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APPROXIMATION OF ENTIRE FUNCTIONS
OF SLOW GROWTH ON COMPACT SETS

G. S. SRIVASTAVA AND SUSHEEL KUMAR

ABSTRACT. In the present paper, we study the polynomial approximation
of entire functions of several complex variables. The characterizations of
generalized order and generalized type of entire functions of slow growth have
been obtained in terms of approximation and interpolation errors.

1. INTRODUCTION

The concept of generalized order and generalized type for entire transcendental
functions was given by Seremeta [5] and Shah [6]. Hence, let L° denote the class of
functions h(z) satisfying the following conditions:

(i) h(z) is defined on [a, 00) and is positive, strictly increasing, differentiable and
tends to oo as z — oo,

R+ 1/9()}a]
(i) Jim h(z)

T — 00.
Let A denote the class of functions h(z) satisfying conditions (i) and

) lim 1)
() 1 L

= 1 for every function ¢ (z) such that ¢(z) — oo as

=1 for every ¢ > 0, that is h(z) is slowly increasing.

For an entire transcendental function f(z) = > bp2", M(r) = lmlax |f(2)] and
n=1 Z|=r

functions a(x) € A, B(z) € LY, the generalized order is given by

o allog M(r)]
pla, B, f) = h?iigp W

Further, for a(z), 371(z) and v(z) € L?, generalized type of an entire transcen-
dental function f(z) is given as
. allog M (r)]
O—(avﬁapvf) = hmsupi )
Al (r)}7]

T™—00
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where 0 < p < 00 is a fixed number.
Let g: O — O, N > 1, be an entire transcendental function. For z = (21, 22, ...,2x) €
CN, we put

S(r,g) =sup {lg(2)] : |1’ + [z + -+ [en[> =17}, 7 >0.

Then we define the generalized order and generalized type of g(z) as

. allog S(r,g)]
pla, B,g) = llgb;ip ~Blogr)

and
. allog S(r, g
o(a, B3, p,g) = limsup W .
Let K be a compact set in CV and let || - || denote the sup norm on K. The

function @ (2) = sup (|p(z)[*/™ : p— polynomial, degp < n, ||p|[x <1, n € N),

z € CY is called the Siciak extremal function of the compact set K (see [2] and
[3]). Given a function f defined and bounded on K, we put for n =1,2,...

Eo(f,K) = [If = tallx;
Er(f,K) = If = lnllx;
E?H—l(fv K) = ||ln+1 - lnHK§

where t,, denotes the n'® Chebyshev polynomial of the best approximation to f on
K and 1,, denotes the n'" Lagrange interpolation polynomial for f with nodes at
extremal points of K (see [2] and [3]).

The generalized order of an entire function of several complex variables has
been characterized by Janik [3]. His characterization of order in terms of the above
errors has been obtained under the condition

-1
(1.1) B~ lea@)) . ps g,
d(log x)
Clearly is not satisfied for a(x) = (). Thus in this case, the corresponding
result of Janik is not applicable. In the present paper we define generalized order
and generalized type of entire functions of several complex variables in a new way.
Our results apply satisfactorily to entire functions of slow growth and generalize
many previous results.
Let Q be the class of functions h(z) satisfying conditions (i) and

(iv) there exist a function 6(z) € A and constants g, ¢; and ¢z such that

d{h(z)}

0 < — 72 < for all .
<c = d{5(og )} <ecy<oo forall x>z

Let Q be the class of functions h(x) satisfying (i) and

(v) mlinéom2637 0 < c3 < 0.
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Kapoor and Nautiyal [4] showed that classes €2 and Q are contained in A and
QN = ¢. They defined the generalized order p(a, ., f) for entire functions as

p(a,a,f) = lim SupM

=00 a(logr) 7

where a(x) either belongs to Q or to Q. Ganti and Srivastava [I] defined the
generalized type o(q, «, p, ) of an entire function f(z) having finite generalized
order p(a, a, f) as

log M
o(a,a,p, f) = lim sup M

2. MAIN RESULTS

Theorem 2.1. Let K be a compact set in CN. If a(x) either belongs to Q or to
then the function [ defined and bounded on K, is a restriction to K of an entire
function g of finite generalized order p(«, ., g) if and only if

pla, a, g) = lim sup a(n)

