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JAN JAKUBIK, Kosice*)

(Received February 25, 1991)

The system ConvG of all sequential convergences on an f-group G satisfying
Urysohn’s axiom was investigated in the papers [4-9], [11], [12].

All ¢-groups which are considered in the present paper are assumed to be abelian.
Let us denote by conv G the system of all sequential convergences on G which satisfy
the usual conditions (as in the above mentioned papers) except Urysohn’s axiom.
(For a detailed definition cf. Section 1 below.)

One of the reasons for studying conv G is the fact that the o-convergence on G
belongs to conv.GG, but it need not belong in general to the system ConvG. For
example, the o-convergence on the vector lattice S does not satisfy Urysohn’s axiom
(cf. e.g., [13], Chap. III, §9).

Both the systems Conv G and conv G are partially ordered by inclusion.

For each @ € conv G there exists a uniquely determined element a* of ConvG
such that a < «* and whenever f € ConvG with a < 3, then o* < 8. Hence the
intersection of the interval [a, a*] of conv G with the system Conv G is a one-element
set.

Sample results:

For each cardinal m there exist an f-group H and a« € conv H such that
card[a, @*] > m.

The following conditions are equivalent:

(i) convG = ConvG; (i) cardConvG = 1.

Let conv G # ConvG. Then the set convG \ Conv G is infinite. Moreover, if the
breadth of G is infinite, then

card(conv G \ Conv G) > 2%.

*) Supported by SAV grant 362/91.
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A constructive description of atoms of Conv G was given in [7]. It will be proved
below that there are no atoms in conv G.

The system conv G is a lower semilattice, but it need not be a lattice. If a, is the
o-convergence on G and 8 € conv G, then the join a, V 3 does exist in convG. If G
is (R, 2)-distributive, then conv G is a complete lattice.

The system Conv G is in a certain sense a closed subset of conv G (cf. 2.9). Each
interval of conv G is a Brouwerian lattice. For the corresponding dual infinite dis-
tributive law the following negative result will be proved. Let the breadth of G
be infinite and suppose that G is archimedean, orthogonally complete and divisible;

then there are o, (n € N) and 3 in Conv G such that both the elements SV ( A ay)
neN
and A (B V ay) do exist in convG (and in Conv G), but these elements fail to be
neN
equal.

1. PRELIMINARIES

Let G be an £-group. Next, let ¢ € G and (g9,) € GV. If g, = g for each n € N,
then we write (g,) = constg. For (h,) € GN we set (h,) ~ (gn) if there is m € N
such that h,, = g,, for each n € N with n > m.

Let o be a subset of the semigroup (GN)*. Consider the following conditions for
the set a:

(1) If (gn) € a, then each subsequence of (g,) belongs to .
(I1) Let (gn) € (GN)*. If each subsequence of (g,) has a subsequence belonging to
a, then (g,) belongs to a.
(I') Let (9s) € a and (h,) € (GN)*. If (h,) ~ (gn), then (h,) € .
(IIT) Let g € G. Then const g belongs to « if and only if g = 0.

The system of all convex semigroups a of (GV)* which satisfy the conditions (I),
(I1) and (III) (or the conditions (I), (II’) and (III)) will be denoted by Conv G (or
conv G, respectively). (Cf. e.g., [10], Section 1.) It is obvious that Conv G C conv G.

For (9,) € GN, g € G and a € conv G we put g, — ¢ if and only if (|gn—g|) € a.

Let a(o) be the set of all sequences (gn) in Gt having the property that there is
(hn) € (GN)* such that (i) hny1 > hy, is valid for each n € N; (i) A h, = 0; (iii)

N

there is m € N such that h,, > g, for each n € N with n > m. ("IIFhen we clearly
have a(0) € convG.) The set a(o) will be said to be the o-convergence in G.

As we have already remarked above, a(0) need not belong to Conv G.

Both Conv G and conv G are partially ordered by inclusion.

For a; and aj in conv G with a; < a we denote by [aj, as] the corresponding
interval of convG. Let a(d) be the set of all (gn) € (GN)* such that the set
{n € N:g, # 0} is finite. Then a(d) is the least element of both ConvG and
conv .
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Let a € convG. We denote by a* the set of all elements (g,,) of (GV)* such that
each subsequence of (¢g,) has a subsequence belonging to a. Clearly o C a*.

Lemma 1.1. Let € convG. Then o* € ConvG. If 8 € ConvG and 8 > «,
then B > o*.

