Czechoslovak Mathematical Journal

Danica Jakubikova-Studenovské
On ideal extensions of partial monounary algebras

Czechoslovak Mathematical Journal, Vol. 58 (2008), No. 2, 331-344

Persistent URL: http://dml.cz/dmlcz/128261

Terms of use:

© Institute of Mathematics AS CR, 2008

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128261
http://dml.cz

Czechoslovak Mathematical Journal, 58 (133) (2008), 331-344

ON IDEAL EXTENSIONS OF PARTIAL MONOUNARY ALGEBRAS

DANICA JAKUBIKOVA-STUDENOVSKA, KosSice

(Received August 10, 2005)

Abstract. In the present paper we introduce the notion of an ideal of a partial monounary
algebra. Further, for an ideal (I, f7) of a partial monounary algebra (A, f4) we define the
quotient partial monounary algebra (A, f4)/(I, f1). Let (X, fx), (Y, fy) be partial mo-
nounary algebras. We describe all partial monounary algebras (P, fp) such that (X, fx) is
an ideal of (P, fp) and (P, fp)/(X, fx) is isomorphic to (Y, fy).
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0. INTRODUCTION

In the present paper we introduce the notion of an ideal of a partial monounary
algebra. Further, for an ideal (I, f7) of a partial monounary algebra (A, f4) we define
the quotient partial monounary algebra (A, fa)/(I, f1).

The aim of the paper is as follows. Let (X, fx), (Y, fy) be partial monounary
algebras. Find all partial monounary algebras (P, fp) such that (X, fx) is an ideal
of (P, fp) and (P, fp)/(X, fx) is isomorphic to (Y, fy). In particular, we con-
sider the question under which assumptions on (X, fx), (Y, fy) such a (P, fp) ex-
ists. If for given (X, fx), (Y, fy) such a (P, fp) exists, then we describe construc-
tively all (P, fp) with this property; (P, fp) is called an ideal extension of (Y, fy)
by (X, fx).

This paper is a continuation of [3] where subalgebra extensions of partial mo-
nounary algebras were dealt with; the investigation was motivated by extension
problems for various structures, cf., e.g., the extension problem for groups: Given
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two groups H and K, construct all groups G which have a normal subgroup N such
that N is isomorphic to H and the quotient G/N of G by N is isomorphic to K.
G is the well known Schreier’s extension of H by K. Following the extension of
groups, the ideal extension of semigroups has been considered by A.H. Clifford [1].
Related investigations dealing with extensions by ideals were performed for lattice
ordered groups (in connection with the product of torsion classes, cf. Martinez [7]),
for ordered and totally ordered semigroups (Kehayopulu, Tsingelis [6], Hulin [2]) and
for lattices (Kehayopulu, Kiriakuli [5]).

1. PRELIMINARIES

Monounary and partial monounary algebras play a significant role in the study of
algebraic structures (cf., e.g., Jénsson [4], M. Novotny [8]).

A partial monounary algebra is a pair (A, fa), where A is a nonempty set and f4
is a partial unary operation on A. If dom f4 = A, then (A, fa) is called complete; if
dom f4 # A, then (A4, f4) is said to be incomplete. The class of all partial monounary
algebras will be denoted by % .

A partial monounary algebra (A, fa) is said to be trivial if |A| = 1.

We will denote by N the set of all positive integers and if n € N, then we put
N, = {0,1,...,n}. Let (A, fa) € %, z,y € A. Put f4(x) =z and f,'(z) = {z €
dom fa: fa(z) = x}. Ifn €N, f4 () is defined and f4~'(x) € dom fa, then we
put f3(z) = fa(f4 '(2)). Next we put « ~ y if there are m,n € N U {0} such that
fi(z), fi(y) are defined and f%(z) = fi'(y). Then ~ is an equivalence relation
on the set A and the elements of A/ ~ are called connected components of (A, fa).
Further, (A, f4) is said to be connected if it has only one connected component.
An element ¢ € A is called cyclic if f5(c) = c for some k € N. The set of all cyclic
elements of a connected component of (4, f4) is called a cycle of (4, f4). An element
c € Ais called a top of (A, fa) if (A, fa) is connected and either ¢ ¢ dom f4 or {c} is
a cycle.

