Czechoslovak Mathematical Journal

Teresa Arias-Marco; Oldfich Kowalski
Classification of 4-dimensional homogeneous D’Atri spaces

Czechoslovak Mathematical Journal, Vol. 58 (2008), No. 1, 203-239

Persistent URL: http://dml.cz/dmlcz/128255

Terms of use:

© Institute of Mathematics AS CR, 2008

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128255
http://dml.cz

Czechoslovak Mathematical Journal, 58 (133) (2008), 203—239

CLASSIFICATION OF 4-DIMENSIONAL
HOMOGENEOUS D’ATRI SPACES

TERESA ARIAS-MARCO, Valencia, OLDRICH KOWALSKI, Praha

(Received November 24, 2005)

Abstract. The property of being a D’Atri space (i.e., a space with volume-preserving
symmetries) is equivalent to the infinite number of curvature identities called the odd
Ledger conditions. In particular, a Riemannian manifold (M, g) satisfying the first odd
Ledger condition is said to be of type A. The classification of all 3-dimensional D’Atri
spaces is well-known. All of them are locally naturally reductive. The first attempts to
classify all 4-dimensional homogeneous D’Atri spaces were done in the papers by Podesta-
Spiro and Bueken-Vanhecke (which are mutually complementary). The authors started
with the corresponding classification of all spaces of type A, but this classification was
incomplete. Here we present the complete classification of all homogeneous spaces of type A
in a simple and explicit form and, as a consequence, we prove correctly that all homogeneous
4-dimensional D’Atri spaces are locally naturally reductive.

Keywords: Riemannian manifold, naturally reductive Riemannian homogeneous space,
D’Atri space

MSC 2000: 53C21, 53B21, 53C25, 53C30

1. INTRODUCTION AND PRELIMINARIES

A D’Atri space is defined as a Riemannian manifold (M, g) whose local geodesic
symmetries are volume-preserving. D’Atri and Nickerson (see [6]) proved that every
naturally reductive Riemannian manifold has this property. See [10] for a survey of
the whole topic. The second author in [9] classified all 3-dimensional D’Atri spaces by
showing that they are all locally isometric to naturally reductive homogeneous spaces

The first author’s work has been partially supported by D.G.I. (Spain) and FEDER
Project MTM 2004-06015-C02-01, by a grant AVCiTGRUPOS03/169 and by a Re-
search Grant from Ministerio de Educacién y Cultura. The second author’s work
has been supported by the grant GA CR 201/05/2707 and it is part of the research
project MSM 0021620839 financed by the Ministry of Education (MSMT).
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(including the trivial cases of locally symmetric spaces). Hence all these spaces are
locally homogeneous. A similar result is not known in dimension 4. Then a natural
problem occurs to classify all four-dimensional homogeneous D’Atri spaces. The first
attempts in this direction were made in two subsequent papers [13] and [4]. As we
shall see later, the final classification announced in [4] is correct but not well-founded
and its proof needs to be completed. This is the main purpose of the present paper.

Let us recall that the property of being a D’Atri space is equivalent to the infinite
number of curvature identities called the odd Ledger conditions Loji1, k > 1 (see [5]
and [15]). In particular, the first two non-trivial Ledger conditions are

L3Z (VXQ)(X,X):O and L5: ZRXEQXEb(vXR)XEaXEb:O
a,b=1

where X is any tangent vector at any point m € M and {E4,...,E,} is any or-
thonormal basis of T;,,M. Here R denotes the curvature tensor and g the Ricci
tensor of (M, g), and n = dim M.

Thus, it is natural to start with the investigation of all homogeneous Riemannian
4-manifolds satisfying the simplest Ledger condition L3, which is the first approxima-
tion of the D’Atri property. This condition is called in [13] the “class A condition”.
More explicitly, we have

Definition 1. A Riemannian manifold M is said to belong to class A, or to be
of type A, if its Ricci curvature tensor g is cyclic-parallel that is, if (Vx0)(X,X) =0
for every vector field X tangent to M or, equivalently, if

(Vxo)(Y,Z) + (Vyo)(Z,X) + (Vz0)(X,Y) =0

for all vector fields X, Y, Z tangent to M.

In dimension three, H. Pedersen and P. Tod ([12]) proved the following result:

Theorem 1. All three-dimensional smooth Riemannian manifolds belonging to
class A are locally homogeneous, and they are either locally symmetric or locally
isometric to naturally reductive spaces.

(Note that earlier, in [9], both Ledger conditions L3, Ls and the real analyticity
condition were used for the proof of the conclusion of Theorem 1.)

Now, let us recall the concept of a curvature homogeneous space. A smooth
Riemannian manifold M is called curvature homogeneous if for any two points p, g €
M there exists a linear isometry F': T, M — T, M such that F*R, = R,. This is also
equivalent to saying that, locally, there always exists a smooth field of orthonormal
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frames with respect to which the components of the curvature tensor R are constant
functions (see, for instance, I. M. Singer [14], or the monograph [3]). Hence it is
obvious that all principal Ricci curvatures are constant. Clearly, any homogeneous
manifold is curvature homogeneous. On the other hand, the locally homogeneous
Riemannian manifolds in dimensions > 3 form a “negligible” subclass of all curvature
homogeneous spaces (see a survey in [3]).