Proof. The first assertion is a consequence of [5], Theorem 2; the latter is
obvious. O

Remark 1.2. In[12] the author studied several types of kernels in a convergence
£-group, where “convergence ¢-group” denoted an ¢-group with a fixed convergence
belonging to Conv G. Nevertheless, the condition (II) was not applied and thus the
results and their proofs are valid also in the case when the convergence under con-
sideration belongs to convG. [In the original version (which concerns convergences
belonging to Conv G), Lemma 4.1 is to be cancelled; namely in the proof of this
lemma the notion of o-convergence was used. Lemma 4.1 was not applied in the
proofs of further results of [12].]

2. THE PARTIALLY ORDERED SYSTEM convG

Again, let G be an £-group. If {e;}er is a nonempty system of elements of conv G,
then the set [ «; is nonempty and satisfies the conditions (I), (II’) and (III). Hence
we have iel

Proposition 2.1. Let X # @ be an upper-bounded subset of convG. Then X is

a complete lattice. If {c;}ier is as above, then (| a; = A «; is valid in conv G.
i€l i€l

We recall the following notation (cf. [5], Section 2).

Let @ # A C (GV)t. We denote §A — the set of all (g,) € (G¥)* such that (g,)
is a subsequence of some sequence belonging to A;

(A) — the set of all (g,) € (GV)* having the property that there exist k € N and
(9%),(g2),...,(g¥) € A such that g, < gL + g2 + ...+ gk holds for each n € N;

[A] — the set of all (gn) € (GN)* having the property that there exists (h,) € A
such that g, < hy, is valid for each n € N.

Now, let A° be the set of all (g,) € (GN)* that there exists (h,) € A with

(9n) ~ (hn).

Lemma 2.2. Let 0 # A C (GN)*. Put B = [(§A)], Bi = B°. Then
(i) B= 6B = (B), and
(it) By = BY = 6B, = (By).

Proof. (i) is a consequence of 1.15 in [6]. It is obvious that §(A°) = (6A4)°,
(A°) = (A)° and [A°] = [A]°. Hence (i) implies that (ii) holds. a
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From the definition of conv G and from 2.2 we immediately obtain:

Proposition 2.3. Let @ # A C (GN)*. Put B = [(6A)]°. If there exists
0 # g € G such that const g € B, then there is no a € convG with A C a. If there
is no element g € G such that ¢ # 0 and constg € B, then B € conv G; moreover,
whenever a € convG and A C «, then B C a.

Next, 1.1 yields:

Lemma 2.4. Let § # A C (GN)*. Then the following conditions are equivalent:
(i) There exists o € Conv G with A C a.
(i1) There exists # € convG with A C 3.

Proposition 2.5. There exists an f-group G such that the partially ordered set
conv G fails to be a lattice.

Proof. In[6], Example 7.6, it was proved that there exists an f-group G having
the property that there are a; and a2 in Conv G such that whenever o € Conv G,
then a7 U ag fails to be a subset of . Now from 2.4 we obtain that whenever
B € conv G, then a; U a, fails to be a subset of 3. Therefore the join a; V ay does
not exist in conv G. a

By appliyng 2.1, 2.4 and proceeding analogous by as in [5], Theorem 2.6 we obtain:

Proposition 2.6. The following conditions are equivalent:
(1) conv G is a lattice.

(i1) conv G is a complete lattice.

(iii) conv G has a greatest element.

Lemma 2.7. Let {a;}icr be a nonempty subset of convG. Put A = |J a; and
‘B = [(8A)]. Then the following conditions are equivalent: iel
(i) B € convG.
(ii) B=V «ai.
i€l
Proof. The implication (ii) = (i) is obvious. Clearly A° = A. Thus, 2.2 and
2.3 yield that (i) = (ii) is valid. 0

From 2.1, 2.4, 2.7 and [5], 2.1, 2.2 and 2.5 we obtain:

Proposition 2.8. Let {a;}ic1 be a nonempty subset of ConvG.
(a) The meet of the system {a;i}ics in ConvG coincides with the meet of this

system in conv G.
(b) The join of the system {a;}ier in Conv G exists if and only if the join of this
system in conv G exists, and in this case these joins coincide.
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If @ € convG and H is an £-subgroup of G, then we put
a[H] = an (HV)*.

It is obvious that a[H] € conv H.