Let (A, fa),(B,fs) € %. Let B C A, dom fg C dom f4 and if x € BN dom f4
then z € dom fp, fp(x) = fa(x). Then (B, fp) is called a subalgebra of (A, f4).

Let (A, fa) € %, 0 # X C A. We will denote by fa | X the partial operation
on X defined as follows: dom(fs [ X) = {z € X Ndom fa: fa(z) € X} and if
x € dom(fa | X) then (fa | X)(z) = fa(x). The partial algebra (X, fa | X) is
called the relative subalgebra of (A, f4) with the support X.

Let (A, fa) € . If 2,y € A, then we set x < y if f%(x) = y for some k € NU{0}.
Notice that the relation < is a quasi-order on the set A. For a quasiordered set (A, <)
and an element a € A we put (a) = {x € A: 2 < a},{a) = {z € A: a < z}. The
notion of an ideal of a lattice is well known. Let us modify the definition for lattices
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to the following definition for quasi-ordered sets: Let (Q, <) be a quasi-ordered set,
) # X C Q. Then (X, <) is called an ideal in (@, <) if the following conditions are
satisfied:

(1) ifae X,b< a, thend € X,

(2) if a,b € X and ¢ € Q is a minimal upper bound of {a,b}, then ¢ € X.

1.1 Definition. Let (A4, f4) € %, 0 # X C A. If (X, <) is an ideal of (4, ),
then the relative subalgebra (X, fa | X) of (A, fa) with the support X is called an
ideal of (A, fa).

Clearly, (A4, fa) is an ideal of (A, f4); it will be called improper. If (X, fx) is an
ideal of (A, fa) such that X # A, it will be said to be proper.

Let (A, fa) € . An equivalence relation 6 on A is said to be a congruence
of (A, fa) if {z,y} C dom fa, (z,y) € 0 implies (fa(z), fa(y)) € 0. For x € A,
the block (equivalence class) of 6 containing z is denoted by [z]p or simply [z]. The
quotient algebra (A, fa)/0 = (A/Y, fa)9) is such that dom f4,9 = {[z] € A/0: [z] C
dom fa} and if [2] € dom f4/p, then fa/q([z]) = [fa(z)].

1.2 Notation. Let (A, fa) € %, 0 # X C A. We denote by fx the smallest
congruence of (A, f4) such that if 2,y € X belong to the same connected component
of (A, fa), then z, y belong to the same equivalence class of the congruence 6x.

Furthermore, we denote by G(X) the support of the subalgebra generated by the
set X.

1.3 Lemma. Let (A, fa) be a connected monounary algebra, ) # X C A a set
such that there exists xg € X with fa(zg) € X. Then A/0x = {G(X)}U{{z}: z €
A—-G(X)}.

Proof. (1) Consider the system of sets {G(X)} U {{z}: 2 € A - G(X)}. Tt
is easy to see that this is a system of blocks of a congruence 9 on (A, f4) and that
X is a subset of the block G(X). Thus 0x C 1.

(2) Clearly, X C [zo]oy. Suppose y € [zolox- Then (zo,y) € Ox. If fa(y) exists,
we obtain (fa(zo), fa(y)) € Ox, fa(y) = [xo]ox because fa(xo) € [zo]ox. Hence
[zo]ox is the support of a subalgebra of (A, fa). It follows that G(X) C [zoey,
hence the block G(X) of ¢ is a subset of the block [xo]g, of Ox. Thus ¢ C 0x. O

1.4 Notation. Let (A, fa) € % and let (X, fx) be an ideal of (A, f4). By the
quotient partial monounary algebra (A, fa)/(X, fx) = (A/X, fa/x) we understand
the partial algebra (A, f4)/0x.

1.5 Remark. Let (A, fa) be a connected partial monounary algebra, (X, fx) its
improper ideal. Then the quotient partial algebra (A, f4)/(X, fx) is trivial.
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Let (A, f4) be a connected partial monounary algebra and ¢ € A. Then ¢ will be
said to be inconvenient if it is either a top or a cyclic element. An element of A is
called convenient if it is not inconvenient. A convenient element ¢ € A will be said

to be very convenient if f~1(a) # 0.

