a0 = q,
b0 = b and ¢d = 0 in all remaining cases. Let p: T — B be the unique homomor-
phism satisfying pu(z) = a and p(y) = b. If K is a BCK-variety then there exist
binary F-terms t = t(z,y) and s = s(z,y) such that pu(t) = a, p(s) = b and K
satisfies t = s. This result is important since it is essential to Idziak’s proof that
BCK-varieties are congruence 3-permutable [9, Theorem 2]. As far as we know, how-
ever, no proof of Komori’s theorem has been published. We feel it is of interest to
show that a description of BCK-varieties (our Theorem 2.7 and its Corollary 2.8),
very similar to Komori’s, may be derived from our characterisation of 8; (Corollary
2.2). Our (tolerance-based) approach is presumably quite different from Komori’s
methods. The next lemma, which will be needed in our argument, may also be used
as a tool for deriving Komori’s result from our Theorem 2.7 and conversely.

2.6. Lemma. Let t = t(z,,...,z,) and s = s(z,y) be F-terms withn > 1.
(1) There is a {-}-term u = u(zy,...,z,) such that BCK satisfies t = u.

(i) There exist i € {1,...,n} and m € w and {-}-terms uj = u;j(zy,...,z,) for
0 < j < m, such that BCK satisfies t = z;uy...up,.

(i) If w € {z1,...,zn} and w;, ..., w, € {0,w} then BCK satisfies
t(wy, ..., wn) = 0 or BCK satisfies t(wy, ..., ws) = w.

(iv) BCK satisfies s(x,z) = 0 iff BCK satisfies s(x,y)(zy)?(yz)? = 0 for some
PgEwW.

Proof. (i), (i1) and (iii) are easily proved by induction on the complexity of
t, using BCK (IIl), BCK (IV) and the well-known fact (see [11, Theorem 2]) that
BCK satisfies

(5) z0 = z.
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(iv) Let BCK satisfy s(z,z) = 0. Let F = (F; .,0) be a BCK-free &-algebra
freely generated by two distinct generators a,b € F. Of course, F € BCK, since
BCK is an £F-quasi-variety. Let J = (ab,ba)p and let 6 = ©((a,b)) (i.e. 6 is the
least congruence on F identifying a and b). Clearly (a,b) € ¢, and so 8 C ;. Now
since (s(a,b),0) = (s(a,b), s(a,a)) € 0, we have s(a,b) € 0/ps = J. By (3) and the
BCK-identity (zy)z = (xz)y, there exist p, ¢ € w such that s(a,b)(ab)?(ba)? = 0. It
follows that BCK satisfies s(z,y)(xy)?(yz)? = 0. The converse follows easily from
BCK (I1I) and (5). 0

2.7. Theorem. Let K be a BCK-variety. Then there exist n,m € w, and
{-}-terms u; = u;(z,y) and v; = v;(z,y) satisfying the equivalent conditions of
Lemma 2.6 (iv) (for 0 <i < n and 0 < j < m) such that K satisfies

zui(z,y) ... ua(z,y) = yui(z,y) - . . vm(z, ¥).

Proof. We may assume that K is nontrivial (for if not, take n = m = 0). Let
F = (F;.,0) be a K-free &F-algebra freely generated by generators a,b € F. Let
J = (ab,ba)g. We have H(F) C BCK, so by Proposition 2.4, (a,b) € 8;. It follows
that for some positive n,m € w, some m-ary {-}-terms t, ..., t,, some elements
¢ij € F and some finite families B;;, D;j in J (fori=1,...,nand j =1, ..., m),
the identities displayed in Corollary 2.2 hold in F. It follows (using Lemma 2.6(i))
that there exist {-}-terms s;; = sij(z,y) and finite families U;j, W;; of {-}-terms
g=g9g(z,y) (fori=1,...,nand j=1, ..., m)such that K satisfies

(6)o I=tl(SuHUu,---,SlmHUlm),
(6)'1 y=tn(snIHWnls-u,sanan)

and, in the case n > 1, also:

(6)i ti(si H Wit, ..., Sim H Wim) = te(crr H Uk, ..., Ckm H Ukm)

fori=1,...,n—1and k=1+1. It is also clear that since the families B;; and D;;
are in J, each term g = g(z,y) in the combined ranges of the U;; and W;; may be
chosen such that for some integers d = d(g) and e = e(g), BCK satisfies:

(T 9(z,y)(zy)*(yz)° = 0.
Equivalently, by Lemma 2.6(iv), BCK satisfies:
(8)4 g(z,z) = 0.
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Considering the form of (6)o, (6)1, - .., (6)n, we may deduce from the (8), that BCK
satisfies:

9) ti(sir(z,z),...,5im(z,2)) =2

fori =1, ..., n. Now let 7 be the least integer among 0, ..., n such that the first
occurrences of the variables on the left and right hand sides of (6); are occurrences
of different variables. Necessarily these are an z-occurrence on the left and a y-
occurrence on the right (since the t; and s;; are {-}-terms and (9) holds). Also the
nontriviality of K forces 0 < i < n. By Lemma 2.6(ii), the terms ¢; (I = 7, i+ 1) may
be assumed to have the form z; [] Vi, where z; is a variable occurring in ¢; and V} is
a finite family of m-ary {-}-terms. Let us assume that in (6);, z; and z;;, have been
replaced, respectively, by siq [[Wia and siy1[[Uit1p where o, 8 € {1,...,m}.
Applying Lemma 2.6(ii) to the terms s;o and s;;+13 we may rewrite (6); (setting
k=1i+1) as:

_((xH Wio) H Wia) H hij(si1 H Wii, ..., Sim H Wim)
j=1

= ([T Uko) [T Uro) IT hasCser [T Vet - - stm [T Usm)
j=1

for some r € w, some m-ary {-}-terms h;; (I =1,i4+1and j =1, ..., r) and some
finite families Wi and U; 410 of {-}-terms g = g(z,y). (The use of a uniform r loses
no generality, since BCK satisfies z = z(zz).) It follows readily from (9) and Lemma
2.6(iii) that BCK satisfies (8), for all g in the combined ranges of W;o and Uj410, as
well as

hij(siu(z,z),...,81m(z,z)) = 0.

This reduces (6); to an equation of the form described in the statement of the theo-
rem. a

An Z-identity will be called an zy-identification if it has the form
(10) zui(z,y) .. un(z,y) = yv1(z,y) .. .om(z, ¥)
where n, m € w, and there exist integers p;, ¢i, kj, [j € w such that BCK satisfies
(10);; ui(z, y)(zy)" (y2)* = 0 = v;(z,y)(zy)* (yz)"

fori=1,..,nandj=1,...,m.
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2.8. Corollary. Let K be any class of #-algebras. Then the varietal closure
HSP(K ) is a BCK-variety if and only if K satisfies the identities BCK(I), BCK(IV)
and (5), as well as some zy-identification.

Proof. Necessity is clear. Conversely, suppose that K satisfies BCK(I),
BCK(IV), (5) and the zy-identification given by (10) and (10);;, i = 1, ..., n,
j=1,..., m where n,m € w. Then HSP(K) also satisfies these identities, and
therefore satisfies BCK(II) and BCK(III); the calculations are:

(z(zy))y = ((z0)(zy))(y0) = 0, and

zz = (zz)0 = ((«0)(«0))(00) = 0.

To establish BCK(V), let C = (C'; .,0) € HSP(K) and let a, b € C with ab = 0 = ba.
Fori=1,...,nand j = 1,..., m we have u;(a,b) = 0 = v;(a, b) by (10);;, BCK(III)
and (5). Thus we have a = b by (10) and (5). This shows that HSP(K) C BCK.

O

2.9. Corollary. If K is any nontrivial BC K -variety then tn(K) = 2.

Proof. Let K satisfy the zy-identification given by (10) and (10);;j, where
i=1..,nj=1...,mand nym € w. Let A = (A;.0) € K and 7 € Tol A
with I = 0/r. We show that 73 C 72. Observe the 3 C ¢? = 91 so 0/73 = L.
Now if (a,b) € 73 then ab,ba € 0/73, so (ab,0),(ba,0) € r. By (10);;, we have
(ui(a,b),0), (vj(a,b),0) € T for each i, j, and hence by (5), (a,aui(a,b)...un(a,bd)),
(bvi(a,d)...vm(a,b),b) € 7. By (10), we have (a,b) € 72, as claimed. Thus tn(K) <
2, and no nontrivial BCK-variety is congruence permutable (equivalently, tolerance
trivial) [7, Theorem 4.3] so tn(K) = 2. O

2.10. Corollary. Let K be a BCK-variety and A € K. For any integer m > 2
and any 1y, ..., Ty, € Tol A with the same kernel I € Id A, we have

TL...Tm =01 = ¢1.

