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ON COMPLEX RADON MEASURES I 

T. V. PANCHAPAGESAN, Mérida* 

(Received Apгil 3, 1991) 

1. ІNTRODUCTЮN 

If Ф is a right continuous complex function of finite vaгiation in Rn, then Ф induces 

a complex Lebesgue-Stieltjes measuгe m ţ on Rn, whose domain is a 5-гing My 

containing all the compact subsets of Rn. If Я = My П Я(Rn)y it is well-known 

(e.g. vide [6], [8]) that Mф (гesp., m*) is the Lebesgue completion of Я (гesp., of 

my\Я) with гespect to v(m^\ЯђЯ) (resp., to Я). Conveгsely, if џ is a complex 

measure on a 8-ring & containing the compact subsets of Rn and Q> is the Lebesgue 

completion of the ć-ring Я = 9C\Я(Rn) with respect to \џ\\Я and {E Є Я(Rn): 

\џ\*(E) < oo} = Я, then theгe is a right continuous function Ф of finite vaгiation on 

Rn such that Mф = 0 and џ = mҙ. This result is essentially the same as Theorem 
54.2 of [6], where McShane consideгs џ to be гeal. 

The object of the present paper and the succeeding one is to generalize the above 

mentioned results to complex Radon measuгes on a locally compact Hausdorff space 

X. Since Jt ф Jť in general, we are led to the study of various types of regulaг 

extensions of positive and complex measuгes defined on Q>(Jťъ). 

With each Є Jť(X)* we associate canonically a unique complex measure џ 

defined on a 8-ring M containing ^(Jť) and in the present papeг we study the 

regulaгity properties of џ . Among other гesults, we show that M = M\ \ and 

џ\ \ = v(џ ,M ) . In the succeeding paper [9] we obtain the generalization of the said 

theorem of [6] and give some characteгizations of bounded and unbounded complex 

Radon measures. 

' S u p p o r t e d by the C D . C H . T . project C-409 of the Universidad de Los Andes, Merida, 
Venezuela. 
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2. PRELIMINARIES 

In this section we fix the notation and teгminology. Also we give some definitions 

and гesults from the liteгatuгe. 

X denotes a locally compact HausdoгŕT space and CC(X) (resp., Cr
c(X)) is the 

vectoг space of all continuous complex (гesp., real) valued functions with compact 

suppoгt in X. Jťo (гesp., Jť) is the family of all compact Gьs (гesp., compact 

subsets) of X, while W is the class of all open subsets of X. For a class *ś of subsets 
of X, &(*&) (гesp., У(f£)) is the 6-ring (гesp., (г-гing) generated by Ҷ>. We denote 
Sŕфí) by ҖX), SЃ(Jť) by ЯC(X) and У(Jť0) by Я0(X). The membeгs of Я(X) 

are called the Boгel subsets of X; those of ЯQ(X) the Baire subsets of X and finally, 

those of ЯC(X) are called (r-Boгel (since E Є Я(X) belongs to ЯC(X) if and only if 

E is (7-bounded). 

The locally convex spaces Jť(X) and Jť(X, R) aгe as in Bouгbaki [1] and Jť(X)* 
(resp., Jť(X,R)*) is the topological dua! of Jť(X) (resp., of Jť(X,R)). Foг a 

functional Є Jť(X)*, we refeг to [1] foг the concepts of Re , ImØ, |0| and foг those 

of + and " when is гeal in the sense of [1]. 

In the following pгoposition is given the concept of Lebésgue completion of a 
complex measuгe on a 6-ring. As its pгoof is of routine natuгe (vide [3]) we omit it. 

Proposition 2.1. Let v be a complex measuгe on a Ь-ringЯ. Let ăt* = {EUN: 
E £&, N C M Єśł with \v\(M) = 0}, where \v\ = v(v,3t). For such EUN Є &*, 

iet v(EUN) = i/(E). Then Я* is a S-гing, &* DЯ,ù is weìï defìned, v\& =v andv 

is a complex measuгe on Я*. We say that v (гesp., Я*) is the Lebesgue compìetion 

ofv (resp., ofЯ) гelative to Я (resp., to v). 

By measuгe (on a ring) we mean a positive measuгe. 

From Chapteг IV of Bouгbaki [1], we have the following theorem. The гeadeг may 

also гefer to [5], [7], [8] and [10]. 