As the first and most extensive step of our classification procedure, we shall look
for all 4-dimensional homogeneous spaces of class A. In this direction, F. Podesta and
A. Spiro ([13]) published a classification theorem assuming that at most three of the
constant Ricci eigenvalues are distinct. In their paper, (M, g) was not necessarily ho-
mogeneous but only curvature homogeneous, which is a more general situation. Yet,
there was a gap in their main theorem, which we will explain later. (See Appendix.)
They also put the question if there are, in dimension four, spaces of class A with four
distinct Ricci eigenvalues. Some years later, P. Bueken and L. Vanhecke ([4]) found
a two-parameter family of such spaces. However, their presentation of this family
was not explicit and lacked geometrical interpretation (they referred only to com-
puter results, which were not accessible). They also concluded in [4] that all simply
connected homogeneous D’Atri spaces in dimension 4 are naturally reductive. But
this final result was not completely satisfactory either just because of the gap in [13],
and because the new family of spaces in [4] was not described explicitly.

In the present paper, we derive the correct and complete local classification of
all 4-dimensional homogeneous spaces of type A in a simple and explicit form.
Our method is based on the classification of Riemannian homogeneous 4-spaces by
L. Bérard Bergery ([2]) and on computer support using the program Mathematica 5.0.

We shall now formulate our basic result, which will be proved in the next section.

Classification Theorem. Let (M,g) be a four-dimensional homogeneous Rie-
mannian manifold of type A. Then one of the following five cases occurs:

i) M is locally symmetric;

ii) (M, g) is locally isometric to a Riemannian product M3 x R, where M3 is a
3-dimensional Riemannian naturally reductive space with two distinct Ricci
curvatures (91, 02 = 01, 03), 03 7 01 Thus M is locally isometric to a naturally
reductive homogeneous space.

iii) (M,g) is locally isometric to a simply connected Lie group (G, g) whose Lie
algebra g is described by

[627 el] = €2, [617 63} = €3, [627 63} = €4,

[e1,e4] = [e2, e4] = [e3,€4] = 0,
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iv)
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and which is endowed with the left-invariant metric
4
ng?uﬂ@wl+w2®w2+w3®w3+72w4®w47

where v € R™ and {w'} is the dual basis of {e;}. The metrics g, have Ricci
eigenvalues o1 = 02 = 03 = —%72, 04 = %72 and are not isometric to one
another for different values of y. Moreover, the Riemannian manifolds (G, g-)
are irreducible and not locally symmetric. They are not D’Atri spaces.

(M, g) is Iocally isometric to a simply connected Lie group (G, g(c,r)) whose Lie
algebra g is described by

A_
— €1,

+ _
— €2, [627 63] - 4

4
[e1,e4] =0, [ea,eq] =0, [e3,eq] =0,

[61762] = €3, [63,61] =

where Ay = 3 — 3k% £ I+ 2K2 —3%% > 0, k € ]0,1[\ {./25—1}, and which is

endowed with the left-invariant metric
1
9(c,k) = c_2(w1 Q@ w' + w? @ w? + v @ w + kw® @ vt + w ®w4),

where {w'} is the dual basis of {e;} and ¢ € R" is another parameter. The
metrics g(.,x) have four distinct Ricci eigenvalues

2 2

o1 = %(z—akQ— VI+262 = 3kY), g = %(2—6k2+ 1+ 2k% — 3k%),
62 62

03 = 1—(3—3k2 —V9—2k2+57kY), 4= E(3—3k2‘+ 9 — 2k2 + 57k*).

Moreover, the Riemannian manifolds (G, g(cyk)) are irreducible and not locally
symmetric. They are not D’Atri spaces.

(M, g) is locally isometric to a simply connected Lie group (G, g.), whose Lie
algebra g is described by

ler,ea] = es, [es,er] = ez, es] = =
61762 _637 63761 - 7627 62763 - 7617

le1,eq] =0, [ez,e4] =0, [e3,eq] =0,

and which is endowed with the left-invariant metric

1 5
gcz—(w1®w1+w2®w2+w3®w3+\/ﬁw3®w4+w4®w4),

c2



where ¢ € RT and {w'} is the dual basis of {e;}. The metrics g. have Ricci
eigenvalues p1 = 03 = —ﬁcQ, 02 = %02, 04 = 15—402 and are not isometric to one
another for different values of c¢. Moreover, the Riemannian manifolds (G, g.)
are irreducible and not locally symmetric. They are not D’Atri spaces.

It is well-known that every locally symmetric space is a D’Atri space and that,
moreover, it is locally isometric to a naturally reductive homogeneous space. In
addition, the Riemannian product spaces M3 x R described in ii) of the Classification
Theorem are locally isometric to naturally reductive homogeneous spaces and hence
they are D’Atri spaces. On the other hand, we will show that the spaces described
in iii), iv) and v) do not satisfy the Ledger condition L5 and thus they cannot be
D’Atri spaces. Combining these results with our Classification Theorem, we conclude
with

Main Theorem. In dimension 4, all simply connected homogeneous D’Atri
spaces are naturally reductive spaces (including symmetric spaces as special cases).