1.6 Lemma. Let (A, fa) be a connected partial monounary algebra, (X, fx) its
proper ideal. Then there exists a convenient element a € A such that X = (a).

Proof. Letce X. If fi(c) € X for any n € N U {0}, then, clearly, A =
X, which is a contradiction. Thus, there exists the least n € N U {0} such that
f3(c) € X and either f3%'(c) does not exist or f3'(c) ¢ X. Put a = f3(c). If

"1(c) = fa(a) does not exist, then a is the top of (A, fa) and A = X, which is
a contradiction. Hence, the only possibility is fa(a) = ZH(C) ¢Z X, which entails
that a is a convenient element of (A, f4).

Since a € X and X is an ideal of (A4, f4), we obtain (a) C X. Suppose z € X.
There exist m € NU {0}, kK € NU {0} such that f%(a) = f7(x) where k has the
least possible value. Then f%(a) is a minimal upper bound of {a,z}, which yields

f%(a) € X. This implies k = 0 and, therefore, < a. Thus, X C (a). O

1.7 Lemma. If (A, fa) is a connected partial monounary algebra and a € A a
convenient element, then A — (a) is the support of a subalgebra of (A, fa).

Proof. Indeed, if z € A and fa(z) € (a), then z € (a). Thus, z € A — (a)
implies fa(z) € A—(a) if fa(z) exists. Hence, A— (a) is the support of a subalgebra
of (A, fa). O

1.8 Lemma. Let (A, f4) be a connected partial monounary algebra, a € A a
convenient element. Then (a) U (f4(a)) is the support of the subalgebra of (A, fa)
generated by the set (a).

Proof. (1) We prove that the set (a) U (fa(a)) is the support of a subalgebra
of (4, fa). Suppose x € (a) U (fa(a)). Then either x < a or fa(a) < .

In the former case there exists n € N U {0} such that f}(z) = a. If n =0, we
obtain = a, fa(z) = fa(a) € (fa(a)). The case n > 0 entails f '(fa(z)) = a,
hence fa(x) € (a).

If fa(a) < z and fa(z) exists, we obtain fa(a) < fa(x) and, therefore, fa(z) €
(fa(a)).

Hence, (a) U (fa(a)) is the support of a subalgebra of (A, f4).

(2) Let Y be the support of a subalgebra of (A, f4) such that (a) C Y. If x €
(fa(a)), then there exists n € N U {0} such that f}(fa(a)) = x, which yields = =

"*1(a) € Y because a € Y. It follows that (a)U(f4(a)) C Y and, hence, (a)U(fa(a))
is the support of the subalgebra generated by the set (a). O
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Let (A, f4) be a connected partial monounary algebra, a € A a convenient element.
Put X = (a), Y = (fa(a)), Z=X UY. Then the sets A — X, Y, Z are supports of
subalgebras of (A4, f4) by 1.7, 1.8.

1.9 Proposition. Let (A, fa) be a connected partial monounary algebra, a € A
a convenient element. Put X = (a), Y = (fa(a)), Z = X UY. Then the factor
partial algebras (A, fa)/(Z, fz) and (A — X, fa_x)/(Y, fy) are isomorphic.

Proof. The trivial blocks of the factor partial algebra (A, fa)/(Z, fz) are
formed by the elements of the set A — Z, the trivial blocks of (A— X, fa_x)/(Y, fy)
are formed by the elements of the set A — X —Y = A — Z. Hence the trivial blocks
in the two factor partial algebras are the same.

It follows that trivial blocks with trivial values of the operation are the same in
the two factor partial algebras and the values of operations coincide.

If x € A— Z is such that fa(z) € Z, then fa(z) € Y. Indeed, if fa(z) € Z,
fa(z) €Y is satisfied, then x < fa(x) € X = (a) and, hence, x € X C Z, which is
a contradiction.