Example 2.9. Consider the vector lattice S (cf. [13], p. 79-80). Let m be a
cardinal and let I be a set with card I > m. Next, let G; = S for each i € I. We
denote by G the direct sum ) G;.

iel

Let 1 € I. For g € G let g; be the component of g in G;. We denote by «; the set
of all (gn) € (GN)* having the property that there exists m € N such that (gni)nym
belongs to the set a(0)[G;], and for each j € I with j # i, the sequence (gnj)npm
belongs to the set a(d)[G;]. From 2.9 we infer o;; € conv G and that, whenever (1)
and i(2) are distinct elements of I, then ;1) # a;(2). Next, it is easy to verify that
o consists of all (h,) € (GV)* having the property that there exists m € N such
that (hn)n>m belongs to a(0)*[G;], and for each j € I with j # i, the sequence
(hnj)nym belongs to a(d)[Gj].

Now let a be the set of all (z,) € (GN)* which satisfy the following condition:
there exist m € N and a finite subset I of I such that (zni)nym € a(0)[Gi] if i € I,
and (zni)n>m € a(d)[G;] otherwise. Then in view of 2.3 we have o € conv G. Next,
o; < o and o < a Vaj for each i € I. Thus a V af < a* for each ¢ € I. If i(1) and
i(2) are distinct elements of I, then « Vajy #aV @j(z)- This yields that the power
of the interval [a, a*] of conv G is greater or equal to card I > m.

Lemma 2.10. The following conditions are equivalent:
(i) Conv G has a greatest element;
(i1) conv G has a greatest element.

Proof. This is an immediate consequence of 1.1. a

Proposition 2.11. Assume that the f-group G is (R,,2)-distributive. Then
conv G is a complete lattice.

Proof. In view of [12], ConvG is a complete lattice. Hence according to 2.10,
conv G has a greatest element. Now 2.6 implies that convG is a complete lattice.

O
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3. LATTICE ORDERED GROUPS HAVING FINITE BREADTH

A subset A of G* is said to be disjoint if a; A a; = 0 whenever a; and a; are
distinct elements of A. If G has an infinite disjoint subset, then we say that the
breadth of G is infinite; otherwise G is said to have a finite breadth.

Lemma 3.1. Let G be a linearly ordered group, a € convG, a > a(o). Then
a = afo).

Proof. The case a = a(d) being trivial we can suppose that o > a(d), hence
there exists (g9n) € a such that g,1) # gn(2) whenever n(1) and n(2) are distinct
elements of N. Let 0 < ¢ € G. Proposition 2.3 yields that the set {n € N: g, > g}
is finite. Thus for each n € N there is m(n) € N such that

gm(n) = max{g;:t € N and t > n}.

If n(1) and n(2) are positive integers with n(1) < n(2), then gm(n(1)) = Im(n(2))- By
applying 2.3 again we get that A gm(n) = 0. Thus (g,) € a(o) and hence o < a(0).
neEN

Therefore in view of the assumption we have a = a(0). o

Lemma 3.2. Let G; and G be £-groups, a; € convG; (i = 1,2) and G = G xGs.
For g € G let ¢* (i = 1,2) be the component of g in G;. Let o be the set of all
(94) € (GN)* having the property that there exists m € N such that (g )n>m € a;
(i =1,2). Then a € conv G and the mapping (o1, a3) — a is an isomorphism of the
partially ordered system conv(Gy x G2) onto convG.

Proof. This can be verified by using 2.3 and applying analogous steps as in
[4]. Section 4. O

Similarly, from 2.3 and by applying the same procedure as in the proof of [4],
Section 5, we obtain:

Lemma 3.3. Let G and H be {¢-groups such that G is a lexico extension of H.
Let o € Conv H. Next, let 3 be the set of all (9,) € (GN)* having the property that
there exists m € N such that (gn4+m)nen belongs to a. Then § € convG and the
mapping o — 3 is an isomorphism of the partially ordered set conv H onto conv G.

Lemma 3.4. (a) Let G1, G2 and G be as in 3.2. Let «; be the o-convergence on
Gi (1 =1, 2). Next, let a be as in 3.2. Then « is the o-convergence on G.

(b) Let G and A be as in 3.3 and let o be the o-convergence on H. Next, let 3 be
as in 3.3. Then B is the o-convergence on G.

The proof is easy.
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It is well-known that each ¢-group having a finite breadth can be built up from
a finite number of linearly ordered groups by forming direct products and lexico
extensions (cf. [1], [2]). Next, if G is a linearly ordered group, then a(0) € ConvG.
Thus Lemmas 3.1-3.4 and [4], Theorem 3.9 yield:

Proposition 3.5. Let G be an {-group having a finite breadth. Then convG =
ConvG.