Theorem 2.2. Let be a positive lineaг functional on CC(X). Let M + ( K ) = {/: 

X —• [0,oo], / lower semi-continuous] and &(X) = {/: X —• [0,oo]}. Let 

rì(E)= inf S*P{ (ф):фŚ9,Ф€C+(X)}. 
XEŠ9ЄM+(X) 

for E C X. Then: 

(i) џ*в is an outeг measure on &(X). 

(ii) Let Mџ* = {E C X: E is u* -measurabìe). Then Mџ* is a a-algebra and 

contains Я(X). We denote u*9\M^ê by ß$. 

(iii) fi*(K) < oo, K Є Jť. 
(iv) u* (E) = 'mf{ť (U):EcUЄ&}, EcX. 
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(v) џ* (E) = sup{џ* (K): K C E, K Є X}, if џ* (E) is <r-fìnite and E Є Mџ* oг 
ifEeW. 

(vi) Given E Є Mџ*ф with џ (E) <т-fìnite, there exist A, B Є Я(X) such that 
A C E C Ð, A a-compact and џ* (B \ A) = 0. Consequently, џ (E) = џ* (Á). 

(vii) Let џ = џ \Я(X). Then 

Ңf) = / 
Jx 

fàfi9, fece(x). 

Besides, ifv is a measure on 39(X) satisfying (iii)-(v) above and if 0(f) = fx f dv, 
f eCc(X), then v = fi0. 

3 . REGULAR EXTENSIONS OF POSITIVE MEASURES 

We introduce several notions of regularity for positive and complex measures de­
fined on certain tf-rings or tr-rings of subsets of X and study the existence of regular 
extensions. These results play a key role in the next section. 

Definition 3.1. A measure /z on 3S0(X) (resp., on 3SC(X), on 3i(X)) is a Baire 
(resp., a cr-Borel, a Borel) measure if fi(K) < oo for k e <#0 (resp., for K e J?). 

Definition 3.2. Let 3t be a ring of sets in X with 9(X0) C 31 or 9(X) C 3t. 
A measure fi defined on 31 is said to be ^-regular if 

(i) fi(K) < oo, K eXf\@\ 
(ii) fi(E) = inf{^(U): E C U G <% n 3t} for E G 3i\ and 
(iii) fi(E) = sup{/x(C): C C E, C G X n 31} for E G 31. 
A complex measure v on 31 is said to be 3t-rtgular if, given E G 3t and e > o, 

there exist C eX C\3t and U eW C\3l such that C C E C U and \v(G)\ < e for 
every G G 3t with GcU\C. 

Definition 3.3. A Borel measure fi on 3§(X) is said to be Radon-regular if 

(i) fi(E) = inf {/i(U): ECU eW}foi Ee 39(X) 
and 

(ii) n(U) = sup{/i(C): C C U, C e J f } , for U G ^ . 

Proposition 3.4. 
(i) A Baire measure is 390(X)-regular. 
(ii) A measure /*o on @(X0) with fi0(K) < oo for K e X0 is &(Jt0)-regular. 
(iii) A complex measure v0 on @(Jf0) is @(Jf0)-regular. 
(iv) If n is a Radon-regular measure on 3S(X), then (ii) of Definition 3.3 holds 

for E e 38(X) ifp(E) is a-finite. 
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P r o o f . By Proposition 13, §14of [2], X n &o(X) = X C\ @(X0) = X0 and 
hence (i) holds by the first part of Theorem 52.G of [4]. Corollary 1 on p. 347 of [2] 
implies (ii) and (iii) while (iv) is immediate from Theorem 10.30 of [5]. • 

Lemma 3.5. Let /* be a Radon-regular measure on &(X). Then: 
(i) Ifv = n\9(Jt), then v is 9(X)-regular. 
(ii) If w = fi\&c(X), then w is &c(X)-regular. 

P r o o f . Because of Proposition 3.4 (iv) it suffices to verify (ii) of Definition 3.2 
for v and w. If E G ®(X), then by Proposition 11, §14 of [2] and by the Radon-

oo 

regularity of /i, the result holds for v. If E G # C (X ) , then E C \JCn, Cn G X 
l 

and applying (i) to E C\Cn for each n, it can be shown that w(E) satisfies (ii) of 
Definition 3.2. • 

Lemma 3.6. (i) Let fi\ and /12 be &c(X)-regular measures. If 

(1) / / d / i x = / / d / i 2 , f£Cc(X), 
Jx Jx 

then fi\ = /i2-
(ii) If (I) holds for two Baire measures /ii and //2, then \i\ = /i2-