Thus the trivial blocks with nontrivial values of the operation are the same in
the two factor algebras and the value {Y'} in the latter factor algebra corresponds
to the value {Z} of the former factor algebra. Since the partial algebras (Y, fy),
(Z, fz) are either both complete or both incomplete, the two factor partial algebras
are isomorphic in view of 1.3. g

Let (A, f4) be a complete connected monounary algebra having a cycle. If a € A
is arbitrary, we denote by p(a) the least number n € NU{0} such that f%(a) is cyclic.
Let (A, f4) be an incomplete connected partial monounary algebra, c its top. For
an arbitrary a € A, we denote by r(a) the least number n € N U {0} such that

fi(a) =c

1.10 Lemma. Let (A, fa) be a connected partial monounary algebra, a € A a
convenient element. The following assertions hold:
(i) if (A, fa) is complete and has no cyclic elements, then (fa(a)) = {f%(a): n €
N}
(ii) if (A, fa) is complete and has a cycle with q > 1 elements, then (fs(a)) =
{fila): 1<n<pla) +q-1}
(iii) if (A, fa) is incomplete, then (fa(a)) = {f4(a): 1 <n < r(a)}.

The algebras appearing in this lemma will play a role in the following construction.
To simplify the formulations we introduce the following definitions.
(i) The algebra defined on the set Ny = N U {0} with the operation fy, of the
successor will be called an infinite stick.
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(ii) The algebra defined on the set S, = {1,2,...,n} with n € N such that there
exists k € S,, and the operation fg, satisfies fg, (i) =i+ 1for 1 <i<n—1,
fs, (n) = k will be called an (n, k)-lasso.

(iii) The algebra defined on the set S, = {1,2,...,n} with n € N, n € dom fs, and
fs, (i) =i+ 1for 1 <i<n—1wil be called an n-element stick.

The partial algebras defined above will be called good algebras.
Let (B, fg) be a connected partial monounary algebra, (Y, fy) a good algebra.

Then (Y, fy) will be said to be suitable to (B, fp) if either both (B, fg), (Y, fy) are

complete or both (B, fp), (Y, fy) are incomplete.

1.11 Construction. Let (B, fp), (X, fx) be connected partial monounary alge-
bras with BNX =0, |B| > 1, |X| > 1. Suppose that (X, fx) is incomplete and that
(B, fB) has a top.

Choose a good algebra (Y, fy) suitable to (B, fg).

Construct a partial algebra (C, f¢) such that C N X = (§ and (C, fo)/(Y, fy) is
isomorphic to (B, fp), using a critical mapping (see [3]).

Construct the algebra (A, fa), where A = CU X, fa(z) = fo(z) for any = €
CNdom fo, fa(z) = fx(x) for any © € X Ndom fx, fa(a) =1 where a is the top
of (X, fx) and 1 is the least element in ¥ C C.

1.11.1 Lemma. If partial algebras are as in 1.11, then (X, fx) is an ideal
of (A, fa) and (A, fa)/(X, fx) is isomorphic to (B, fg).

Proof. Consider (A, f4). Then X = (a), (fa(a)) =(1) =Y, Z=XUY is
the support of the subalgebra of (A, f4) generated by the set X (according to 1.8).
Clearly, (X, fx) is an ideal of (4, fa). Then (A4, fa)/(X, fx) = (4, fa)/(Z, fz)
by 1.3 and 1.8, (A, f4)/(Z, fz) is isomorphic to (A — X, fa_x)/(Y, fy) by 1.9. Fur-
ther, (A — X, fa_x)/(Y, fy) = (C, fc)/(Y, fy) and the last partial algebra is iso-
morphic to (B, fB). O

1.12 Proposition. Let (B, fg), (X, fx) be partial monounary algebras satisfying
the assumption of 1.11. Suppose that (P, fp) is a connected partial monounary
algebra. The following conditions are equivalent:

(1) (X, fx) is an ideal of (P, fp) and (P, fp)/(X, fx) = (B, fB);
(2) (P, fp) is (up to isomorphism) obtained by the construction 1.11 from the
pair (B7 fB); (X, fx)