Lemma 3.6. Let G be an {-group having a finite breadth. Then G is comletely
distributive.

Proof. This is an easy consequence of the fact that each interval [u,v] of G
with u < v has a subinterval [u;, v;] such that u; < v; and [u;, v1] is linearly ordered.
O

Propositon 3.7. Let G be an £-group having a finite breadth. Then convG is a
complete lattice.

Proof. It suffices to apply 2.12 and 3.6. a

4. THE SYSTEM convG \ ConvG

- The main results of this section concern the case when the breadth of G is finite.
Let (z,) € (GN)*, A= {(z4)}. If a = [(6A4)]° and a € conv G, then in view of
2.3, a is the least element of conv G which contains (z,). In this case a will be said
to be a principal convergence generated by the sequence (z,).
The following assertion is obvious.

Lemma 4.1. Let a be an atom of convG. Then « is a principal convergence
generated by each sequence (z,,) € a with (z,,) ¢ a(d)(G).

Lemma 4.2. Let (z,),(yn) € (GN)*, 2, > 2,41 for each n € N. Put A =
{(zn)}. Then the following conditions are equivalent:

(1) There are positive integers ky and m such that ym4n < k12, for eachn € N.

(i) (va) € [(64)]°.

Proof. The implication (i) = (ii) obviously holds. Assume that (ii) is valid.
Then there exist subsequences (z1), (22), ..., (2!) of (z,) and positive integers k
and m such that

Ymin S k(zp + 25 + ...+ 27)
is valid for each n € N. Since z}, < z, for j = 1,2, ..., t we infer that (i) holds. O
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Corollary 4.2.1. Let o be a principal convergence in G which is generated by
a strictly decreasing sequence (z,). Let (y,) € a. Assume that (y,) is strictly
decreasing. Let m and ky be as in 4.2. Then the set

{n € N:ys <kiz,}

is infinite.

Proof. Letn € N, n > m. Then y2n < Ym4n, in view of 4.2 the relation
Yon < k12, is valid. O

Lemma 4.3. Assume that G is linearly ordered. Let o € conv G, a # a(d). Then
there exists (z,) € o such that z, > z,4, for eachn € N,and A z, =0.
neN
Proof. Since o # a(d) there is (yn) € a such that y, # 0 for each n € N.
Denote z, = y1 Aya A...Ayn. Hence 0 < 2, < yn for each n € N; thus (2,) € a.
According to 2.3, for each n € N there is m € N with m > n such that z,, < z,.
Thus there is a subsequence (z,) of (z,) such that z, > z,4; for each n € N.

Clearly (z,) € a. Hence A z, =0. O
neN

Lemma 4.4. Let o € conv G and let (z,) be a strictly decreasing sequence be-
longing to a. Then « fails to be an atom in convG.

Proof. By way of contradiction, suppose that « is an atom of conv G. From

(zn) € a we infer that A z, = 0. Next, a is a principal convergence generated by
neN
(zn). We construct by induction a subsequence (t,) of (z,) as follows.

We put ¢; = z;. Suppose that t, ts, ..., t,, are already defined. From A z, =0
neN
we obtain A (m + 1)z, = 0. Hence there is n(1) € N such that z,;) < t,, and
neN
(m+ 1)zn1) £ Tam41)- We put tmy = za(1)-
The relation zo(m41) € (m + 1)t;n41 is valid for each m € N. Hence if k; € N,
m € N and m+ 1> ky, then

Tom+1) % k1tms1-
In view of 2.3 there exists a principal convergence @ which is generated by (¢,).

Clearly (t,) € a and hence § < a. Next, according to 4.2.1 the sequence (z,) does
not belong to 8. Hence § < «, which is a contradiction. 0

Lemma 4.5. Let G be a linearly ordered. Then conv G has no atom.

Proof. Thisis a consequence of 4.3 and 4.4.
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In the remaining part of the present section we assume that G is a nonzero £-group
having a finite breadth. Thus (cf. [1] or [2]) there are nonzero linearly ordered convex
¢-subgroups Gy, G2, ..., Gm of G such that

(i) if H # {0} is a convex linearly ordered subgroup of G, then there is a uniquely
determined ¢ € {1,2,...,m} such that H C Gj;

(i) if 0 < g; € G; for each i € {1,2,...,m}, then {g1,92,...,9m} is a maximal
disjoint subset of G.