P r o o f , (i) This is immediate by Theorem 56.E of [4]. 
(ii) For K G X0y by Theorem 55.A of [4] there exists /„ 1 XK, fn G C+(X) 

so that by the Lebesgue dominated convergence theorem and by the hypothesis, 
fi\(K) = /i2(K). Consequently, fi\ = \ii by Proposition 3.4 (i). • 

T h e o r e m 3.7. Let fi0 be a Baire measure on X. Then: 

(i) /io has a unique extension // to 58C(X) such that /i is a 38c(X)-regular measure. 
(ii) no has a unique extension v to 98(X) such that v is a Radon-regular measure. 
(iii) If [i and v are as in (i) and (ii), then /x = v\&c(X). 

P r o o f . 
(i) This is the same as Theorem 54.D of [4]. 
(ii) Let 

= / /d/zo 
Jx 

(1) 0(f) = / /d/zo, fecc(x). 
Jx 

Since 6 is a positive linear functional on Cc(X), by Theorem 2.2 there exists a unique 
Radon-regular Borel measure v = fie such that 6(f) is also given by the integral in 
(1) with /io replaced by v. If w = v\&o(X), then w is a Baire measure and 0(f) 
is also given by the integral in (1) with fio replaced by w. Thus, by Lemma 3.6 
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(ii) we conclude that w = /in and hence v is a Radon-regular extension of //o. The 
uniqueness of v follows from Proposition 3.4 (iv) and Theorem 2.2. 

(iii) Follows from the uniqueness part of (i) and Lemma 3.5 (ii). • 

T h e o r e m 3.8. Every 39c(X)-regular measure /i has a unique extension fi to &8(X) 
as a Radon-regular measure. 

P r o o f . Apply the proof of Theorem 3.7 (ii) considering 

*(/)= / /d/i, fecc(x) 
Jx IX 

and using Lemma 3.6 (i) in the place of Lemma 3.6 (ii). • 

T h e o r e m 3.9. Let /i be a @(Jf)-regular measure. Then: 
(i) The unique extension (i of /x to &C(X) as a measure is 3Sc(X)-regular. 
(ii) n admits a unique extension w to 9§(X) as a Radon-regular measure and 

w\&c(X) = fi, where fi is as in (i). 

P r o o f . 
(i) Since // is finite on 0(JT), // admits a unique extension fi to S^(^(Jt)) = 

S»c(X) as a measure. Clearly, (i(K) < oo for K e Jf. Let E e &C(X). Then 
oo 

E C \JCni Cn e X. Since E fl Cn e 9(X) and /i is .0(JT)-regular, given e > o, 
l 

there exists Un eWn9(Jtr) such that Ef)Cn C Un and n(Un)- fi(EC\Cn) < e/2n. 
oo 

If U = Q v n , then U G W r\38c(X) and E C U. If / .(£) = oo, then /.(U) = oo. 
l 

If (i(E) < oo, then (i(U) - ft(E) ^ J2? (n(Un) - f(E n Cn)) < e. Thus /i satisfies 
n 

(ii) of Definition 3.2 with Si = #C(-K). Again, letting En = U (-# n C*) we have 
*=i 

En e ®(Jt) and En\ E so that 

£ (£ ) = sup / i(£n) = sup sup {n(C): C C En) C e X) 
n n 

.$sup{/i(C):CC-5, Ce X\ 

<fi(E) 

and hence fi is #c(K)-regular. 
(ii) Taking fi as in (i) and applying Theorem 3.8 to fi, we obtain a Radon-regular 

extension w of fi and, hence of /i, to # ( X ) . Besides, iu is unique by the uniqueness 
part of Theorem 3.8. • 
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4 . COMPLEX RADON MEASURES AND THEIR PROPERTIES 

With each 9 G J#(X)* we associate a unique complex measure fie (vide Definition 
4.3) defined canonically on a 6-ring Me which contains $(X) and call fie the complex 
Radon measure induced by 9. The object of this section is to study the properties 
of fie and Me when 9 is real and when is arbitrary. 

We use the notation of fi*0i M^* and fie as in Theorem 2.2. We denote fi*e \M^* by 
fte and call fie (resp., fie) the Radon (resp., the Borel-Radon) measure induced by 
the positive linear functional 9 on CC(X). 

Theorem 4.1. A measure fi on 3S(X) is Borel-Radon if and only if fi is Radon-
regular. 