Proof. The implication (2) = (1) was shown in 1.11.1.
Assume that (1) is valid. Then (X, fx) is a proper ideal of (P, fp) and by 1.6
there is a convenient element a € P with X = (a). Then 1.10 yields that (Y, fy) =
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((fa(a)), fifa(a))) is, up to isomorphism, a good algebra which is suitable to (B, f5).
Denote C = P —X. Then CNX = 0. By 1.9, (C, fo)/Y, fy) = (P, fp)/(X U
Y, fxuy). Further, [3; 4.3] yields that (P, fp)/(X, fx) = (P, fp)/(X UY, fxuy).
Then by virtue of (1), (C, fo)/(Y, fy) = (B, fB), thus (C, f¢) is constructed as
in 1.11. From the definition of C it follows that (P, fp) is, up to isomorphism,
obtained by the construction 1.11 from (B, fg), (X, fx). O

1.13 Theorem. Suppose that (X, fx), (B, fg) are disjoint connected partial
monounary algebras. An ideal extension of (B, fg) by (X, fx) exists if and only if
one of the following conditions is satisfied:

() 1X] = [Bl = 1, (X, fx) = (B, fn);

(i) |X| =1, dom fx # X, |B| > 1 and there is y € B with f5'(y) = 0;
(iii) |X|> 1, |B| =1 and (X, fx) is complete iff (B, fg) is complete;
(iv) |X|>1, |B| > 1, dom fx # X and (B, fp) contains a top.
If (i) or (iii) is valid then (A, fa) is an ideal extension of (B, fg) by (X, fx)
iff (A, fa) = (X, fx). If (il) holds then (A, fa) is an ideal extension of (B, fp)
by (X, fx) iff (A, fa) = (B, fg). If (iv) is valid then (A, f4) is an ideal extension
of (B, fg) by (X, fx) iff (A, fa) is obtained (up to isomorphism) by the construc-
tion 1.11 from the pair (B, fg), (X, fx).

Proof. Firstlet |[X| =1. If dom fx = X, then for any ideal extension (A, f4)
of (Y, fy) by (X, fx) we get (4, fa) = (X, fx) and (Y, fy) = (X, fx). If dom fx #
X, then for any ideal extension (A, fa) of (Y, fy) by (X, fx), the congruence 0x
is trivial, i.e. (4, fa) = (Y, fv), and (X, fx) is isomorphic to an ideal of (Y, fy),
ie. fy'(y) =0 for some y € Y. If dom fx # X, |Y| =1, then also [A] =1, A = X
and (Y, fy) = (X, fx).

Let |Y]| =1, |X| > 1. Then for any ideal extension (A, fa) of (Y, fy) by (X, fx) we
have (4, fa) = (X, fx). Next, (4, fa)/(X, fx) is complete iff (X, fx) is complete.

Suppose that |X| > 1, |Y] > 1. If (A, fa)/(X, fx) = (Y, fy), then the alge-
bra (Y, fy) contains a top. Since dom fx # X, the algebra (X, fx) contains a top.
Thus by 1.12 we obtain that (A, fa) is an ideal extension of (Y, fy) by (X, fx)
iff (A, fa) is obtained (up to isomorphism) by the construction 1.11 from the
pair (Y, fy), (X, fx). .

2. THE GENERAL CASE

In the present section we will generalize the above results to the case when the
partial monounary algebras under consideration are not assumed to be connected.
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2.1 Notation. Let (S, fa4) € % and let {A;};cs be the system of connected
components of (A, f4); we will express this by writing

A=A (A fa) =D (A5 fa,).

jeJ jeJ

2.2 Lemma. Let (A, fa) = > (A, fa,) € %, let (X, fx) be an ideal of (A, fa)
J€T
and let (Y, fy) = (A, fa)/(X, fx). ThenY = " Y;, X = > X;, L C J. Further,
je lEL
(1) Ifj eJ—- L: then (Y77fyt]) = (Aj7fAj)7

(2) if j € L, then (Aj, fa,) is an ideal extension of (Y}, fy;) by (X}, fx;,).

Proof. For j € J we denote X; = X NA;. Let L = {j € J: X; # 0}.

