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A binary relation R on an algebra (A, F) is called compatible if R satisfies the
Substitution Property with respect to F, i.e. if for each n-ary f € F, (a;,b;) € R for
i=1,..,nimply (f(ai,...,a,), f(b1,...,bs)) € R. It was shown in [1] that for any
subcollection C of the properties: reflezivily, symmelry, iransitivity, the set of all
compatible relations on (A, F') satisfying C forms an algebraic lattice (with respect
to set inclusion). The modularity or distributivity of such lattices were characterized
by some authors, especially for varieties of algebras. For congruences (i.e. reflexive,
symmetric and transitive compatible relations), it was done by A. Day [5] and B.
Jénsson [6]. For tolerances (i.e. reflexive and symmetric compatible relations), it
was solved in [2]. For quasiorders (i.e. reflexive and transitive compatible relations),
the distributivity was characterized in [4]. For weak congruences (symmetric and
transitive compatible relations), the answer has been given recently by G. Vojvodi¢
and B. Segelja in [8]. For general compatible relations, the solution is contained
in [3].

The aim of this paper is to characterize varieties whose members have distributive
or modular lattices of symmetric or reflexive compatible relations.

Notation. An algebra and its support will be denoted by the same letter. Let
A be an algebra. Denote by Sym(A) the lattice of all symmetric compatible relations
on A. Clearly, the empty relation is the least and A? is the greatest element of
Sym(A). The operation A (meet) in Sym(A) coincides with set intersection. Denote
by V the join in Sym(A). For a, b € A denote by S(a, b) the least element of Sym(A)

containing the pair (a,b). If z,, ..., z, are elements of A, denote by x the sequence
1y ..y Tn.
Lemma 1. Let a, b, ¢, d, z, y, a;, b; (i = 1,...,n) be elements of an algebra A

and let S; € Sym(A) for j € J. Then
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(a) (c,d) € S(a,b) if and only if ¢ = t(a,b),d = t(b, a) for some binary term t(z,y)
over A;

(b) (z,y) € V{S;; j € J} if and only if there exist an m-ary term p and elements
zk, yp of A (k =1, ..., m) such that (zx,y) € S;j, for some jx € J and ¢ =
P(z1,- - Zm), Y= P(Y1, ..., Ym);

(c) (z,y) € V{S(ai,b;);i = 1,...,n} if and only if there exists a 2n-ary term g
with z = q(ay,...,an0,b1,...,b,), y = q(b1,...,bn,a1,...,an).

The proof is elementary, for details see e.g. [1].
Theorem 1. For a variety V, the following conditions are equivalent:
(1) Sym(A) is distributive for each A€ V;

(2) For every n-ary term p there exist an m-ary term q and binary terms rj, s;

(7 =1, ..., m) such that p(x) = g(r1(p(x),p(¥)), - - -, rm(p(x),P(¥))), and for each
J €{l1,...,m} there exists i € {1,...,n} with rj(p(x),p(y)) = 5i(zi, v:).

Proof. (1)=(2): Let pbe ann-ary termandlet A = Fy(z1,...,Zn,y1,...,Yn)
be a free algebra of V with 2n free generators z, ..., Zn, ¥1, - . - Yn- Denote z = p(x),
y = p(y). By Lemma 1 we have

(z,y) € S(z,v) /\\/{S(:c,-,y,-); i=1,...,n}

Distributivity of Sym(A) implies

(z,y) € \/{S(z,9) AS(=zi,w);i=1,...,n},

thus, by Lemma 1, there exist an m-ary term q and elements u;,v; € A(j = 1,...,m)
such that z = q(uy,...,um), ¥y = q(v1, ..., ¥m), where for each j € {1,...,m},

(uj,v;) € S(z,y) A S(zi,yi) for some i€ {1,..-,n}.
By Lemma 1, there exist binary terms r;, s; with
uj = ri(z,y) = 5j(zi, 4i), v; = ri(y,z) = 5; (% %),

whence (2) is evident.