P r o o f . By Theorem 2.2 the condition is necessary. Conversely, if fi is Radon-
regular, let 

o(f) = I /d/i, fecc(x). 
Jx 

Then 9 is a positive linear functional and by the uniqueness part of Theorem 2.2 
(vii) and by Proposition 3.4 (iv) we conclude that fi = fie. • 

P ropos i t ion 4.2. Let 9 G X(X)* and let 9X = Re0; 92 = Im0. Then: 

(i) If Me = {A C X: ft9+(A) < co,//* - (A) < oo,; = 1,2}, then Me is a 6-ring 

and contains @(X). 
(ii) Let M(9) = M^* D M^_ H M^ O M^_ . Then M(9) is a a-algebra and 

°t °1 *2 92 
contains &(X). The members of M(9) are called 9-measurable sets. 

(iii) Let 

fie(E) = {(fi9t - fie-) + i(fie+ - /*,-)}(£) , E6Me. 

Then fie is a complex measure on Me. 
(iv) If 9 is reai, then fie is real. 
(v) If 9 is positive, then fie is positive and finite. 

P r o o f . This is immediate from Theorem 2.2. • 

Definition 4.3. Let 9 G X(X)*. The complex measure fie in Proposition 4.2 
(iii) is called the complex Radon measure induced by 9 and the <5-ring Me is called 
the domain of fie. 

Nota t ion 4.4. Let fie be the complex Radon measure induced by 9, 9 G Jt'(X)*. 
We denote v(fie, Me) by \fie\- If ^ is a real measure on a 6-ring Sii and &\ is another 
6-ring such that ^ 2 D «^i, then 

( i / , ^ 1 , ^ 2 ) + ( E ) = sup{i/(F): FCK, FG^i} 
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and 

{v>aua2)-(E) = -mi{v(F)\FcE> F € Sx\ 

for E £ &2- If v is real or complex on .#2, then 

n 

v(»,0u3t2)(E) = sup {J2 W(Ei)\: {£.}? C Stu E{ n ^ = 0 , 27- j , 
s=i 

n 

and [JEiCE\ 
1 

for E E ^ 2 . 

Theorem 4.5. Let 0 E JT(X)*, 0 rea1. Tnen tne following assertions hold: 
(i) //0 is Ms-regular. 
(ii) ^0 is of finite variation on M$. 

(iii) /i^ ^ ^#+ and /ẑ " ^ n$- in Ms, where //# — //^ — //̂ " is the Jordan decom­
position of us in Ms. 

(iv) |/i0|, j/0" and /î " are Ms-regular. 

(v) /z+ |0(JO = ( ^ | ^ ( ^ ) ) + ; / i , - |»(Jr) = (li»\9(X)Y and v(n,\9(X), 
9(X)) = \ti,\\9(X). 

(vi) \n,\\9(X), fi+\9(X), \T9\9(X) and n»\9(X) are 9(X)-regular. 

(vii) (a) (fi,,9(X),M,)+(E) = fi+(E), E e M,. 

(b) (n,,9(X), M,)~(E) = fiJ(E), E € A/,. 
(c) „(,,,, 5?(Jf), Af,)(£) = \ft,\(E), E € A/,. 

(viii) Given E € M,, there exist A, B in &(X) n M, such that A C E C B 
and fi,+ (B \A) = fi,-(B \ A) = 0. Then /.,+ (£ ) = n,*(A), H,-(E) = n,-(A), and 
H, (resp., M,) is the Lebesgue completion of /i,\St (resp., of Si) with respect to St 
(resp., to n,\St), where St = 39(X) n M,. 

P r o o f , (i) Since /.,+ and /*,- are A/,-regular by Theorem 2.2, the assertion 
(i) holds. 

(ii) This is immediate from the fact that M, is a 5-ring. (Vide Corollary 2 on 
p. 48 of [2]). 

(iii) Since ft, = /.,+ — / . , - in M, and M, is a 6-ring, (iii) follows from the proof 
of Proposition 16, §3 of [2]. 

(iv) Since /.,+ and /»,- are M,-regular by Theorem 2.2, the result follows from 
(iii). 

(v) As in the proof of (iii) we have (n,\9(X))+ ^ n+\9(X). Let E € 9(X) 
and e > 0. By (iv), given F £ M,, there exists CF € X such that CF C F and 
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\f*e\(F \ CF) < e. Consequently, we have 

(»$\@(Jf)) + (E) = sup {/!,(*•): F C E, F G ®(JfT)} 

>. sup {(ie(CF): FCE, F € Me} 

>. sup {(ie(F) - e: F CE, F E Me} 

= d+(E)-e. 

