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In the works [1, 2, 3] the author constructed an infinite set of varieties of lattice
ordered groups ({-varieties) without independent bases of identities. In connection
with this result the following natural question about existence of £-varieties without
independent bases in classes of formulae of tight predicate calculus more general than
identities (for example, classes of quasidentities or universal formulae) arises.

In this work the example of an ¢-variety without an independent basis of universal
formulae is given.

All general facts and definitions about lattice and linearly ordered groups can be
found in the book [4].

The U be the f-variety defined by the system of identities X:

2) (12 IVIy)~(I[e, slIAID(2IVIsD Az, D™ = (lz, GIALD", (n € N, n > 3),
b) (zAy lz ly)Ve=c,

¢) [Ilz, ]l AItl, l[z1, 91]| A [t1]] = e, where [z,y] = 27'y~'zy and N is the set of

natural numbers.

By U we denote the f-variety defined by the system of identities 3:

a) (I1V Iy~ (Ifz, 1 A 1D (Il V ) A (2,6l AL = (I, wll A D),

b) (zAy lz7ly)Ve=c,
9 [z sl AL, lfzs sl Alal] = . A A
It is evident that the £-varieties U, U are f-metabelian, U C U and U # U ([1]).

Proposition 1. In the lattice of universal classes of £-groups T there is no uni-
versal class of £-groups W such that

1) W covers the £-variety U in the lattice T,

) Wcbl.

Proof. We assume that there exists a universal class W with properties 1), 2).
It should be noted that if G € U, then G is representable and there exists an abelian
f-ideal A such that the factor-group G/A is abelian. So there exists an ¢-group G
such that Ge W\ U.
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First, we suppose that the £-group G is linearly ordered. In this case there are
elements zg, yo,to € G and a natural number n € N(n > 3) such that

(Ilz0, 0] A ltol)® < (Il V Iv0]) " (10, vol| A Ito]) (1] V [vol) < (Ilzo, vo]| A [to])"-

Let us set for the sake of brevity a = |[zo, yo]|Altol, b = |zo|V|yo|. Thena € A,b ¢ A
and a3 < b7lab < a”. Let A; be the normal convex f-subgroup of A, generated by
the element a. We choose an element ¢ € A; such that

3 < cm(c) < Cb < Cm(c)+1,

and the natural number m(c) is minimal with this property. Let us consider the ¢-
subgroup G; = £-gp(A;, b) of the linearly ordered group G, generated by the convex
£-subgroup A; and the element b. It is easy to see that b > v for every v € A,

and the linearly ordered group G; = AlT(b) is the lexicographic extension of A;
- by the infinite cyclic group (b). In the linearly ordered group G; the inequalities
v3 < v™(©) < v® are true for every element v € A;. Now, in the linearly ordered group

G, we choose an f-subgroup G, = f-gp(4,,b?) = Alt\—(bz). By ui(G), wi(G1), wi(G2)
we denote the minimal universal classes of £-groups, containing o-groups G, G, G,
respectively. It is easy to see that u;(G) 2D wi(G1) D wi(G2) and w(G1) # wi(G2).
Indeed let us consider the identity

2m(c) _

(1) (=l v Ig)™ (= gl A L) (2l v [y A (U, gl AED ™ = (2, vl A )

2m(c)
We observe that this identity is not true on the o-group G; whent =z = ¢, y = b.

In this case we have

[z,y] =[c,b] = Wb leb=c"lt 2l =c? > ¢,

lz,y)| At = |[e,b]|Ac=c>e, |z]V]y=cVb=b,

and
(2l V )™ (L, gl A ) (2] V Jy]) = 67 eb < ™(F1,

But m(c) > 3, hence m(c) + 1 < 2m(c) and therefore
b=leb < ™+ < M) pleh A 2O = pleh # 2™,

Now let us prove that the identity (1) is fulfilled on the o-group Ga. If [z,y] = e,
then the identity (1) is true for these values of variables and so we can suppose that
ao = [z,y] # e. Then |z|V |y| = b**a;, where t > 0, a; € A; and

(2l v Iy~ (Il gl At (l2] V [y]) = (6a1) " ab® ay = a7 b~ agh®ay =

= b 2agb? > b~ 2agb® > b~ adb > ag™ ) > 2™,
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Now it is clear that

(v 1)~ (I, I A D) (2] v 19l) A (ILz, 911 A 1) ™) = ([, 81 A J21) 2™

for all values of variables from the o-group G3, and the identity (1) is fulfilled on the
universal class u;(G2) V U, but is not fulfilled on the universal classes u;(G1) V U,
uwi(G) VU (here the join operation is considered in the lattice of universal classes of
¢-groups T).