(2) = (1): Let A€V and R, S,Q € Sym(A). Suppose (a,0) € RA(SV Q). By
Lemma 1, there exist an n-ary term p and elements ay, ..., an, by, .. ., b, of A such
that

a=p(ay,...,an), b=p(by,...,bs)
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and (a, b) € R, thus S(a,b) C R, and either (a;, ;) € Sor (a;,b;) € Qfori=1,...,n.
By (2), there exist terms ¢, s;, r; such that

a = q(r1(a,d),...,rm(a,b)), b=q(ri(b,a),...,rm(b,a))

and, for each j,
ri(a,b) = sj(ai,b;) and r;j(b,a) = s;(bi, a;)

for some i € {1,...,n}. Hence, if (a;,b;) € S, then (rj(a,b),rj(b,a)) € RA S,
and (rj(a,b),rj(b,a)) € R A Q provided (a;,b;) € Q. By Lemma 1, we conclude
(a,b) € (RAS)V(RAQ). a

Example 1. Every unary variety V has distributive Sym(A) for each A € V.

Evidently, every n-ary term in a unary variety V is properly unary. Without
loss of generality, suppose p(zi,...,Zn) = po(z1). We can put m = 1, ¢(z) = z,
ri(z,y) = z, s1(z,y) = po(z). Then (2) of Theorem 1 is satisfied:

p(x) = po(21) = ¢(r1(p(x),p(y))) and ri(p(x),p(y)) = p(x) = po(21) = s1(z1, ).

Now, we turn to the modularity of Sym(A).

Theorem 2. For a variety V, the following conditions are equivalent:

(1) Sym(A) is modular for each A€ V;

(2) for every n-ary term p and each k € {1,...,n} there exist an m-ary term q,
(2 + 2k)-ary terms wj, (2n — 2k)-ary terms g; and 2k-ary terms t; (j =1, ..., m)
such that p(x) = q(z1,..., 2m), where for each j either

% = wj(p(X),p(y),zl,...,zk,yl,...,yk)
= gj(zk‘f'l’"'izﬂ)yk'f'l)"')yﬂ) or

zi =tj(z1, - Tk Y1, - - Y-

Proof. (1) = (2): Let p be an n-ary term over V, k € {1,...,n}, and let
A = Fy(z1,...,%n,¥1,..-,Yn) be a free algebra of V. Denote z = p(x), y = p(y)
and put

Q=\V{S@iw)ii=1,....k}, T=\/{S(zi,w);i=k+1,...,n},
R=S(z,y)vQ.
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Then (z,y) € TV Q and (z,y) € R, thus (z,y) € RA (T V Q). Since @ C R, the
modularity of Sym (A) implies (z,y) € (RAT)V Q. By Lemma 1, there exist an
m-ary term ¢ and elements z;,u; € A such that z = q(z1,...,2m), y = q(u1, ..., Um),
where for each j € {1, ..., m} either

(zj,u;) € RAT or (zj,u;) €Q.

By an argument similar to that of the proof of Theorem 1, we obtain (2).
(2) = (1): Let A€V and R,Q,T € Sym(A). Let

(a,b) € RA(TV(RAQ)).

Then (a,b) € R and, by Lemma 1, there exist an n-ary term p and elements a;, b; of
A(i=1,..., n)suchthat a = p(ay,...,an), b = p(by,...,bs), where (a;,b;) € RAQ
for i < k and (a;, b;) € T for i > k for some k € {1,...,n}. By (2), we have

a= Q(Zh---vzm) and b=q(ul)"')um)3

where either

zj = wj(a,b,ay,...,ak,by,...,b) = gj(ar41,...,8n,bk41,...,bn),

uj = wj(b,a,by, ..., 0k, a1,...,8k) = gj(bk41,- .., bn, Bky1, .., a0),
ie. (zj,u4;) E(RV(RAQ))AT =RAT, or

zj = tj(ay,...,ak,b1,...,0:),u; = tj(by,...,b,01,...,a1),

i.e. (z,~,u,~) €ERAQ.
By Lemma 1, (a,b) € (RAT)V(RAQ). o

Example 2. The variety & of all abelian groups has modular Sym(A) for each
Acgd.