Let {g1,92,-..,9m} be a fixed subset of G with the property as in (ii). 0O

Lemma 4.6. Let a be a principal element of conv G which is genetated by (z,),
a # afd). Then there are i € {1,2,...,m} and (y») € a such that 0 < y, € G; for
eachn € N.

Proof. Letie€ {1,2,...,m}. Denote z{, = z,, A g;. In view of the condition
(ii) above we conclude that for some i, the set {n € N: zi, # 0} is infinite. Hence
for this i, there is a subsequence (y,) of (z%) having the desired properties.

Fori € I = {1,2,...,m} and B € convG; we denote by f(3) the set of all
sequences (vn) in Gt which have the following property: there exists m € N (de-
pending on (v,)) such that the sequence (v, A gi)n>m belongs to 3, and v, Agj =0
whenever n < m and j € I'\ {i}. O

The following lemma is an obvious consequence of 2.3.

Lemma 4.7. Let i € I; next, let #, and B, be the elements of conv G;. Then
f(Bi) € convG. If B < B, then f(B1) < f(B2).

Lemma 4.8. Let G be an ¢-group of a finite breadth. Then conv G has no atom.

Proof. By way of contradiction, suppose that « is an atom of conv G. Hence
«a is principal. Let (z,) and (yn) be as in 4.6. Then there is a principal element 8
of conv G; which is generated by (y,). Hence f(8) < a and a(d) # f(B). Since a
is an atom we infer that o = f(f). Also, 3 fails to be the least element of conv G;.
Thus according to 4.5 there is §; € conv G; with 8; < 8. In view of 4.7 we obtain
that f(81) € convG and f(B2) < a, which is a contradiction.

Let us remark that the above lemma will be sharpened in Section 5 below. O

Corollary 4.9. Let G be an £-group having a finite breadth. Assume that
card Conv G > 1. Then the set conv G \ Conv G is infinite.

Proof. According to [4], Theorem 6.5, the set Conv G is finite. Next, in view
of card Conv G > 1 there is o € Conv G with a # a(d). Hence the assertion follows
from 4.8. a
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Lemma 4.10. Let G be an £-group having a finite breadth. Then the following
conditions are equivalent:

(i) card ConvG = 1.

(ii) The set conv G \ Conv G is finite.

Proof. The implication (ii) = (i) is obvious. Let (i) be valid. By way of
contradiction, suppose that card convG > 1. Hence there is @ € convG with o #
a(d). Without loss of generality we can assume that « is principal. Let (z,) and
(yn) be as in 4.6. There exists 3 C conv G; such that (y,) € 8. Hence according to

4.3 there is (t,) € (GN)* such that ¢, > t,4; foreach n € N and A t, = 0. By
neN

applying [5], Theorem 2.2 we get the ConvG # {a(d)}, which is a contradiction.
O

Lemma 4.11. Let G be an £-group of finite breadth. Then the following condi-
tions are equivalent:

(i) card Conv G > 1.
(i1) The set conv G\ Conv G is infinite.

Proof. Thisis a consequence of 4.9 and 4.10. a

5. THE CASE OF £-GROUPS HAVING INFINITE BREADTH

We denote by D the system of all sequences (z,) € (GN)* which satisfy the
following conditions:

(i) zn > 0 for each n € N;

(i1) o A 2 = 0 whenever n and m are distinct positive integers.

Hence D # 0 if and only if the breadth of G is infinite.

From [4], Theorem 7.3 we obtain

Lemma 5.1. Let (z,) € D. Then there exists o € Conv G such that (z,) € a.

Lemma 5.2. Let (z,) € D, A= {(z4)}. Then [(6A4)]° € convG.
Proof. Thisis a consequence of 5.1 and 2.3. O
Let (z,) € D. Denote

Y1 =7y, s

Y2 = Y3z = T2

Y4 = Ys = Y6 = I3;
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Lemma 5.3. Let (z,), (yn) and A be as above. Then (y,) does not belong to
[(64)]".

Proof. By way of contradiction, assume that (y») belongs to [(64)]°. Hence
there exist subsequences (z1), (z2), ..., (z7) of (z,) and positive integers k, k;, m
such that '

¥n < ki(en + 25+ ...+ 23)

is valid for each n € N with n > m.

Let n € N be such that n > m and n > 2. Then y, = z,(1) for some n(1) < n.
Hence y, Azl = 0 for each j € {1,2,...,k} and therefore y,, £ k1(z1+2z2+...+zF),
which is a contradiction. O

Lemma 5.4. Let (z,) and A be as above. Then [(6A)]° does not belong to
Conv G.