Moreover u;(G2) VU # U because the identity

@ (=l ) (=, 9l A L) (] VIl A (12, 911 A 1) ™ = (2, 91 A )™

fails to hold on the o-group G2 and is true on the ¢-variety U by definition. So we
have the following inclusions: U 2 W 2 wi(G) VU D w(G1) VU D wi(G2) VU. As
all these universal classes are different we have a contradiction with our assumption
that the universal class of £-groups W covers U in the lattice T'.

Let now the ¢-group G be not linearly ordered. In this case G is an {-subgroup
of the cardinal product IIG; of linear ordered groups G;(i € I), where G; = ¢;(G)
are £-homomorphic images of the ¢-group G. Since G ¢ U, there exists elements
Z0,Y0,%0 € G and a natural number ng such that

(1zol V 190))™* (1o, woll A ltol) (120l V Iv0l) A (I[z0, yoll A lto])™ # (l[zo, 0]l A Ito]) ™.
As G € U, we have
(Izol V 1y0l)~* (1[0, o)l A ltol) (Izol V l0]) A (Ilzo, woll A ltol)® = (Ilzo, woll A Ital)”.
Consequently there exists a nonempty subset J of indices I such that the inequalities
(s o), #i(w)l Alis(to))’

< (lpi(zo)l V lpi(y0)) ™! (Ili(20), i (w0 )l A lpi (o)1) (Ii (z0)] V lpi(w0)1)
< (Ilps(zo), wi(wo)lI A lpi (to)]) ™

are true for every ¢ € J.
Let us denote |zo} V |yo| = b, |[z0, Yo]| A |to] = a, Aj—the £-ideal of G generated
by the element a. Then A; C A, where A is the abelian £-ideal of G and

07 (a) < pi(b) " pila)pi(b) < pi(a)™

for arbitrary i € J C I. It is not difficult to prove that for every element w € A,
the inequality |w]® < b~!|w|b is fulfilled. Indeed every positive element w € A, (by
definition of A;) satisfies the inequality

eSw<a? - .af
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for some g1, g2, ..., g+ € G. By a well-known theorem of Riesz ([4], p. 30) w =
wy - wg - --wy, where e <wy < a%, ..., e<w <a’t. So

wr = wi Aa® = wi Al2g", 53 1| A 85" = [[=F*, 5311 A It

for [th| = [t&*| A |wk|. But G € U, hence w} > w}. As all wy(1 < k < 1) are mutually

permutable we can multiply all these inequalities w® > w}. As a result we have

w® > w3, In the f-ideal A; < G there exists an element e # ¢ € A; and an index
ig € I such that

(3)  #io(6)® < Pia(€)™) < iy () i (€)pia (b) < i (€)LD 0 ()

and the number m(c, o) is the minimal natural number of the numbers m(w, i),
where i € I, e # w € A;. By the definition of the number m(c, i) for every element
z € A, the inequality

(4) ) " 3 < z™(¢i0) < zt

i
is fulfilled. Let us consider ¢-subgroups H = £-gp(A;,b), H, = £-gp(A1,b?). It is not
difficult to prove that b > a for every element a € A;, and consequently H = AlT(b),
H, = AIT(IF) are lexicographic extensions of A; by the infinite cyclic groups (b)
and (b?), respectively. As G > H > H; we have wi(G) D wi(H) D wi(H;). The
inequalities (4) imply that the identity

) (=l 1)~ (Ilz, ) A 1) =1V 1l) A (L 9l A TD ™) = (1, 9] A1) 27

is violated on the £-group H under £ = b, y = ¢, t = b. The inequalities (4) imply
that this identity is fulfilled on the f-group H;. The identity (5) is true on the
£-variety U by definition, and so

UV‘UI(H)7£ UVuI(Hl), UgUVu;(HI) Cc UVu;(H)g UVu;(G)g w.

Direct calculation shows that the identity

U=V 1)~ (L, 11 A 1D (2l V Iol) A (L, ) A )™ = (I, 6] A f2]) ™)

is violated on the f-group H, under z = b2, y = ¢, t = b2. However this fact
contradicts our assumption that the universal class W covers U in the lattice of
universal classes T'. O

Theorem 1. U is an £-variety without an independent basis of universal formulae.

Proof. Indeed, U C U, where the f-variety U is an f-variety with a finite
basis of identities by definition. If the £-variety U has an infinite independent basis
of universal formulae, then in the lattice of universal classes T the £-varietty U has
infinitely many different covers contained in the ¢-variety U ([5]). This is impossible
by Proposition 1. O
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