2. PROOF OF THE CLASSIFICATION THEOREM

In [2], L. Bérard Bergery published the classification of Riemannian homogeneous
4-spaces. In particular, he obtained

Proposition 1. In dimension 4, each simply connected Riemannian homoge-
neous space M is either symmetric or isometric to a Lie group with a left-invariant
metric. In the second case, either M is a solvable group or it is one of the groups

SU(2) x R, S1(2,R) x R.

Now, the main part of our computations is to check which of these spaces are
of type A. We shall work at the Lie algebra level and use Mathematica 5.0 for
the computation. Let us start with the non-solvable group case and later we will
continue with the solvable case.

——

2.1. Non-solvable case (study of SU(2) x R and SI(2,R) x R)
Let g3 be a unimodular Lie algebra with a scalar product (,)s. According to [11,
p. 305], there is an orthonormal basis { f1, f2, fs} of g3 such that

(1) [fo, fal = afi,  [fs, fil =bfe,  [f1, f2] = cfs,

where a, b, ¢ are real numbers. In the following, we shall study the cases g3 = su(2)
and g3 = sl(2, R) which are characterized by the inequality abc # 0.
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Let now g = g3 @ R be a direct sum, and (,) a scalar product on g defined as
follows: we choose a basis {f1, f2, f3, fa} of unit vectors such that {f1, f2, f3} is an
orthonormal basis of g3 satisfying (1) and f4 spans R. Here R need not be orthogonal
to gs. In particular, we assume

(2) [fiafél]:O? <fiaf4>:ki7 Z:1a273

3
Here a, b, ¢, k1, ka, k3 are arbitrary parameters with > kf < 1 due to the positivity
i=1
of the scalar product. Choosing a convenient orientation of f;, we can always assume

that kg = 0.
Now we replace the basis {f;} by a new basis {e;} (i =1,2,3,4), putting

3
. 1
(3) ei:fi7 Z:172737 64:E<f4_;klfl>
3
where R = /1 — Y k? > 0. Then we get an orthonormal basis for which
i=1
(4) [e2, €3] = aer, [es,e1] =bea, [e1,ea] = ces,

1 1
[61, 64] = E(k’?,beg — ]{32063), [62, 64} = E(klceg — ]{33(161),
1
[63,64] = E(k’gael — k’lbeg).

Next, we consider the simply connected Lie group G with a left invariant Rieman-
nian metric g corresponding to the Lie algebra g and the scalar product (,) on it.
Here the vectors e; determine some left-invariant vector fields on G.

According to our construction, the underlying group G is the direct product of
the group SU(2) or S1(2, R) and the multiplicative group R .

Now we are going to calculate the expression for the Levi-Civita connection, the
curvature tensor, the Ricci matrix, and the condition for the Ricci tensor to be cyclic
parallel.

We know that

(5) 29(VxZ,)Y) = Zg(X,Y)+ Xg(Y,Z) - Yg(Z,X)
—g([Z, X]7Y) - g([X, Y]7Z) +g([Y7 ZLX)

for every triplet (X,Y, Z) of vectors fields. Then using this formula we obtain by
easy calculation
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Lemma 1.

(6) Veer =0, i=1,2,34,
Ve €2 = (CJrgi 9) es + (e ;]z)k?’ es, Ve,e1= (b— ‘21 — ¢ es (a ;]z)kz s,
RO CE . N )L N LY I 3
e I
V@%:Xa+;*®er%w;ghe% V%@::@737m6r+w;gb%%
S ol Y ot A 5.1 W (B Y
Vesea = s ;Ig)kz et = ;g)kl €2, Ve,e3 = _(a;;)kQ el + 0 ;é)kl €2.

Now, we denote by A;; the elementary skew-symmetric operators whose corre-
sponding action is given by the formulas A;;(e;) = dyie; — d;1e;. Then, by a lengthy
but elementary calculation we get

Lemma 2. The components of the curvature operator are

(7 R 1212412 + a1213 413 + 1214414 + Q1223 A23 + 1224 Ao,

€1, €2

e1,e3) = aizizdiz + a1313413 + a1314 414 + 1323423 + 1334 434,

e, e3) = 312412 + 2313413 + 2323 A23 + 2324 A2a + 2334 A4,

= aaa12A412 + 2414 A14 + 2423 A23 + o404 Aoy + 2434 A34,

(e1,€2)
(e1,e3)
R(e1,eq) = ara12A12 + 1413 A13 + 1414414 + 01424 A4 + 1434 A34,
(e2,€3)
(e2,€4)
(es, €4)

€3, e4) = 3413413 + 3414414 + 3423 A23 + 3424 A2a + 03434 A4,

where the coeficients a;jim = g(R(e;, €;)er, ) satisfy the standard symmetries with
respect to their indices and