. s=1,2,3.
n—oo a{—L1logEs(f,K)} °

Proof. Let g be an entire transcendental function. Write p = p(«, , g) and
. a(n)
0s = limsup ————————~

Here E; stands for EfL(g\K,K), s =1,2,3. We claim that p =64, s =1,2,3. It is
known (see e.g. [7]) that

;0 s=1,2,3.

(2.1) E!}) <E2<(n.+2E., n>0,
(2.2) E3<2n,+2)E! |, n>1,

where n, = (":N ) Using Stirling formula for the approximate value of

nl e "n"t/2\/or

we get n, ~ "TN, for all large values of n. Hence for all large values of n, we have

El < E? < ﬂ[1 +o(1)]E}
n ==

n

and

B < 2™ 11 1 o1 B!

Thus 63 < 0y = 61 and it suffices to prove that 6; < p < 05. First we prove that
01 < p. Using the definition of generalized order, for € > 0 and r > rq(¢g), we have
log S (r,9) < a”{pa(logr)},

where p = p + € provided r is sufficiently large. Without loss of generality, we may
suppose that

KCcB={zeON:|z>+ |2+ +|2n* < 1}.
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Then
E, < En(9,B).
Now following Janik ([3 p.324]), we get
E,(g.B)<r™"S(r.g), r=2, n=0
or
log B} < —nlogr + a_l{ﬁa(log r}.
Putting r = exp [a~*{a(n)/p}] in the above inequality, we obtain
log Ep < —nla™{a(n)/p}] +n
or
a(n)
a{l-LlogE}

Taking limits as n — oo, we get

p <7

lim sup % <p.
n—oo ~n logE}l}
Since € > 0 is arbitrary small. Therefore finally we get

Now we will prove that p < 6s. If 835 = 0o, then there is nothing to prove. So let us
assume that 0 < 63 < co. Therefore for a given € > 0 there exist ng € IV such that
for all n > ng, we have

a(n) —
= a{—%logEf’L} -
or

B < exp [ - na~{a(n)/B}]

Now from the property of maximum modulus, we have

o}

S(r,g) <Y Epr",

n=0

S(rig) < Eyr"+ > 1" exp[—na” {a(n)/0s}] .
n=0

n=no+1

Now for r > 1, we have
(2.4) S(r,g) < Apr™ + Z r" exp [ — na”{a(n)/05}],
n=no+1

where A; is a positive real constant. We take

(2.5) N(r) = a ' (fsaflog{(N + 1)r}]) .
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Now if r is sufficiently large, then from (2.4) and (2.5) we have
S(r.g) < A NS T exp [—na”Ha(n)/0s)]

no+1<n<N(r)
+ Z ™ exp [— na_l{a(n)/@}]
n>N(r)
S(r.g) < Avr™ 1M Y 7 exp [~ na™Ha(n)/8}]
n=1
(2.6) + > rmexp[—na Ha(n)/fs}].

n>N(r)

Now we have
limsup (exp[~na~{a(n)/B5}])" =0

n—oo

Hence the first series in (2.6) converges to a positive real constant As. So from

[£6) we get

S(r.g) < Ar™ + AN N 0" exp [ na”Ha(n) /65}]
n>N(r)

S(r,g) < Ayrmo 4+ AyrN () 4 Z " exp [ — nlog{(N + 1)r}],

n>N(r)

S(r,) < A+ AN 4 S (L)
n>N(r) +

27)  S(rg) < Ay 4 AgrNO) Z (m)"

It can be easily seen that the series in converges to a positive real constant
As. Therefore from (2.7)), we get