Proof. Let (y,) be as above. Each subsequence (z,) of (y,) has a subsequence
(tn) such that (t,) is a subsequence of (z,), whence (t,) € [(64)]°. On the other
hand, in view of 5.3 the sequence (y,) does not belong to [(64)]°. Hence [(6A)]°
fails to be an element of Conv G. O

Lemma 5.5. Let (z5) and (z.,) be sequences belonging to D. Assume that z, A
z,, = 0 whenever n and m are positive integers. Let A = {(zn)}, A’ = {(z1)}.
Then [(64))° # [(64)]°.

Proof. By an obvious verification. a

If G has infinite breadth, then there exist () in D (m = 1, 2, ...) such that
z:nm((ll)) A :c:'(%) = 0 whenever m(1) and m(2) are distinct positive integers and n(1),
n(2) are arbitrary positive integers. Hence 5.4 and 5.5 yield

Proposition 5.6. Let G be an {-group with infinite breadth. Then the set
conv G \ Conv G is infinite.

This result can be slightly sharpened if we apply the following argument. Let
(zI") be as above. For @ # M C N let ap be the convergence which is generated by
the S(M) = {(::,',")}meM, ie., ap = [(6S(M))]°. (From 2.3 we infer that, in fact,
ap € conv G.) Next, if M; and M, are nonempty subsets of N with M; # M>, then
apm, # apm,. Moreover, analogously as in 5.5 we have ap ¢ Conv G.

Thus we obtain

Theorem 5.6.1. Let G be an f-group with infinite breadth. Then card(conv G\
Conv G) > 2%e,

From 5.6 and 4.11 we obtain
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Corollary 5.7. Let G be an {-group. Then either (i) convG = Conv G, or (ii)
the set conv G\ Conv G is infinite. The condition (i) is valid if and only if Conv G is
a one-element set.

The following assertion is easy to verify.

Lemma 5.8. An f-group G has a finite breadth if and only if there exists a finite
set M = {a1,as,...,am} in G such that M is a maximal disjoint subset of G and
each interval [0, a;] (i € {1,2,...,m}) is a chain.

Let us denote by S(G) the set of all z € Gt such that the interval [0,z] of G is a
chain, and whenever (z,) is a sequence of elements in [0, z] with z,, > z,4; for each

n € N, then the relation A z, = 0 fails to hold.
neN

Proposition 5.9. Let G be an ¢-group. Then convG = Conv G if and only if
there exists a finite subset S; of S(G) such that S, is a maximal disjoint subset of

G.

Proof. The case G = {0} is trivial; suppose that G # {0}.

Assume that conv G = Conv G. Hence in view of 5.6, the breadth of G is finite.
Thus there exists a set M with the properties as in 5.8. Put Sy = M. Let i € I
and suppose that a; does not belong to S(G). Then there exists a strictly decreasing

sequence (zp) in [0, a;] such that A z, = 0. There exists a € Conv G with (z,,) € a.
neN
Clearly (z,,) ¢ a(d), whence a # a(d), which contradicts 5.7. Therefore S; C S(G).

Conversely, assume that there is a finite subset S| = {g1,...,9m} of S(G) such
that S; is a maximal disjoint subset of G. By 5.8 the breadth of G is finite. By
virtue of 3.5 the relation conv G = Conv G is valid. O

Again, let (z,) € D. Put 2z, = z2, for each n € N. We denote by o and 3 the
elements of conv G generated by (z,) and (z,), respectively. Using this notation we
have the following lemma.

Lemma 5.10. 8 < ca.
Proof. Since (z,) is a subsequence of (z,), the relation (z,) € a holds. Thus

B < a. By way of contradiction, suppose that 8 = a. Then there are k,k;,m € N

and subsequences (z}), (22), ... (z¥) of (2,) such that

T, k(2 422 4.4 2F)

is valid for each n € N with n > m. But the relation (z,) € D implies that if n is
odd, then this relation cannot hold. O
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Corollary 5.11. Let o € conv G. Assume that a contains a sequence belonging
to D. Then « fails to be an atom of conv G.

Lemma 5.12. Let @ € convG, a # a(d). Then at least one of the following
conditions is valid:

(i) « contains a strictly decreasing sequence.

(i1) a contains a sequence belonging to D.