0 iz1z = (36 = (a— 07 = 2e(a+ D) — (a = H*RD),
1213 = é((a —b)(a — ¢)kaks),
1214 = é((a —c¢)(a—b+3c)ka),
Q1223 = é((a —b)(b— c)kiks),
Q224 = i((b —c)(a—b—3c)ky),

4R
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1

1313 = 4—R2((3b2 —(a—c)? = 2b(a+c))R?* — (a — c)k3),
1314 = ﬁ%((a — b)(a —c+ 3[))]@3)7

1
1323 — 4—R2((a — C)(b — C)klk’g),

i((c —b)(c—a+3b)ky),

(1334 = AR

a1s = é((@? (a4 2R+ (45 — (a+ D)2)RD),
121 = é((c(a +b—3¢) + ab)kiks),

Q434 = é((h(a + ¢ —3b) + ac)kik3),

22 = (30 = (0= ) = 2a(b+ )R — (b= kD),
a1 = (0= @)(3a +b = k),

izt = (0 — )30~ b+ k),

Ooans = é((w — (b4 D2 + (4a® — (a + b)2)RD),
Qo434 = é((a(f&z + b+ c)+ be)kaks),

Ogazs = é(@b? — (b4 MR + (4a® — (a+ D)K.

Further, we obtain easily

Lemma 3. The matrix of the Ricci tensor of type (1,1) expressed with respect
to the basis {e1, ea, e3,e4} is of the form

(62 — ab)klkg (b2 — ac)k1k3 (b — 6)2]{11

hu 2R? 2R? 2R
® — ab)ki ko a? — be)kaks a —¢)?%ky
B
©) 2R? > 2R2 2R
(b2 — ac)kl ]{33 (a2 — bC)k’Qk’?, /8 ((l — b)2k3
2R? 2R? 33 2R
(b—c)%ky (a—c)?ksy (a—b)2ks 3
2R 2R 2R 44
where
8, = a?— (b—c)? N (a® — b?)k3 + (a® — 2)k3
2 2R2 ’
By = b? — (a —c)? N (b* — a®)k3 + (b* — A)k3
2 2R2 ’
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2 —(a—0b)? N (2 —a®)k2 + (c® — b?)k?

2 2R? ’
(b= K — (0= 3 — (a— )R]
2R? '

533 =

Baa =

Next, the condition for the metric g on G to be cyclic parallel (i.e., of type A) is
(10) (Vxo)(Y, Z2) + (Vyo)(Z, X) + (Vzo)(X,Y) =0

for every triplet (X,Y, Z) of vectors fields, where o is the Ricci tensor of type (0, 2).
This equation has a purely algebraic character because the metric g is left-invariant.
Hence, we can substitute for X, Y, Z every triplet chosen from the basis {e1, ea, €3, €4}
(with possible repetition).

We obtain, by a lengthy but routine calculation

Lemma 4. The condition (10) for the Ricci tensor of type (0,2) is equivalent to
the system of algebraic equations

1,1,2
1,1,3
2,2,1
2,2,3
3,3,1
3,3,2
4,4,1

(11) — kiks(b—a)(a—2b+¢) =0,

( ( 0
— kiko(a —c¢)(a+b—2¢) =0,
— kaks(a — b)( 0
— kika(c—b)(a+b—2¢) =0
— koks(c—a)(2a—b—1¢c) =0,
— kiks(b—c)(2b—a—¢) =0
— kok3(2a — b —¢) =0
— kiks(a—2b+ ¢) =0
— k1ka(a+b—2¢)(b—a)=0
— 2R%*(a —b)(a — ¢)(b —¢) + k(c — b)(a(b + ¢) — 2bc)
+ k2(a — ¢)(b(a + ¢) — 2ac) + k2(b — a)(c(a + b) — 2ab) = 0,

(1,2,4) — k3(R*(b — a)(2a — ¢)(2b — ¢) + kib(2ab — 3ac + 2bc — ¢?)

+ k3a(3bc 4 ¢* — 2ab — 2ac) + k34ab(b — a)) = 0,
(1,3,4) — ko(R?*(c — a)(2a — b)(b — 2¢) + kic(3ab — 2ac — 2bc + b?)

+ k34ac(a — ¢) + k3a(2ab — b* + 2ac — 3bc)) = 0,
(2,3,4) — ki (R*(b— ¢)(2b — a)(a — 2¢) + kidbc(c — b)
+ k3c(2ac + 2bc — a® — 3ab) + k3b(a® — 2ab + 3ac — 2bc)) =

7

(b—
4,4,2 (a—c
4,4,3 (
1,2,3

A~ N /N~ N N~~~ —~
\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/

)
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(1, 1,4) — k’lkzkg(a +b+ C)(C - b) =0,
(2,2,4) — kikaks(a+ b+ c¢)(a—c) =0,
(3,3,4) — kikaks(a+ b+ c)(b—a) = 0.

Here the symbol “(«, 3,v) —” indicates the substitution of (eq,eg, ey) for (X,Y, Z)
respectively.

Now, the goal is to find the values of a, b, ¢, k1, k2 and k3 which satisfy the system
of equations (11) and to study each of these cases.