Then (X, fa [ X;) for | € L is an ideal of (A4;, fa,) and (X, fx) = > (Xi, fx,)-
leL
From the definition of 8x it follows that if (z,y) € 0x, x # y, then z, y belong to

the same connected component of (A, f4). Therefore (Y, fy) = > (Y}, fy;). The
jeJ
assertions (1) and (2) then hold in view of the definition. O

2.3 Theorem. Let (X, fx) = ZZ (X, fx,), Y fy) = > (Y5, fy,), (P fp) € %.
€L jeg

The following conditions are equivalent:
(i) (P, fp) is an ideal extension of (Y, fy) by (X, fx);

(ii) P = ) P; and there is an injection 7: L — J such that, for j € J,
J€J
(1) if j # 7(1) for each | € L, then (Y}, fy;) = (P}, fp;),
(2) if j = 7(l), | € L, then (Pj, fp;) is an ideal extension of (Y}, fy,)

by (Xi, fx,)-

Proof. Assume that (P, fp) is an ideal extension of (Y, fy) by (X, fx). In view
of 2.2, the number of connected components of (P, fp) is the same as the number of

connected components of (Y, fy), P = > P;. Since (X, fx) is an ideal of (P, fp),
JjeJ

for each | € L there is a uniquely determined j € J such that (X, fx,) is an ideal
of (P}, fp;); put 7(I) = j. Then 7: L — J is an injection and (2) holds. Let j € J
and suppose that 7(1) # j for each [ € L. Then (Pj, fp,) = (Y}, fv;) by 2.2; hence
(1) is valid.

Conversely, assume that the condition (ii) is satisfied. Then (X, fx) is an ideal
of (P, fp). Denote (D, fp) = (P, fr)/(X, fx). According to 2.2, D = > D;.

JET

Further, by 2.2, (X, fx) can be written in the form (X, fx) = > (Ek, fg,), K C J

keK
and

(3) lfj S J_K7 then (Dj7ij) = (Pj7ij)a
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(4) if j € K, then (P}, fp,) is an ideal extension of (Dj, fp,) by (Ej, fE;)-

By the assumption, (X, fx) = > (X, fx,), thus 7 is a bijection L — K; we can
leL
suppose that X; = F_(; for each [ € L.

Let j € J— K, ie., j#7(l) for each € L. By (1) and (3) we obtain

(®) (Y, fv;) = (B}, fp,) = (Dy, fp,)-
Let j € K, i.e., j = 7(l) for some [ € L. From (2) and (4) we obtain

(6) (Pj, fp,) is an ideal extension of (Y}, fy;) by (X}, fx;),

(7) (Pj, fp,) is an ideal extension of (Dj, fp,) by (ET(Z)7fE7-(L)) = (X1, fx,)-
Therefore

(8) (X1, fx,) is an ideal of (P}, fp,) and (P}, fp,)/ (X1, fx,) = (Y, fy;),

(9) (X, fx,) is an ideal of (P}, fp;) and (P}, fp;)/(Xi, fx,) = (Dj, fp,),
hence

(10) (Y}7f3/]) = (Dj7ij)'

Then (5) and (10) imply that (Y, fy) = (D, fp) and that (P, fp) is an ideal extension

2.4 Proposition. Let (X, fx) = > (Xi, fx,), (Y, fy) = > (Y}, fv;). An ideal
leL jeJ

extension (P, fp) of (Y, fy) by (X, fx) exists if and only if there is an injection T:

L — J such that forl € L

(@) if (Xi, fx,) is complete then (Y., fy,,,) is a one-element cycle,

(B) if (Xi, fx,) is incomplete, (Y1), fv,,) is complete and contains no one-element
cycle, then | X;| = 1.

Proof. Let (P, fp) be an ideal extension of (Y, fy) by (X, fx) and let 7 be as
in 2.3.

Let I € L. By 2.3, (Xy, fx,) is an ideal of (Pry, fr.q), (Pray, fr,0)/ (X1, fx;) =
(Yr@y fr,)- I (Xi, fx,) is complete, then (Prq),fr,,) = (X1, fx,), hence
(Y1) fv,(,) is a one-element cycle.