Thus (fi$\Si(jr))+ >. ii+\9(Jf) so that (fie\®(J?)) + = n+\9(JfT). Similarly, it 

follows that (n$\^(Jf)) — HQ~\3>(JP) and consequently, 

\p.\\9(Jt) = (rf+^)\9(X) = v(p9\9(X\ 9(X)). 

(vi) Let E G 9(X) and e > 0. By (iv) there exist U G <8f n M* and I\ G JT 
such that K C £ C U and |/i*|(U \ K) < e. As E € X, by Proposition 11, 
§14 of [2] there exists U0 € <W n ®(Jir) such that E C U0. If V = U n Uo, then 
E C ^ ^ G ^ n 0 ( JT) and |/i*|(V \ K) < e. Thus \fi$\\9(X) is ®(JT)-regular 
and consequently, (vi) holds. 

(vii) Let E G M$. By (iv) and (v) we have 

nt(E) = sup {rf(C) :CcE,CeX} 
= sup sup {/i9(F): F C C, F G 9(X)} 

CCE 

<$ sup {fie(F): F C £, F G ®(JT)} 

^ sup {/i^(F): F C F\ F G M* } 

= /,+ (£) 

and thus (a) holds. Similarly, (b) is proved. 
For E G M#, given £ > 0, there exists a partition {Ki}" of E in M$ such that 

__M-?.)I>M(£)-K 
« = 1 

By (i), for each i there exists Ct G JT such that Ct C Ft and |/i$(G)| < j - for 
G E M , with G C K, \ Ci. Then £ ? lw(C,-)| ^ £ i M ^ O I - e/2 > \v9\(E)- e. 
Thus v(fi0,9(X)}Mg)(E) ^ \fie\(E). Since the reverse inequality is obvious, (c) 
holds. 

(viii) Since E G Me C M^*+ n M^*_ and /i^+(K) and H*9-(E) are finite, by 
Theorem 2.2 (vi) there exist A \ B G 39(X) with A C K C 5 and /i*+(£ \ -4) = 
/J>e-(B \ A) = 0. Now, by (vii) (c), for F G & we have 

|//,|(F) = V(VL9,9(X\M9)(F) ^ v(ii9\£,a)(F) ^ v(ii9,M9)(F) = j ^ | ( F ) 
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and hence from (iii) it follows that 

v(ne\&,&)(B\A) = \ne\(B\A)^(»e++fie-)(B\A) = 0. 

This proves (viii). • 

Theorem 4.6, Let 0 G JT(X)*, 0 real. Let /ijj" and fi^ be as in Theorem 4.5 (iii). 
Then: 

(i) / i^|0(JT) and / i~|^(JT) admit unique extensions fr^ and fij, respectively, 
to 38(X) as Radon-regular measures and ft^(E) = fi^(E), ftJ(E) = fiJ(E) for 
E e&c(X)DMe. 

(ii) If v = \fi$\\&(Jtr), then v has a unique extension v to &8(X) as a Radon-
regular measure and v(E) = \fie\(E) for E G BC(X) n M$. 

(iii) There exists a positive linear functional ty on CC(X) such that v = fa, 
where v is as in (ii). 

(iv) \0\ ^ « , where « is as in (iii). 
(v) u.e+ = /i+ and fi0- = u.J in Me. 
(vi) Me = M\S\ and |/i*| = u.\9\. 

P r o o f , (i) By Theorems 4.5 (vi) and 3.9 (ii), ^\^(Jt) has a unique exten­
sion (LQ to 38(X) as a Radon-regular measure. Then by Lemma 3.5 (ii), JAQ\@C(X) 

is ^c(X)-regular and hence by Theorem 4.5 we have 

fij(E) = sup {(ij(C): C C K, C G X} 

= s u p { ^ + ( C ) : C C K , Ce X) 

= tf(£) 

for 1~ G ̂ C (K ) n M$. Similarly, the other result holds. 

(ii) By Theorems 4.5 (vi) and 3.9 (ii) such an extension v of \ne\\@(J?r) exists 
uniquely. An argument similar to that in the proof of (i) shows that v(E) = \fi$\(E) 
for Ee&c(X)C\Me. 