Proposition 2. The only possible solutions of the system of algebraic equa-
tions (11) are, up to a re-numeration of the triplet {e1, es, es}, the following ones:
1. a=b=c#0, k1, ko, k3 arbitrary.
Here three of the four Ricci eigenvalues are equal and VR = 0. Hence, the
corresponding spaces belong to the case i) of the Classification Theorem.
2. a=b#0,a#c#0, ky =ky =0, k3 arbitrary.
In this situation, the corresponding spaces are Riemannian direct products M? x
R, not locally symmetric, with the Ricci eigenvalues o1 = 02 = %(Qac —?),
03 = %62, 04 = 0. Hence, they give the case ii) of the Classification Theorem.
3.a=3cA_b=1cA, c#0, ki =k =0, k3 € }0,1[\{%%}, and Ay =
3 —3k3 £ +/1+2k2 —3k; > 0.
For this situation, (Ve,R)(es,e2)es # 0 and all Ricci eigenvalues are distinct.
The corresponding spaces belong to the case iv) of the Classification Theorem.
Moreover, the Ly condition is not satisfied.

4. a:2—7c,b: 6—70,6#0, klsz:O, kgiql%.
The corresponding spaces give the case v) of the Classification Theorem. More-

over, the Ls condition is not satisfied.

Proof. Because we can re-numerate the basis {e1, e2,e3} in an arbitrary way
(which implies the corresponding permutation of the symbols a, b, ¢ and the corre-
sponding re-numeration of the parameters ki1, ko, k3), the system (11) is symmetric
with respect to all such permutations and re-numerations. Then, in order to solve
this system of equations, we can just consider the following cases:

A kikoks # 0,
B. k1 = ko = 0, ks arbitrary,
C. k1 =0 and koks # 0.

Case A. kikoks # 0.

We first divide the formulas (1,1, 2) and (2,2, 1) by their nonzero coefficients k1 ks,
koks and then subtract them. We obtain the necessary condition b —a = 0. Because
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the system (11) is symmetric with respect to all permutations, we get also b— ¢ = 0.
Hence the only possible solution under the condition kikoks £ 0is a=b=c # 0.
Now, we can extend this solution also to the case of arbitrary ki, ko2, k3. The
system (11) is still satisfied and we obtain the case 1 of Proposition 2.
In particular, in this case we have the Ricci eigenvalues 901 = g2 = 03 =
04 = 0 and the curvature tensor (7) takes on the form

1 1 1
R(e1,e2) = —ZG2A127 R(e1,e3) = _ZGQAI?” R(ez,e3) = —ZG2A237
R(eh 64) = R(eg, 64) = R(eg, 64) =0.

Moreover, from (6) we get Ve,eq =0 for ¢ = 1,...,4 and ey is a (globally) parallel
vector field.
Now, the following lemma is an immediate consequence of the well-known

Ambrose-Singer Theorem.

Lemma 5. On a Riemannian manifold (M,g), the Lie algebra ¢(x) of the
holonomy group V(z) with the reference point © € M (“the holonomy algebra”)
contains the Lie algebra generated by all curvature operators R(X,Y), where X, Y €
T.M.

Using this lemma we see that the holonomy algebra (e) contains span(Ajs,
Ajs, A23). On the other hand, the holonomy group W(e) acts trivially on span(ey).
By the de Rham Decomposition Theorem (see Sections 5, 6 of Chapter IV in [8]), the
corresponding Riemannian manifolds are (locally) direct products of a 3-dimensional
Lie group and a real line. They are locally symmetric because the 3-dimensional fac-
tor is a space of constant curvature.

In conclusion, the corresponding spaces belong to the case i) of our Classification
Theorem.

Case B. k1 = ko = 0, k3 arbitrary.

In this case we have the following system of independent equations:

(12) (1,2,3) — (a —b)(2(a — ¢)(b — ¢) + c(a + b — 2¢)k?) = 0,
(1,2,4) — k(a—b)((2a — ¢)(2b — ¢) + ¢(2a + 2b — ¢)k?) = 0,

where we put k = k3. We suppose first that a —b = 0. If a = ¢ also holds, we obtain
a subcase of the case 1 of Proposition 2. Hence, we can assume a = b #£ 0, a # ¢ # 0,
k1 = ko = 0 and we obtain the case 2 of Proposition 2.

We want to establish the remaining properties. Mathematica 5.0 shows that this

1

202, 04 = 0. Moreover,

solution has the Ricci eigenvalues 91 = g3 = %(2(10—02), 03 =
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the basic curvature operators have the following expression:

1 1
R(e1,e2) = Z(SC —4a)cAia, Rlei,es) = —ZCQAB, R(e1,eq) =0,

1
R(ez,e3) = *ZCQAQB, R(ez,e4) =0, R(es,eq) =0.

Then the Lie algebra generated by curvature operators is just span(Ais, A1z, Asg).
Analogously to Case A, we conclude that our spaces are direct products of the 3-
dimensional Lie group of nonconstant curvature and a real line. Hence they are
not locally symmetric. The cyclic parallel condition for the whole space implies the
cyclic parallel condition for the 3-dimensional factor. According to Theorem 1, the
corresponding spaces must be naturally reductive. We obviously obtain the family
from the case ii) of our Classification Theorem.
Assume now that a # b. Then we are left with the equations

(13) (1,2,3) = (2(a—¢)(b—c¢) + c(a+ b —2c)k?) =0,
(1,2,4) — k((2a — ¢)(2b — ¢) + ¢(2a + 2b — ¢)k?) = 0.