Proof. From 1 C 15 C ¢r(j = 1,...,m), Proposition 2.4 and the previous
result, we have:
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2.11. Remarks. a. Corollary 2.9. could alternatively be deduced from Corol-
lary 1.3. and Idziak’s result that every BCK-variety is congruence 3-permutable [9,
Theorem 2].

b. For any 1, j,p, ¢ € w, the class of all BCK-algebras satisfying

(Cp3) z(zy) (yz) = y(yz)* (zy)?

is a BCK-variety [7]. Such varieties are called quasicommulative. Clearly the above
identity yields an zy-identification. Every finite BCK-algebra satisfies (CF",',J;) for
some i, §, p,q € w (7], hence the tolerance number of a finite BCK-algebra is 1 or 2.

c. In contrast with Corollary 2.9, we observe that for every positive n € w, there is
a BCK-algebra A with tn(A) = n. Also there is a BCK-algebra B with tn(B) = w.
Consequently tn(BCK) = w. For n = 1, 2, examples may be found in [12]. We now
assume the terminology and notation of [17].

Let .4 denote the BCK-algebra on the set w where the BCK-operation is defined
by a.b = max{0,a — b}. Let R(A4) be the reflection of w in the sense of [17] and
R(w) its distensible subset {r,: n € w}. For n > 2, let 4, denote the distension of
R(A4) induced by the triple (R(w),n,6,) where 6,(i,5) = |i — j| for i,j € n. It is
known that .4, is a BCK-algebra and that the nontrivial congruences of .4} are in
one-to-one correspondence with the partitions of the set n: a partition n of n induces
a partition t’ = {p x R(w): p € n} U {w} of the base set of A;,, the equivalence
relation corresponding to n’ is a congruence on 4, and all congruences on .4;, arise
in this way. It is also easily checked that .4;, has exactly three ideals, the nontrivial
one being w. We claim that tn(A,) =n+ 1 for n > 2.

Let n > 2 and n € Tol A, with 0/n = I. If I = {0} then 7 is the identity
congruence on A;,. If I = 4, then n? is the total congruence on .4,. So we may
assume that [ = w. We note that

(11) WU J{i} x R@))* S .

iEn

Indeed if j, k € w, say j =%.m (m € w), then from mn0, we obtain jnk, as well as
(#,j)n(i, rx) for any i € n. Since the left-hand side of (11) is a congruence on A;,
it must be 8; = 7. Next, by [12, Theorem 2.2 b}, we have

(12) n Cw?U(nx R(w))%.

The expression on the right of (12) is the congruence ;. Also observe that if
k,£,m,q € w with m > k and ¢ > £ then for any i, j € n,

(Gyre), (Gyme)) € n = ((4,7m), (4, 7)) € -
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Now suppose (a,b) € ©(n)\7 and choose h € w minimal such that (a,b) € n*.
Necessarily we have a = (i,7%), b = (j,r,) for some i,j € n (i # j) and some
k,£ € w. From the constraints on 7 established above it is not difficult to see that
h < n+1. The case h = n+1 may be achieved by taking n = T({((¢,71), (i +1,71)):
i€n})and a = (0,79), b= (n—1,r0). Thus tn(A) =n+1.

Finally, the BCK-algebra 4%, constructed in [17] from the distending triple Do, =
(R(w),w,6c0) where é(i,j) = |i — j| for i,j € w, has the property that for no
n > 2 are the congruences of .45, n-permutable [17, Theorem 6]. By Theorem 1.2,
tn(Ao) = w.

2.12. Example. The condition “H(A) C BCK” does not imply that A is an
element of some BCK-variely. (This answers a question raised in [12].) To see this,
recall that Wrorniski and Kabziriski [18] have constructed a sequence D, (0 < n € w)
of finite BCK-algebras such that no BCK-variety contains all of the D,,. Now every
finite BCK-algebra is in some BCK-variety, so if K is a finite subset of w\{0} then

H( [] Dn) C BCK and there is a natural embedding gx: [] Dn — A, where
neK neK

A= @ D, = {a € H Dy, : a(n) = 0 for almost all n € w\{O}}

0<néw 0<new

Note that A € BCK, but since each D,, is embeddable in A, it follows that A is in
no BCK-variety. However H(A) C BCK. For if f: A — B is an #-homomorphism,
where B is some F-algebra, and f(a)f(a’) = 0B = f(a’)f(a) for some a,a’ € A, we
may consider the finite set

K = {n € w\{0}: a(n) # 0 or a’(n) # 0}

and the #-homomorphism fgx: [[ Dn — B.
neK

We have f(a), f(a’) € fgx( Il D) € BCK, so f(a) = f(a'). It follows that
neK
B € BCK, as claimed.
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