Evidently, every n-ary term p(z1,...,2,) of A is of the form z{'...z3", where
aj, ..., an are integers. Put m =2, ¢(z,v) = voz,
-a -
wl(avb!zlt"')zkryly'-')yk)=a°zl ‘---zk “)
— p%k+1
gl(:,,.,.l,...,z,,.,yH,,...,y,.)—zkH F L
[+ o
2z, .. Tk, Y1, ) = 202
Then
a n -a -a
Zl=wl(P(x)yl’(Y)yzl,---,zk,yl»---,yk)=-"v‘1'---1'$.' or,; l"'zk *
a
= 2028 = g1(Zgts o Tas YDy 2 Uy
a
2o =ta(Z1,.. - Tk, Y1y YE) = T3 ... TRE,
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and

g(z1,22) = oz =z ...zpr oz it L zpm = p(x),

proving (2) of Theorem 2.

Similarly as in Example 2, we can show that Sym(B) is modular for every Boolean
algebra B. In this case p(x) is expressed in the form of the canonical disjunction and
the proof is rather tedious.

Now we turn to reflezive relations. For an algebra A, denote by Ref(A) the lattice
of all reflexive compatible relations on A; denote by V or A the operation join or meet
in Ref(A), respectively. Evidently, A coincides with set intersection and the identity
relation w is the least and A? is the greatest element of Ref(A). Denote by R(a,b)
the least relation of Ref(A) containing the given pair (a, b) of elements a,b € A. The
following elementary assertion has been proved in [1] (Theorems 4 and 6):

Lemma 2. Let A be an algebra, let a, b, ¢, d, z, y, ay, ..., a,, by, ..., b, be
elements of A and R; € Ref(A) forj € J.

Then (a) (c,d) € R(a,b) iff there exists an (n + 1)-ary term t and elements
el ..., en € A such that c = t(a,ey,...,e,), d=1t(b,ey1,...,€5);

(b) (z,y) € V{R;,j € J} iff there exist an m-ary term p and elements z,yx € A
(k =1, ..., m) such that (zx,yx) € Rj, for some ji € J and z = q(zy1,...,2m),
y=4q(y1,--,Ym);

(c) (z,y) € V{R(ai,bi); i = 1,...,n} iff there exist an (n + m)-ary term q and
elements e, ..., e, € A such that

z=gq(ar,...,an,€1,...,em), Y=q(b1,....,bn,€1,...,€m).
Theorem 3. For a variety V the following conditions are equivalent:
(1) Ref(A) is distributive for each A € V;

(2) For every n-ary term p there exist an m-ary term q and (2n + 1)-ary terms r;j,
sj (j =1,..., m)such that

p(X) = q(rl (p(x), X, y)v CRRR rm(p(x), X, Y)))
p(y) = q(ri(p(¥), x,¥),- .-, rm(p(¥), X, ¥))

and for each j € {1,...,m} there exists i € {1,...,n} with
Tj(p(X),X,Y) = s,-(:c;,x,y) and rj(p(y)xxvy) = sj(yiaxay)'

The proof is word for word analogous to that of Theorem | only Lemma 2 is
applied instead of Lemma 1.
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Example 3. Every variety of unary algebras has distributive Ref(A) for each
AeV.

Without loss of generality, p(x) = po(z:) for some unary term po and s;(x) =
po(2).

Remark. If a variety V is congruence-permutable, then Con A = Ref(A) for
each A € V, see [9] (Con A denotes the congruence lattice of A). Therefore, Ref(A)
is distributive e.g. for every Boolean algebra A. However, we can give also the explicit
boolean terms satisfying (2) of Theorem 3:

Let p be an n-ary boolean term. We can put m = n, ¢ = p and for every j = 1,
oo n, 8i(2,%,y) = [(zVY)A2Z]V(2Ay) and rj(2,x,y) = {[(Vy)Az;]V(yAZ)V[z A
(zoy@2) M {[(zVy) Ayl VIV 2)A(zV (2@yD2))]}, where adb = (aAb)V (a'Ab)
and z = p(x), y = p(y)- It is an easy exercise to verify (2) of Theorem 3.