S(r,g) < Ayr™ + Agr™N() 4 Ag,
S(r,g) < AgrV ™1 +0(1)],
log S(r,g) < [1+ o(1)]N(r)logr,
log S(r,9) < [14 o(1)]a™" (B3 log{(N + 1)r}])logr,

log S(r,9) < [1+o(1)][a™{(05 + d)aflog{(N + 1)r}]}],

where d > 0 is suitably small.
Hence

allog S(r, 9)] < (65 + d)aflog{(N + 1)r}]

a[log S(r, g)]

allog ] < (05 +6) [1+0(1)].
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Proceedings to limits as » — oo, since 0 is arbitrarily small, we get
p<0s.
Now let f be a function defined and bounded on K and such that for s =1,2,3
: a(n)
0s = limsup ——————

is finite. We claim that the function
g=1lo+ Y (In—1In-1)
n=1

is the required entire continuation of f and p(«, «, g) = 0. Indeed, for every d; > 6,
a(n
a {_;(m)gEg} =
provided n is sufficiently large. Hence
ES <exp[—na Ya(n)/d}].
Using the inequalities , and converse part of theorem, we find that the

function g is entire and p(«, «, g) is finite. So by (2.3), we have p(«o, a, g) = 6;, as
claimed. This completes the proof of Theorem [2.1] O

Next we prove

dq

Theorem 2.2. Let K be a compact set in CN such that ®g is locally bounded
in CN. Set G(z,0,p) =a ' [{o a($)}1/p], where p is a fized number, 1 < p < oco.
Let a(z) € Q and %&p) = 0(1) as v — oo for all 0 < o < oco. Then the
function f defined and bounded on K, is a restriction to K of an entire function g

of generalized type o(a, o, p, g) if and only if

| a(n/p)
o(a, a, p, g) = limsu p
Py =P {Ol (p%l log[E3(f, K)rl/n)}

Before proving the Theorem [2.2 we state and prove a lemma.

s=1,2,3.

-1

Lemma 2.1. Let K be a compact set in CV such that ®x is locally bounded in
CN. Set G(z,u,\) = a‘l[{ua(x)}lﬁ‘] , where X is a fixzed number, 1 < \ < oo.
Let a(z) € Q and %&A) =0(1) as x — oo for all 0 < p < co. Let (pn)nen be
a sequence of polynomials in CN such that

(i) degp, <n, n € N;

(ii) for a given € > 0 there exists ng € N such that
A—1  _ir(l /(1)
< — - — .
Ipall < exp (= ==na”! [{ Lat/n) )

Then >0 pn is an entire function and o (o, o, N, Y07 pn) < p provided Y " pp
is not a polynomial.
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Proof. By assumption, we have

lonll k™ < r™exp ( - A ; lnof1 Hia(n/)\)}l/(/\l)]) , n>ng, r>0.

If a(z) € Q, then by assumptions of lemma, there exists a number b > 0 such that
for x > a, we have

dG(z, p, )

‘ dlogx ‘
Let us consider the function

o(x) = r¥exp ( - )\; ! ra~! H;a(x/)\)}l/o‘_l)b .

Using the technique of Seremeta [5], it can be easily seen that the maximum value
of ¢(x) is attained for a value of x given by

*(r) = Aa” H{ulaflogr —a(r)}]* '},

where
a(r) = dG(z /X, 1/p, A —1) .
dlogz
Thus
(2.8) lpnllxr™ < exp {b)\a_l[,u{a(logr + b)})‘_l]} , n>ng, r>0.

Let us write K, = {z € OV : ®x(z) <, r > 1}, then for every polynomial p of
degree < n, we have (see [3])

pa(2)] < Il @k (2), 2z € CN.