(iii) This is immediate from Theorem 4.1, 
(iv) Let / G CC(X) with s u p p / = K. Then SI(K) C 9(X). As 0(/) = 

0+(f) - 0" ( / ) , by Theorem 2.2 we have 

0(f) = / fdfie+ - f fdjid- = / fd(ve\&(K)) 
Jx Jx JK 

since f(x) = 0 for x G X\K, ^ ( K ) = ^ ( X ) n K and /i* is a real measure on S(K). 
Thus, 

< / | / | d ř > = / | / |d/ í* = * ( | / | ) 
J* Jx 
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since v(n9\SI(K), 9(K)) ^ v(p9\9(X)% 9(X)) = \p9\\9(X) by Theorem 4.5 (v). 
Thus |0| <J tf. 

(v) By (iv) and by Proposition 15, §1, Chapter IV of [1] 

(1) Jiffi^/i*. 

By the same proposition of [1] we have 

(2) fi\9\ = fi9+ + \i9- in &(X) n M9. 

Consequently, from Theorem 4.5 (iii) and from (ii), (1) and (2) it follows that 

\fi9\(E) = (/i+ + »7)(E) ^ (ii9+ + »e-)(E) = fi\e\(E) < fi%(E) = \ii9\(E) 

for E e&c(X)nM9. Thus 

(3) \fi9\(E) = m(E), Ee&c(X)nM9. 

Since fit ^ fi9+ and fij ^ fi9- by Theorem 4.5 (iii), we conclude from (2) that 

(4) fit(E) = fi9+(E) and fiJ(E) = fi9-(E) 

for E€#c(X)nM9. 

Now, let E € M9. By Theorem 4.5 (viii) there exist A, B E &(X)nM9 such that 
A C E C B with fi9+(B\A) = fi9-(B\A) = 0. Since E e M9) by Theorem 2.2 (vi) 
we can assume A to be <7-compact so that A G ̂ C(X) D M9. Then, by Proposition 
15, §1, Chapter IV of [1] we have fi\9\(B\A) = (fi9+ +fi9-)(B\A) = 0 and hence 
ft*\9\(B \A) = Q. Consequently, F\ A £ M\9\. Besides, by the same proposition of 
[1] we have fi\9\(A) = (fi9+ + fi9-)(A) < oo and as A £ &(X), we conclude that 
A G M|0|. Therefore, E = AU(E\A)£ M\9\ and thus we have shown that 

(5) M9 C M\9\. 

Besides, by (4) 

m(E) = m(A) = (fi9+ + fi9-)(A) = (^ + fi~9)(A) = (^ + fiJ)(E) = \fi9\(E) 

so that by (5) we have 

(6) V\e\\M9 = \fi9\. 

Also, from (4) it follows that fi9+(E) = fi9+(A) = fit (A) = fit(E)\ fi9-(E) = 
fi9-(A) = fiJ(A) = fiJ(E) and hence fi9+ = fit and fi9- = fij in M9. 
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(vi) In view of (5) and (6), it suffices to show that M\e\ C M$. Let E e M\e\. 
Then by Theorem 2.2 (vi) there exist A, B G 3C(X) n M\$\ such that A C E C B, 
H\e\(B\A) = 0 and n\e\(E) = fi\e\(A). Since fte± -$ fi\6\ on &(X) by proposition 15, 
§1, Chapter IV of [1], it follows that A G &C(X) C\ MQ. Besides, as \i\e\(B \ A) = 0, 
by the same proposition of [1], jfi$+(B \ A) = p.$-(B \ A) = 0 so that ii*9+(E \ A) = 
fi*e.(E \ A) = 0. Thus E \ A G Me and hence E G M9. D 

Now we pass on to the study of the properties of fi$ when 6 is arbitrary in X(X)*. 

Theorem 4.7. Let 0 G X(X)*. Then the following assertions hold: 
(i) He is Me-regular. 
(ii) He is of finite variation in Me. 
(iii) |/Z0| is Me-regular. 

(iv) u(/i*|0(jr),»(jr)) = Ml^PO-
(v) \ne\\@(X) is 9(X)-regular and hence \xe\®(X) is 9(X)-regular. 

(vi) v(fie,®(X),Me) = \tie\. 
(vii) Given E G Me, there exist A, B G ^(X ) n M* sucn that A C E C B 

and \pe\(B \ A) = 0. Consequently, fie(E) = He(A) and fie (resp., Me) is the 
Lebesgue completion of ne\& (resp., of &) with respect to & (resp., to ne\&), 
where & = &(X)C\ Me. 