Here we can suppose k # 0 because otherwise we get a = ¢ or b = ¢, which is, up to
a permutation, the case 2 of Proposition 2.

Now, due to ¢ # 0, Mathematica 5.0 gives, up to a permutation of the basis, the
unique solution depending on two parameters ¢ and k

(14)  a=7(8-3K = VI+2K2 —3kY), b=7(3- 3K+ V/1+2k> - 3k).

Here we have the standard inequality k? < 1 (see the line below the formula (2))
and, due to k # 0 and ab # 0, we get the range k? € ]0,1[\ {2}. The corresponding
Ricci eigenvalues are

(15) o1 = %(2 6k> — /1 + 2k2 — 3k%),
C2
02 = §(2 6k% + /1 + 2k2 — 3k4),
C2
05 =15 (3 —3k> — /9 — 2k2 + 5Tk*),
2
o1 = 75 (3= 8K + V9 — 2k 4 5Tk7).

It is clear that these are functions of two independent variables ¢, k. Now, Mathemat-
ica 5.0 gives that, due to the assumption k? € ]0, 1]\ {%}, we always have o1 # 02,
02 # 03, 01 F 04, 02 7 04, 03 # 04. But p1 = p3 can still occur, namely in the case
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when k2 = % Then we obtain the cases 3 and 4 of Proposition 2. Now, using (7)
and (8) we obtain, for all values of k, that the space of the curvature operators is
span(Aia, A1z, A14, Aoz, Aaq). Hence the Lie algebra generated by these operators
is s0(4). Using Lemma 5 we see that the action of the holonomy algebra on the
tangent space T.G is irreducible and hence the corresponding manifolds are irre-
ducible. Moreover, we can see easily that (V¢,R)(e4,e2)es # 0 (for all values of k)
and hence the spaces are not locally symmetric. Further, if we put X = e; +es+vey,
where v is a nonzero parameter, Mathematica 5.0 shows that the Ledger condition
L5(X) = 0 can be written in the form ¢1(c, k) + ¢2(c, k)v? = 0 and, because v is a
free parameter, this implies

(16) @1(c,k) =59+ 11c? — 6¢® + (250 — 22¢% 4 12¢*)k* 4 (112 — 663k = 0,
(17) pa(c, k) = (=262 + 39¢)k? — (260 + 39¢)k* = 0.

If 260 + 39¢ = 0, the formula (17) leads to a contradiction. Hence 260 + 39¢ # 0
and k? can be expressed from (17) in the form k% = —(262 + 39c¢)/(13(20 + 3c)).
Substituting this into (16), we obtain a cubic equation

(13) 4347200 — 392340c — 1155771¢2 + 544968¢° = 0.

Mathematica 5.0 says that (18) has only one real solution, namely ¢ = —1.57074 . ..
But this gives a negative value for k2, a contradiction. As a conclusion, we always
have Ls(e; + ea + vey) # 0 for some v # 0, and the corresponding spaces do not
satisfy the Ledger condition Ls.

Note that the case 3 is a family with four distinct Ricci eigenvalues and this is an
explicit presentation of the family of spaces described by P. Bueken and L. Vanhecke
only implicitly in [4]. We conclude that our spaces belong to the case iv) of the
Classification Theorem as a generic subfamily. (The exceptional case k? = % will be
added later.)

The case 4 with two coinciding Ricci eigenvalues has been presented in [1] as the
only missing family in the Classification Theorem of [13]—see Appendix for more
details. In particular, from this solution we obtain the spaces which give the case v)
of our Classification Theorem.

Case C. k1 = 0 and koks # 0.

First, we suppose that 2a — b — ¢ # 0. Then from the simplified equations (2,2,1)
and (3,3,1) of (11) we obtain that a = b = ¢. Hence, the corresponding solution is
a particular subcase of the case 1) of Proposition 2. Supposing 2a — b —c¢ = 0 we
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obtain the following simpler system of equations:

(1,2,3) — (a — b)(—4(a — b) — 3bk3 + 3(2a — b)k3) = 0,
(1,2,4) — (a — b)(—4a + 3b — 3bk3 + 3(2a — b)k3) = 0,
(1,3,4) — (a — b)(—2a + 3b — 3bk3 + 3(2a — b)k3) = 0.