Assume that (X, fx,) is incomplete, |X;| > 1, (Y;q), fy,, ) is complete and
contains no one-element cycle. Since (X, fx,) is incomplete, |X;| > 1, hence
(YT(Z), fyT(l)) has a top, which is a contradiction to the other assumptions.

Conversely, suppose conditions () and (3) are satisfied. Let us define (P;, fp;)
for each j € J.

Let j € J— L. Then we put (P}, fp,) = (¥}, fy;). Now let j € L. By the
assumption, j = 7(I) for some I € L. If (Xi, fx,) is complete, then we put (P;, fp,) =
(X1, fx,). Further suppose that (X, fx,) is incomplete. If |X;| = 1, then we put
(Pj, fp;) = (Y}, fy;). If | X3 # 1, then (B) yields that (Y}, fy,) contains a top and
either it has at least two elements or it is incomplete. According to 1.13 there exists
an ideal extension (P;, fp;) of (Y}, fy;) by (Xi, fx,)-
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Now put (P, fp) = > (P}, fp;). From the above construction and in view of 2.3
JjeJ

it follows that (P, fp) is an ideal extension of (Y, fy) by (X, fx), which completes

the proof. m

3. ISOMORPHIC SYSTEMS OF IDEALS

For a partial monounary algebra (A, fa) let Id(A, fa) be the set of all ideals
of (4, fa).
Let us consider the following question:
(Q1) Is a partial monounary algebra uniquely, up to isomorphism, determined

by the system of its ideals?

In a more detailed formulation: Let (A, f4), (B, f5) be partial monounary algebras
and let p: Id(A, fa) — Id(B, fg) be a bijection such that if (X, fx) € Id(A4, fa),
then (X, fx) = o((X, fx)). Does this assumption imply that (A, f4) and (B, fg) are
isomorphic?

Similarly, let (Qz) be the following question:

(Q2) Is a (complete) monounary algebra uniquely, up to isomorphism, deter-
mined by the system of its ideals?

(The detailed form of (Qg) is analogous to the case of (Q1).)

0 0

v 1 1
2 v 2

2/ 3 3
4 2/ 4

3 5
(A; f) (A; 9)

Figure 1.
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3.1 Example. Let N = {n’: n e N}, A=NUN U{0}. We define partial unary
operations f, g on A by putting dom f = domg = NUN and

r—1 if zeN,
-

n—2 ifxeN, z=n';
() r—1 if zeN,
€Tr) =
g 2n—1 if xeN, z=n'
In (A, f) there are ideals ((b), f(z)) of three types:
(a) trivial (incomplete partial monounary algebras possessing one element): for each
beN,
(b) isomorphic to (A, f): for each b = 2n, where n € N U {0},
(¢) isomorphic to (A, g): for each b = 2n — 1, where n € N.

Similarly, in (A4, g) there are ideals ((b), g(b)) of the same types:
(a) for each b e N,

(b) foreachb=2n—1,neN,
(c) for each b =2n,n € N.
We obtain
(1) (A, ) 2 (A,9),
(2) there is a bijection ¢: Id(A, fa) — 1d(B, fB)
such that if (X, fx) € Id(4, fa), then p((X, fx)) = (X, fx).
This implies the following assertion:

3.2 Proposition. The answer to (Q1) is negative.

3.3 Proposition. The answer to (Qg) is affirmative.

Proof. Let (A, fa) be a monounary algebra. Then the system of all ide-
als (X, fx) of (A, fa) such that (X, fx) is connected and complete, coincides with
the system of all connected components of (A, f4). Since a monounary algebra is

determined by the system of its connected components, the answer to (Q2) is affir-
mative. 0
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4. EXTENSIONS BY MEANS OF INITIAL SEGMENTS

A consideration similar to that performed for subalgebra extensions or for ideal
extensions can be done for extensions by means of initial segments; this question
was proposed by P. Burmeister at the Conference on Universal Algebra AAA6S,
Dresden, 2004 as follows: for given partial monounary algebras (X, fx), (B, fB),
describe by means of an initial segment (X, fx) all extensions of (B, fp), i.e. all
partial monounary algebras (P, fp) such that (X, fx) is an initial segment of (P, fp)
and (P, fp)/(X, fx) = (B, f5).