(viii) If i/ = \fie\\@(X), then v has a unique extension v to &(X) as a Radon-
regular measure and i>(E) = \ne\(E) for E G &C(X) n Me. 

(ix) There exists a positive linear functional xp on CC(X) such that v = fi^, where 

v is as in (viii). Besides \0\ -$ rj>. 

P r o o f . Let 0X = Re0 and 02 = Im0. 
(i) As Me = M$l n M$2 and U\ n U2 G Me for Ui e & C\ M$t) i = 1,2, (i) is 

immediate from Theorem 4.5 (i). 
(ii) The proof is similar to that of Theorem 4.5 (ii). 
(iii) This is an immediate consequence of (i) and the inequality 

\He\(E)<^4sup{\tie(F)\:FcE, FeM$}. 

(vi) The proof of Theorem 4.5 (vii) (c) holds here verbatim. 
(iv) This is immediate from (vi). 
(v) The proof of the 0 ( J f )-regularity of \ne\\@(X) in Theorem 4.5 (vi) holds 

here verbatim. 

(vii) Let E e Me. Since H9+(E) < oo and fi$-(E) < oo for j = 1, 2, by Theorem 

2.2 there exist A, B G 3C(X) n Me such that A C E C B, A <7-compact and 

9*$f(B \ A) = fie-(B \ A) = 0 for j = 1, 2. Thus \fi9\(B \ A) = 0. As by (vi) 

\He\(F) = v(ne\&,&)(F) for F G # , the result holds. 
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(viii) The proof is the same as that of Theorem 4.6 (ii). 
(ix) The first part is due to Theorem 4.1. As in the proof of Theorem 4.6 (iv) 

we have 

Mf)\ = \J fd(jitl\£9(K)) +ij fd(nt,\3(K)) 

J \f\dv(p,\a(K),a(K)) 

I l/ldi>= f \f\di^ = i,(\f\) 
Jx Jx 

Ś 

Š 

for / € CC(X) with s u p p / = K since v(iit\a(K),&(K)) <. v(n$\9(JT), 9(Jf)) = 
\n»\\9(JfT) by (iv). Therefore, |0| < t/>. D 

Lemma 4.8. If 9 € Jtr(X)*, then M I O I ^ l*\t\(K), K £ Jf. 

P r o o f . Let ^i = Re0 and d2 = Im0. Then, by Theorem 2.2, n9+\M» 

and fit-\M» are M$-regular for j = 1, 2. Therefore, given n 6 N, there exists 

Un e '<& C\M» such that K C Un, H»+(Un \ K) < £, fitr(Un \ K) < A for 
n oo 

i = 1, 2. Let Wn = f) ^* and VV = f | W n . Then VV G M*, as M* is a 6-
Jb=i 1 

ring. Besides, K C W and fig+(W \ K) = / i , - (W \ K) = 0 for j = 1, 2. By 
i j 

n 
Urysohn's lemma there exists fn G C+(X) with X/c ^ /n ^ X*v«- -f 9n = A/*) 

1 
then <7n j xK a .e. w ^ h respect to /i*+ and /x*- for j = 1, 2. If K\ = supp^i, 
then by the Lebesgue dominated convergence Theorem we have lim fx gndjjiB+ = 
li™fKl 9n dftdf = /^+(tf) and lim J x gn djj.d- = l i m j ^ gn djj$- = / i , - (K) for j = 

1,2, where we consider the restriction {te+\&(K\) = fi$+\&(K\) and / i ^ - | ^ ( K i ) = 

fi0-\&(K\). Then as 0n —• \K /q$|-a.e., by the same theorem 

\fie(K)\ = I lim / </n dps = I l i m % n ) | ^ lim |0|((/n) 
• n JK! n n 

= lim / gn djj\0\ = /i|*|(K). 
n Jx 

D 

Lemma 4.9. For 0 G Jt(X)* and A G # ( K ) D Me, |/-*|(-4) = 0 if and only if 

\/JLB\(A) = 0. Consequently, M$ C M|^|. 
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P r o o f . Suppose fi\$\(A) = 0. Let B\ = Re0 and 02 = ImO. Thus, by Theorem 
4.6 (vi) and by proposition 15, §1, Chapter IV of [1] we have 

P\e\(A) ^ (/'I'-l + l*\'2\)(A) = v(Wi> M*x)(A) + ^ ( ^ 2 , M * 3 ) v 4 ) 