However, we are able to give a more general example:

Example 4. For every distributive lattice L, Ref(L) is distributive.

Denote by D the variety of all distributive lattices. Since every n-ary term p
over D arises by a finite number of lattice operations V and A, we can prove the
existence of ¢, r;, s; satisfying (2) of Theorem 3 by induction over the rank of the
term p. Hence, it suffices to show it for two cases, namely p(z;,z;) = z; V 22 and
p(z1,22) = 21 A z2.

(a) Let p(z1,z2) =21 Va2 Put n =2, 9 =p, si(2,x,y) =[(zVy) Az]V(zAy),

ri(z,%,y) = {z Az A[((zVY) Az) V(@AY V{yAzA[(zVY) Ay) V(z Ay}
where z = p(z1,z2), y = p(¥1,¥2)- Hence z; < z,y; < y, thus also (zAz;)V(zAy) =
((zVy)Azi)V(zAy), i.e.ri(z,x,y) = si(zi, x,y), analogously ri(y, x,y) = si(yi, x,y).
It is easy to show that

z1 Vza = 51(21,X,y) V s2(22,X,y),

v V2 =s51(y,x,y)Vs2(ye2, X,y),

thus (2) of Theorem 3 is satisfied.

(b) If p(z1, z2) = z1 Az2, then we can choose r; dually to the case (a); s; is clearly
self-dual. Moreover, £ = ) Az, y = y1 Ay gives £ < Z;, ¥ < ¥, thus (2) of
Theorem 3 can be shown dually to (a). By induction over the rank of the term p, it
can be generalized for any term p over D.

Corollary. Let V be a non-trivial variety of lattices. The following conditions
are equivalent:
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(1) Ref(L) is distributive for each L € V;
(2) V is a variety of all distributive lattices.

Proof. (2) = (1) By Example 4. Conversely, let V' be a nontrivial lattice
variety which is not a variety of distributive lattices. Then V contains at least one
of the lattices N5 or M3, i.e. V contains at least one of the lattices Ly, L, in Fig. 1:

1 1
T k4
L= Ly = ¢
a c a
b
0 ]
Fig. 1

Denote by B the subset {0,a,b,c,z} and put
Ry = {l,z,a} U B? R; = {1,2,}>UB? R3={l,z,c}’U B>

It is an easy exercise to show that for L;, {R; A R A R3, R, Rz, R3, R1 V R2 V R3}
forms a sublattice of Ref(L;) isomorphic to M3. In the case of Ly, R3 C R, and
{R3ARi, R1, R2, R3, R1V Ry} forms a sublattice of Ref(L3) isomorphic to N5. Hence
neither Ref(L;) nor Ref(L3) are distributive. 0

We can proceed to characterize the varieties with modular lattices of reflexive
relations.

Applying Lemma 2 instead of Lemma 1, we can also prove similarly as in the case
of Theorem 2:

Theorem 4. For a variety V, the following conditions are equivalent:

(1) Ref(A) is modular for each A € V;

(2) For every n-ary term p and each k € {1,...,n} there exist an m-ary term g,
(2n + 1 + k)-ary terms wj, (2n + k)-ary t; and (3n — k)-ary g; (j =1, ..., m) such
that p(x) = q(u1,...,um), P(¥) = ¢(v1,...,vm) where for each j either

u; = wj(p(x))zlw --,l'k,X,Y) = gj(xk‘i'l) . ~,zn,X,)'),
vj = wi(P(¥), U1, U6, X, Y) = G (Yet1,- -+ Yny X, ¥)

or u; = tj(z1,..., 2k, X,y), vi =ti(y1, ..., Yk, X, ¥)-
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It can be shown that every variety of groups (or quasigroups) has modular Ref(A)
for each A € V. However, this is an easy corollary of [5] since groups are congruence-
permutable, thus Ref(A) = Con A, see [9].
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