If (P, <) is a quasiordered set, then () # X C P is called an initial segment of (P, <)
ifpe P,z e X, p<zimplies p € X.

For a partial monounary algebra (4, fa), ) # X C A, we will say that the relative
subalgebra (X, fx) is an initial segment of (A, fa) if X is an initial segment of the
corresponding quasiordered set (A, <).

4.0 Lemma. Let (X, fx) be an initial segment of a connected partial monounary

algebra (A, fa), X # A. Then X can be written as a union X = |J (z,,) with
meM
pairwise disjoint summands.

Proof. Put M ={zr e X: x €domfy, fa(x) ¢ X}. Then X = |J (m) and
meM
the summands are obviously mutually disjoint. O
Good algebras defined above can be characterized as partial algebras with one
generator. Similarly we introduce

4.1 Definition. Let U = {u;: ¢ € I} be any set with u; # u; for i,5 € I, i # j.
A partial monounary algebra (Y, fy) will be called U-good if U CY and Y = |J (u;).
icl
If (B, fB) is a connected partial monounary algebra, then a U-good algebra (Y, fy)
is said to be suitable to (B, fp) if either both (B, fg), (Y, fy) are complete or both
(B, fB), (Y, fy) are incomplete.

4.2 Construction. Let (B, fp) be a connected partial monounary algebra,

|B| > 1. Further, let (X, fx) = > (Xi, fx,) € % be such that for each i € I we
icl
have |X;| > 1 and (X;, fx,) is incomplete with a top ;.

Take a U-good algebra (Y, fy) (for arbitrary U = {u;: i € I} suitable to (B, f5)).
Using critical mappings as in [3], construct a partial monounary algebra (C, f¢) such
that CNX = @ and (C7fC)/(K fY) = (B7fB)

Now construct a partial monounary algebra (A, f4) such that A = CUX, fa(z) =
fx () for each z = X Ndom fx, fa(c) = fc(e) for each ¢ € CNdom fe, fa(x;) = u;.
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Now the following assertions can be proved analogously to Section 2:

4.2.1 Lemma. Let all partial algebras be as in 4.1. Then (X, fx) is an initial
segment of (A, fa) and (A, fa)/(X, fx) = (B, [B).

4.3 Lemma. Let (B, fp) and (X, fx) satisfy the assumption of 4.2. Suppose
that (P, fp) € % . The following conditions are equivalent:
(1) (P, fp) is an extension of (B, fp) by means of the initial segment (X, fx);
(2) (P, fp) can be obtained, up to isomorphism, by the construction 4.2.

4.4 Theorem. Let (X, fx) = > (X1, fx,) € %, L, = {l € L: (Xi, fx,) is
leL
complete}, Ly = {l € L — Ly: |X;| = 1}. Further, let (Y, fy) = > (Y}, fy;) € %,
jeJ

Ji = {j € J: |Y;] =1, (Y}, fv,) is complete}, Y? = {y € Y: y is convenient,
f~Hy) =0}
(a) An extension of (Y, fy) by means of an initial segment (X, fx) exists if and
only if |L1| =[], |L2| < [YP].

(b) Assume that L1 = J; and that ¢ is an injection of {z;: | € Ly} into Y°, where
X, = {a;} forl € Ly. Let (P, fp) € %. Then (P, fp) is, up to isomorphism, an
extension of (Y, fy) by means of an initial segment (X, fx) if and only if there is a

mapping 7: L — J such that

(i) (P, fp) = Z](Pjyfpj),

JE-
(i) ifl € L, then (1) =1, (P, fp,) = (X1, fx,),
(iii) if j € J, 771(j) = 0, then (P}, fp,) = (Y], fv,),
(iv) ifj € J, 771(j) # 0, then 7='(j) € L — (L1 U Ly) and (P}, fp,) is an extension
of (Y}, fv;) by means of an initial segment 3 (Xi, fx,).
ler=1(j)
Remark. Notice that if (i)—(iv) are valid, X' = > X;+ > {p(X))}, then
leL—Lo I€L>

(X', fx) is isomorphic to (X, fx) and (X', fx) is an initial segment of (P, fp).
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