Proof. Assume that (i) does not hold. We have to verify that (ii) is valid.
Since a # a(d) there exists (z,) € a such that z,, > 0 for each n € N. We construct
a sequence (y,) as follows.

When defining y; we distinquish two cases.

(a) First, suppose that the set {n € N: z; Az, = 0} is infinite. Then we put
y1 = z;. Further, for constructing y,, ys, ... we apply the subsequence of (z,)
consisting of those z,, which satisfy the condition z; Az, = 0.

(bl) Suppose that the set {n € N: z; A z, = 0} is finite and that the interval
[0,z;] is a chain. Then by the same argument as in the proof 4.3 we can verify
that there exists a strictly decreasing subsequence of the sequence (z; A z,) such
that all elements of this subsequence belong to the interval [0, z;]. This subsequence
obviously belongs to «, which is a contradiction.

(b2) Assume that the set {n € N: 21 Az, = 0} is finite and that the interval [0, z,]
fails to be a chain. Hence there are elements z,; and z,5 such that 0 < z;; < z; is
valid for 1 = 1,2 and z;; A 212 = 0.

If the set {n € N: z11Az, = 0} is finite, then we put y; = z; and for constructing
Y2, Y3, - . . we apply the sequence consisting of those =1, Az, which are distinct from 0.

If the set {n € N: z;; Az, = 0} is infinite, then we put y; = z,; and for
constructing y2, y3, ... we apply the sequence consisting of those z,, which satisfy
the condition z,; Az, = 0.

The next induction step is obvious. In this way we arrive at a sequence which
belongs to a N D. )

Theorem 5.13. The partially ordered set conv-G has no atom.

Proof. Thisis a consequence of 5.12, 5.11 and 4.4. a
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6. INFINITE DISTRIBUTIVE LAWS

In this section we shall investigate the question whether the infinite distributive
laws must be valid in conv G.
Let a;(i € I) and S be elements of conv G.

Lemma 6.1. Assume that \/ «; does exist in conv G. Then both BA(\/ a;) and
i 134
V (B A ;) exist in conv G and ‘
i€l

(1) sa(Veai)=VEAra).

iel i€l

Proof. In view of 2.1, the element v = B A (\ «;) exists in convG. Clearly
tGI

B Aa; < v for each i € I. Hence V(B A a;) exists in convG and V(B A o;) <

' i€l iel
Let (z,) € . Thus (z,) € f and in view of 2.7 there are i(1), #(2), ..., :(m) in
I, (¥k) € aiqa), .-+ (UT') € @ipm) such that z, < yh +¥2 + ...+ y7 is valid for
each n € N. Hence there are elements zJ in G with 0 < 24, < ¢, i =1,2, ...,
m; n=1,2,...) such that z, =z} + 22 + ...+ z™ for each n € N. Then (z) € 8
for j=1,2,...,m and hence (z,) € \V (B A a;). Thus the relation (1) holds. O

i€l

In view of 2.8 we obtain

Corollary 6.2. Let a; (i € I) and B be elements of Conv G such that \/ a; does
i€l
exist in Conv G. Then the relation (1) is valid in Conv G.

Corollary 6.3. FEach interval of conv G is a Brouwerian lattice.

Corollary 6.4. (Cf. [5], Theorem 2.5.) Each interval of Conv G is a Brouwerian
lattice.

Proposition 6.5. Let G be a lattice ordered group of infinite breadth. Assume
that G is orthogonally complete and divisible. Then there are f and a, (n € N) in
Conv G such that both BV ( A\ a,) and /\ (B V an) do exist in Conv G, but these
elements fail to be equal. "€V

For proving this we need some auxiliary results.

For a nonempty subset A of (GN)t we denote by A* the system of all (z,) €
(GN)* such that for each subsequence (yn) of (z,) there exists a subsequence (z5)
of (yn) with (z,) € A.

We shall apply the following (slightly modified) version of 2.3. (Cf. also [4].)
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Proposition 6.6. Let A be a nonempty subset of (GV)*.

(i) If there is 0 # g € Gt such that const g € [(6A)]‘, then there is no a € Conv G
with A C a.

(ii) If there is no element g € G with g # 0 such that constg € [(§A4)]", then
[(64)]" € Conv G and whenever a € Conv G with A C o, then a D [(64)]".

If the condition from (ii) is satisfied, then A is said to be regular and the system
[(5/1)] * is called the convergence in Conv G which is generated by A. If, moreover,
A = {(zn)} is a one-element set, then (z,) is said to be regular.