If a—b = 0, we conclude immediately that a = b = ¢. Thus we assume that a —b # 0.
Dividing the equations (1, 2,4) and (1, 3,4) by the factor (a—b) and subtracting both
remaining equations we obtain the necessary condition a = 0, which is a contradiction

to abc # 0. This concludes the proof of Proposition 2. O

2.2. Solvable case
We are going to analyze this case using the following result given by L. Bérard
Bergery in [2]:

Theorem 2. In dimension 4, the solvable and simply connected Lie groups are:
a) the non-trivial semi-direct products E(2) x R and E(1,1) x R,
b) the non-nilpotent semi-direct products H x R, where H is the Heisenberg group,
c) all semi-direct products R® x R.

As concerns the semidirect products of the form G = G5 x R in the above theorem
and all possible left-invariant metrics on them, we can construct all of them on the
level of Lie algebras as follows: we consider the Lie algebra g3 and the vector space

g = g3+ R Let {f1,..., fa} be any basis of g such that g3 = span{fi, fa, f3},
R = span{fs}. Let D be an arbitrary derivation of the algebra g3 and let us define

(19) [f, fi] = Df; fori=1,2,3.

(This completes the multiplication table of the algebra g3 to the multiplication table
of g). Then we choose any scalar product (,) on g for which {f1, f2, f3} forms an
orthonormal triplet but f4 is just a unit vector which need not be orthonormal to gs.
Thus we have, as in the formula (2), ¢(f;, fa) = ki, ¢ = 1,2,3. Now, all semi-direct
products G3 x R with left-invariant metrics correspond to various choices of the
derivations D of g3 and to all scalar products given by the above rule. The algebra
of all derivations D of g3 will be usually represented in the corresponding matrix
form.

Now, we shall study each of the cases from Theorem 2 separately following the
construction indicated above and preserving the style of Section 2.1.
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2.2.1. Non-trivial semi-direct products F(2) xR. Let ¢(2) be the Lie algebra
of E(2) with a scalar product (,)s. Then there is an orthonormal basis {f1, f2, f3}
of e(2) such that

(20) [fo fs] =vfr, Ufs, il = =vfes [fr, o] =0
where v # 0 is a real number. The algebra of all derivations D of ¢(2) is
a b 0
—b a 0] :abecdeR
c d 0

when represented in the matrix form.

According to the general scheme, we consider the algebra g = ¢(2) + R, where the
multiplication table is given by (20) and, according to the general formula (19), also
by

(21) [f47f1] :af1+bf25 [f47f2] :*bfl“i’clfz7 [f4’f3] :Cfl +de7
(fi, fa) = ki, 1=1,2,3.

Here v # 0, a, b, c,d, k1, ko, k3 are arbitrary parameters where 23: k? <1 due to the
positivity of the scalar product. We exclude the case a = b :Z_cl =d =0, ie., the
direct product F(2) x R.

This gives rise to a simply connected group space (G = E(2) x R, g).

Now we replace the basis {f;} by a new basis {e;} as in the formula (3). Thus we
get an orthonormal basis for which

(22) [e2,e3] = ve1, les,e1] = —yez, [e1,e2] =0,

1 1
lea,e1] = E(ael + (b +k3y)ez), [es,ea] = E(*(b + k3vy)er + aez),

lea,e5] = (e + Bay)e + (d — iy)ea).

Next we are going to calculate, in the new basis, the expressions for the Levi-Civita
connection, the curvature tensor, the Ricci matrix, and the condition for the Ricci
tensor to be cyclic parallel.

By an easy calculation we get

Lemma 6.

(23) Ve € = %647 1=1,2, Vge; =0, 1=3,4, Ve =0= Ve,

¢+ ko ¢+ vk
oR o Vese1 = —vea + ¥

vel 63 = 647
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Ve, e :fge —C+7k26 Ve, € :—C+7k26 b+ ks
€1 4 R 1 2R 3’ €4 1 2R 3 R 27
d— vk d— vk
v6263 = 2% 164, veseQ = €1 + 2‘;/ 1647
\Y 64*7262*d7’yk163 \Y eszdiryklegberrykg 1
€2 - R 2R 9 €q - 2R R )
v 77d7’yk1 7c+fyk2 v 7d—fyk1 c+ vk
e3€4 = 2R €2 2R €1, e €3 = 2R €2 2R €1.

Similarly to Lemma 2 we can now derive

Lemma 7. The components of the curvature operator are

(24)  Rler,e2) = 212412 + 1213413 + 1223423,
R(e1,e3) = arz12A412 + a1313A413 + 1323423 + 1334 434,
R(e1,e4) = 1414 A14 + 1424 Aoy + 01434 A34,
R(ez,e3) = ao312A23 + 2313413 + (2323 A23 + 2334 A3,
Rez,es) = o414 A14 + 2424 Aog + 2434 A3y,
R(es,es) = az413A13 + 3414414 + 3423 A3 + 3424 Aoy + (3434 A3y,

where the coeflicients ajim = g(R(ei, e;)er, em) satisfy the standard symmetries with

respect to their indices and

2 2
(25) @1212 = %7 Q1213 = %7 Q1223 = *%, Q1313 = *7(6 Z;SQ) )
oy = AR e k) d k) de? - (et k)
4R? ’ 2R ’ AR2 )
iy = AR aka) - 2a(ct yha) + (d— ki) (b + vks)
4R? ’ 2R2 )
O = — (d —vk1)? A etk 4a® — (d — vki)?
4R? 7 2R AR2 ’
_ 2a(d — yk1) — (c+ vk2) (b + vk3) 3((d — vk1)? + (¢ + vk2)?)
2434 = 2 R2 ; (¥3434 = 1R .