= sup{t;(/i^,M t f l)(C):CC-4, C € JT} 

+ sup{t;(/i^,M^)(C):CC-4, C G JT} 

= sup (v( / i # l |0 ( j r ) , »(JT))(C): C C J4 ,C G JT} 

+ suP {v(Wa|»(jr), 9(Jtr))(cy. ccA.cex} 
<J 2sup { t ; ( ^ | ^ ( j r ) , 9(X))(C): C C A,C G JT} = 2|/i*|(A) = 0 

since v(n9j,M$j) is M^.-regular and v(fidj\9(X), ®(X)) = v(/i#i, M0j)\9(X) by 
(iv) and (v) of Theorem 4.5 for j = 1, 2 and v(/i^|»(JT), »(JT)) = \fi$\\9(X) and 
|/i^| is Mfl-regular by (iv) and (iii) of Theorem 4.7. 

Conversely, let |/i«|(-4) = 0. Then fi\9j\(A) ^ fi\e\(A) for j = 1, 2 by the said 
proposition of [1] and consequently, by Theorem 4.6 (vi) we have 

\fie\(A) <C v(fi6l1Mei)(A) + v(fie2iM$2)(A) = n\$1\(A) + fi\e2\(A) = 0 

and hence |/i0|(A) = 0. 
Now, let E eMe. Then, by Theorem 4.7 (vii), E = AU(E\ A) with A C E C B, 

A, B G 3>(X) fl M9 and \ne\(B \ A) = 0. Consequently, ii\e\(B \ A) = 0 and thus 
t*\$\(E \ A) = 0. This shows that E \ A G M|*| and hence £ G Mĵ j since A G # (X ) 
and nB+(A) < oo and /^-(A) < oo for j = 1 , 2 . • 

Lemma 4.10. For 0 G X(X)*, Me = M|*|. 

P r o o f . In fact, in the light of Lemma 4.9 it suffices to show that M\9\ C M$. 
Let E G M\B\. Then by Theorem 2.2 there exist A} B e &(X) such that A C E C B 
and ii\$j\(B \ A) = 0. Thus ti\9\(E) = H\e\(A). If 6X = ReO and 02 = Im0, then by 
Proposition 15, §1, Chapter IV of [1], fi\9j\(B \ A) = 0, / ^ ( ( A ) <̂  H\e\(A) < oo and 

^ 1 = ^ + + ^ 7 forj = 1,2. 

Thus /i^+(S \ A) = /^ - (B \ A) = 0 for j = 1,2. Consequently, fief(E \ A) = 

He-(E \A) = 0 for j = 1, 2 and hence E eM$. ' • 

Theorem 4.11. If 0 G JT(K)*, then M* = M\e\ and \fi9\ = fi\e\. 

P r o o f . Let E G Me and e > 0. By Theorem 4.7 (vi) there exists {£•,}? C 

0(JT) with Ei C\Ej = 0 for i -̂  j and IJ Ei C E such that 
i 

X>#(£.)|>|/..|(£)-i£. 
l 
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As ik9\9(X) is 0(Jf)-regular by Theorem 4.7 (v), there exists Q G Jt such that 

d C Ei and \pe(Ei) - lie(Q)\ < ^ for i = 1, . . . , n. Consequently, by Lemma 4.8 

we have 
n n n 

m{E) > m([)Ci) = 5>,„(c.) > £l/*(c.)l 
1 1 1 

n 

>J2\MEi)\-\e>\^9\(E)^e. 

Thus 

(1) m(E) > \fi9\(E) for EeMe. 

If \j> is as in Theorem 4.7 (ix), then as |0| ^ V> from (viii) and (ix) of Theorem 4.7 

we have 

m(E) ^ ME) = \fi9\(E) 

for E e 9fe(X) O M$. Consequently, by (1) 

(2) m(E) = \fi9\(E) 

for Ee&c(X)r\Me. 

U E e Me, then by Theorem 2.2 there exist A, B e &(X) with A C E C B, A 

(7-compact, \ne\(B \ A) = 0 and \f*e\(E) = \f*e\(A) (vide the proof of Theorem 4.7 

(vii)). Hence by (2) and by Lemma 4.9 we have 

\fjt9\(E) = \fie\(A) = m(A) = m(A) + m(E \ A) = m(E). 

Since Me = Mw by Lemma 4.10, the theorem is established. • 
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