Now assume that G has an infinite breadth and that G is orthogonally complete,
divisible and archimedean.

There exists (z,) in (GV)* such that (z,) € D. Next, because G is orthogonally
complete, for each t € N there exists ys = Vz,(n € N, n > t).

For each fixed t € N we consider the sequence (1yy).

Lemma 6.7. Let t € N. Then the sequence (1y) is regular.

Proof. This is an immediate consequence of 6.6 and of the fact that G is
archimedean.

In view of 6.7 there exists ay € Conv G such that o is generated by the sequence
('ljyg) in ConvG. (m]

The above Lemmas 6.8 — 6.11 are also consequences of 6.6.

Lemma 6.8. Lett € N. Next, let 0 < a € G, a Ay, =0 and (u,) € a;. Then
there is m € N such that a Au, = 0 for each n € N withn > m.

Corollary 6.8.1. A a, = a(d).
neN

Fort € N weput zz = 23 Vza2V...Vz:. Let A be the system of all sequences
(%z,)neN, where t runs over N.
Lemma 6.9. The set A is regular.

According to 6.9 there exists # € Conv G which is generated by A in ConvG.

Lemma 6.10. Let (v,) € . Then there are m(1) and m(2) € N such that,
whenever n € N, n > m(1) and 0 < a € G, a Az, = 0 for each m < m(2), then
v, Aa=0.

Put z= \/ z,. From 6.10 we infer
neN

Corollary 6.10.1. The sequence (%z) does not belong to f.
Lemma 6.11. Lett € N. Then the set AU a; is regular.
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Corollary 6.12. Lett € N. Then the join 8V a; does exist in Conv G.

Lemma 6.13. Lett € N. Then (;ll—x) €LV ay.

Proof. We have z = 2t + y. Next, (1z) € § and (y‘-;y,) € oy. Therefore
(%:c,,) € ,BVag. - a

Proof of 6.5. In viev of 6.13 the relation (%z) € A (BV ) is valid. Next,
iEN

6.8.1 yields that BV ( A @) = B. Thus according to 6.10.1 the sequence (1z,) does
teN
not belong to BV ( A a:), which completes the proof. o
teN

Finally, 6.5 and 2.8 yield:

Corollary 6.14. In 6.5, the set Conv G can be replaced by conv G.

References

[1] P. Conrad: The structure of a lattice-ordered group with a finite number of disjoint
elements, Michigan Math. J. 7(1960), 171-180.
[2] L. Fuchs: Partially ordered algebraic systems, Pergamon Press, Oxford, 1963.
[3] M. Harminc: Sequential convergence on abelian lattice-ordered groups, Convergence
structures 1984. Matem. Research, Band 24, Akademie Verlag, Berlin, 1985, pp. 153-158.
[4] M. Harminc: The cardinality of the system of all convergences on an abelian lattice
ordered group, Czechoslov. Math. J. 87 (1987), 533-546.
[5] M. Harminc: Sequential convergences on lattice ordered groups, Czechoslov. Math. J.
39 (1989), 232-238.
[6] M. Harminc: Convergences on lattice ordered groups, Disertation, Math. Inst. Slovac
Acad. Sci., 1986. (In Slovak.)
[7] M. Harminc, J. Jakubik: Maximal convergences and minimal proper convergences in
£-groups, Czechoslov. Math. J. 39 (1989), 631-640.
[8] J. Jakubik: Konvexe Ketten in £-Gruppen, Casop. pést. matem. 84 (1959), 53-63.
[9] J. Jakubik: Convergences and complete distributivity of lattice ordered groups, Math.
Slovaca 38 (1988), 269-272.
[10] J. Jakubik: On some types of kernels of a convergence £-group, Czechoslov. Math. J. 39
(1989), 239-247.
[11] J. Jakubik: Lattice ordered groups having a largest convergence, Czechoslov. Math. J.
39 (1989), 717-729.
[12] J. Jakubik: Convergences and higher degrees of distributivity of lattice ordered groups
and of Boolean algebras, Czechoslov. Math. J. 40 (1990), 453-458.
(13] B. 3. Byauz: Beeaenne B TeopHIO NOJNyyNOpAAOYEHHEX npocTpancTB, Mocksa, 1961.

Author’s address: Matematicky dstav SAV, dislokované pracovisko v Kosiciach, Gresa-
kova 6, 040 01 Kosice, Czechoslovakia.

116



		webmaster@dml.cz
	2020-07-03T08:40:01+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