So the series Y py is convergent in every K,, r > 1, whence > >~ p, is an
entire function. Put

M*(r) = SUP{HPnHK r" :neN,r>0}.
On account of (2.8), for every r > 0, there exists a positive integer v(r) such that
M*(r) = o e 7
and
M*(r) > [lpnllx 7™, n>wv(r).

It is evident that v(r) increases with r. First suppose that v(r) — oo as r — oo.
Then putting n = v(r) in (2.8), we get for sufficiently large r

(2.9) M*(r) < exp {bAa" ' u{a(logr + b)}* ']} .
Put
Fo={zecCN:dg(zx)=7r}, r>1
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and

M(r) :sup{‘ipn(z)‘ Dz € FT}, r>1.
n=0
Now following Janik ([3] p.323), we have for some positive constant k
(2.10) S(r, i pn> < M(kr) < 2M*(2kr) .
n=0
Combining and , we get

S(r, an) < 2exp {b)\oz_l[u{a(logr + b)})‘_l]}

n=0
apx log{55(r, ntoPn)}]
“alogZhr 4 1 =K

Since a(z) € Q, we get on using (v)

. (e [IOg S(T, Zzozo pn)}
i S = llog )

or

<u
or
e
U(a)O{)A’ an) S l’l"
n=0

In the case when v(r) is bounded then M*(r) is also bounded, whence Y7 p,
reduces to a polynomial. Hence the Lemma [2.1]is proved. ([

Proof of Theorem [2.21 Let g be an entire transcendental function. Write o =
O'(Oé, Q, P, g) and

1s = lim sup a(n/p) T
n—00 {a (#log[Efl]fl/n)}
Here E? stands for E2 (g|k, K), s = 1,2,3. We claim that o = 74, s = 1,2,3. Now

following Theorem here we prove that n; < o < n3. First we prove that n; < 0.
Using the definition of generalized type, for € > 0 and r > r(g), we have

S (r,9) < exp (a7 {a(logr)}’]) ,

where & = o + ¢ provided r is sufficiently large. Thus following Theorem [2.1] here
we have

s=1,2,3.

EL <" exp (077 {a(log))?))
(2.11) E}L < exp [ —nlogr + (oz_l[ﬁ {a(log r)}p])].

Let » = r(n) be the unique root of the equation

} =7 {a(logr)}’.

[n log r
@

(2.12) ;
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Then

}1/<p—1)

(2.13) logrf:ofl{%a(n/p) =G(n/p,1/5,p—1).

Using (2.12) and (2.13) in (2.11)), we get

Bl <exp|~nGn/p,1/7,p—1) + % G(n/p,1/7,p 1),

a(n/p)

<7.
p—1 —
{a (2r10aim2) ) }
Proceedings to limits, we get
lim sup a(n/p) <7

—1
" {o (o) }
or
m<o.
Since € > 0 is arbitrarily small, we finally get

(2.14) m<o.

Now we will prove that o < 3. Suppose that 13 < o, then for every uq, 73 < 1 < o,
we have
a(n/p)

{o (G ostmrm) )

provided n is sufficiently large. Thus

E3 <exp ( - p; 1na_1 H:la(n/p)}l/(p_l)b .

Also by previous lemma, o < p;. Since p1 has been chosen less than o, we get a
contradiction. Hence

< 1

o< 3.
Now let f be a function defined and bounded on K such that for s =1,2,3

y a(n/p)
R {a (# 1og[E;]—1/n) }”71

is finite. We claim that the function

g=lo+ Y (In—1In1)
n=1
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is the required entire continuation of f and o(«, «, p,g) = 7s. Indeed, for every
d2 > 775

a(n/p) u

e

provided n is sufficiently large. Hence

E} <exp ( _P ; 1nofl Hd%a(n/p)}l/(pil)}) .

Using the inequalities , and previous lemma, we find that the function
g is entire and o(a, e, p, g) is finite. So by 7 we have o(a, a, p,g) = 15, as
claimed. This completes the proof of the Theorem O
Acknowledgement. The authors are very thankful to the referee for his valuable
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