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We consider the equation

1) Lnu(t) + p()f (u(9(1))) =0,
where n > 2 and L,, denotes the disconjugate differential operator
d d d d d
Ln = a;rn_l(t)ar,,_g(t)a .. arl(t)a.

We always assume f, p, 7¢, g € C([to,0)), rx(t), p(t) > 0for1 < k < n—1, g(t) = o0
ast — oo and zf(z) > 0 for z # 0.

In the sequel we will restrict our attention to nontrivial solutions of the equations
considered. Such a solution is called oscillatory if the set of its zeros is unbounded.
Otherwise, it is called nonoscillatory. Equation (1) is said to be oscillatory if all its
solutions are oscillatory.

We introduce the notation:

Lou(t) = u(t),
Liu(t) = ri(t) [Le-1u(t)]’, 1<k<n—-1.

We say that the operator L,, is in canonical form if

1
ds
Rk(t)—/mﬁooast—aoo, 1<kg<n—-1.
to
For k € {1,2,...,n— 1} and t > o we define

Iy =1,
i

_ Ik._l(s) s
Ik(t)—/ 'I”,r:(s) ds.

to

Definition 1. Equation (1) is said to have property (A) if for n even equation
(1) is oscillatory, and for n odd every nonoscillatory solution u(t) of (1) satisfies
Liu(t) > 0ast —o00,0<k<n—1.
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Definiton 2. Equation (1) is said to have property (C) if for n even equation
(1) is oscillatory, and for n odd every nonoscillatory solution u(t) of (1) satisfies
Ii(t)Lxu(t) > 0ast —o00, 0 <k <n—1.

Recently W. E. Mahfoud [2] has shown that if the equation

() ¥™(@) +p(0)f (y(9())) =

has property (A), that is every nonoscillatory solution y of (1) satisfies y(¥)(t) — 0
ast — oo for 0 < k < n — 1, then equation (2) has property (C) as well, that is
t*y(¥)(t) - 0 as t — oo for 0 < k < n — 1. J. Ohriska [3] defined property (C) for
the equation

(3) (r(@®) .- (rw'@®) .. ) + p(0)f (y(9(®)) = 0

and extended some Mahfoud’s results from equation (2) to equation (3). The aim
of this paper is to show that properties (A) and (C) are equivalent for equation (1),
and to extend some results known for equation (3) to (1). In the whole paper we
will deal only with equation (1) whose operator L, is in canonical form.

Theorem 1. Let u be a nonoscillatory solution of (1) such that u(t) — 0 as
t — o0o. Then
(i)I/ Leu(t dt|<ooforlc—12 n—1l.
re(t)
(ii) Rg(t)Lyu(t) - 0 ast — oo fork=1,2,..,n—1.
00
(ii) [/ Mdt' <oofork=1,2,..,n~1.
rx(t)
(iv) It(t)Lyu(t) >0 ast — oo fork=1,2,...,n—1.

Proof. Assume u(t) > 0 for t > to. Then a modification of the well-known
lemma of Kiguradze [1] guarantees that ILku(t)I are decreasing for all large ¢, say

> t, and since u(t) — 0 as t — oo we have Lyu(t) - 0ast —ocofork=0,1,...,
n—1. Hence forallt > ¢; and 1 < k < n—1 we have

t
L
| [ 2 0] = fpacsutt) - Bacsutt)] < 2acsa)]

Consequently, (i) holds and for any given € > 0, there exists ty > t; such that
Iftoo Mdsl <e. As ILku | are decreasing for all t > t;, we have

re(s)

_6 g l/ L::S) l |Liu(®)](Re(t) — Ri(t2)), forall t >t
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Since Liu(t) — 0 as t — oo, from the above inequality we necessarily have 2¢ >
IRk(t)Lku(t)I for all large t. Part (ii) is proved.

To verify (iii) and (iv) we use induction on k. Note that for k¥ = 1 conditions (i)
and (ii) are equivalent to (iii) and (iv), respectively. We ‘assume that (iii) and (iv)
hold for an arbitrary k € {1,2,...,n — 2} and show that

Ie(t) Le41u(t)
®) '/ Te+1(t) BESORR R
and
(5) Ity1(8)Lig41u(t) — 0 as t — oo.

Integration by parts yields

= Ik(t)Lku(t)—Ik(tl)Lku(tl)_/h_l(;%;_“(S_) ’

1

’/ Ie(s) L u(s) | ‘

r,,+1(s)

and so (4) holds by the induction hypothesis. Hence, for any given € > 0 there exists
t3 > t; such that

'/ I,,(t)L,,+1u(t)dt <e

Tk+l(t

Proceeding exactly as above we see that

Ik (s)
+1(s)

€ > ILk+1U(t)I/ ds = |Lk+1u(t)l(lk+1(t) - Ik+1(t3)),

which completes our proof. a

The above theorem shows that if u is a nonoscillatory solution of (1) with the
property u(t) — 0 as t — oo then a stronger result concerning the asymptotic
behavior of the solution holds, namely Ix(t)Lyu(t) - 0 ast — oo for k =0, 1, ...,
n—1.

Remark 1. By virtue of Theorem 1, all results holding for equation (1) with
property (A) hold also for (1) with property (C).

Now we prepared to introduce several examples of extending the results known
for equation (3) to equation (1).
In what follows we assume that r is a positive and continuous function satisfying
/ d
(6) "(t)> max () and  R(t)= / TS_ — 00 a8 t — 0.
n r

1<kg s)
to

13



Theorem 2. Assume that (6) is satisfied and g(t) < t fort > to. Let f be a
nondecreasing function on (—o0, —a] U [a, 0o) for some a > 0.
(i) Equation (1) has property (C) if

(7 /m p(t)Rk(t)f[ch(R(g(t)))"_k—z]dt = Foo

for every ¢ > 0 and every k € {0,1,...,n—2}.
Let, moreover, f be bounded above or below.
(ii) Equation (1) has property (C) if

(®) / )1 [Fe(R(s(t))" ] dt = Foo

for every ¢ > 0.

Proof. Supposethat f and g satisfy the assumptions. Let us consider equation
(3) with the function r given in (6). Theorem 3.6 in [3] shows that (3) has property
(C) if (7) holds or f is bounded above or below and (8) is satisfied. Applying the
comparison theorem for property (A) (e.g. Theorem 1 in [1]) to equations (3) and
(1) and taking Remark 1 into account we obtain the assertions of the theorem. O
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