Further, we obtain easily

Lemma 8. The matrix of the Ricci tensor of type (1,1) expressed with respect

to the basis {e1, ea, e3,e4} is of the form

—4a®+(ctvka)?  (d=vki)(ctrks) 3 A (=d+rki)
2R? 2R? 13 2R
(d=vki)(ctvks)  —4a’+(d—vk1)® Jé; y(ctks)
(26) 2R? 2R? 223 ) 2R
—(ctyk2)? —(d—k
P13 Bas3 (cty 2)2R2( k1) 0
Y(=d+~k1) y(ctk2)
2R 2R 0 Paa
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where

—3a(c+ vka) + (—d + vk1) (b + vk3)

P13 = VP ,
_ Ba(—d+ ki) + (c +7k2)(b+7k3)
faz = SR
_ —da® — (d—vk1)? — (c+ vk2)?
Baa = 9 R? :

Now we obtain the following analogue of Lemma 4:

Lemma 9. The condition (10) for the Ricci tensor of type (0,2) is equivalent to
the system of algebraic equations

1,1,1) = a(d —vk1) =0
1,1,2) = a(c+ vka) =0,
1,1,3) — (d — vk1)(c + vk2) = 0,
1,1,4) — —a(c® — d*> + (k3 — k) — 2cd(b + vk3)
— 27yka(ac + d(b + vk3)) + 2vk1((c + vk2) (b + vk3) — ad) = 0,

3,3,1) = —3a(d — vk1) + (¢ + vk2) (b + vk3) = 0,
3,3,2) — 3a(c + vk2) + (d — k1) (b + vk3) = 0,
4,4,1) — —a(d — vk1) + (c + vk2) (b + vk3) = 0,

)

) —

)

(27)

—~ o~ o~

4,4,2) — a(c+ vka) + (d — vk1)(b 4+ vks) = 0,

(d —~k1)* = (c+7k2)* = 0,
— —2a(d — vk1)(c + vk2)

+ (c+ k2 +d — vk1)(c +vk2 — d + k1) (b + vk3) = 0,
(1,3,4) = 2a(d — vk1) (b + vks)

+(c+7vk2) (= (b + vks) + (a* + R*y%)) = 0,

(2,3,4) — —2a(c+ vk2)(b + vk3)
+ (d — vk1)(— (b + vk3)* + (a® + R*+?)) = 0.

1,2,3
1,2,4

7 )

(
(
(
(
(
(

Here the symbol “(«, 3,v) —” indicates the substitution of (eq,eg, ey) for (X,Y, Z)
respectively.

Now, our goal is to find the values of a, b, ¢, d, k1, k2, k3 and v # 0 which satisfy
the system of equations (27).
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Proposition 3. The unique solution of the system of algebraic equations (27)
is given by the formula

(28) d=n~ky, c=—vky, ~v#0, a,b, ky, ko, ks arbitrary.

The corresponding spaces belong to the case i) of the Classification Theorem.

Proof. From the subsystem of (27) formed by the equations (1,1,3) and
(1,2,3) we obtain (d — vk1) = (¢4 vk2) = 0. Then the remaining equations (27) are
automatically satisfied.

Moreover, according to (26), the corresponding spaces have the Ricci eigenvalues
01 = 02 = 04 = —2a?/R?, p3 = 0 and the curvature tensor (24) takes on the form

a? a? a?
R(e1,e2) = §A127 R(e1,eq) = ﬁAm, R(ez,eq) = ﬁA%y
R(eh 63) = R(eg, 63) = R(eg, 64) =0.

Then either each of the spaces is flat (for a = 0) or the space of the curvature
operators is span(Ajs, A4, Aa4). Moreover, from (23) we get Ve,es = 0 for all
1=1,...,4 and e3 is a parallel vector field. Using a complete analogue of the proof
in Case A of Proposition 2, we conclude that the corresponding spaces belong to the
case 1) of our Classification Theorem. 0

2.2.2. Non-trivial semi-direct products F(1,1) x R. Let ¢(1,1) be the Lie
algebra of E(1,1) with a scalar product (,)s3. Then there is an orthonormal ba-
sis {f1, f2, f3} of e(1,1) such that

(29) [f2. f3]l =~f2,  [fs, fil =~f1, [f1,f2] =0

where v # 0 is a real number. The algebra of all derivations D of e(1,1) is
a 0 0
0 a 0]):abceR},
b ¢ O

when represented in the matrix form.

According to the general scheme, we consider the algebra g = ¢(1,1) + R, where
the multiplication table is given by (29) and, according to the general formula (19),
also by

(30) ol =af, [fofo) =afs. [fafs] = b+ ch,
(fi, fay = ki, i=1,2,3.
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3
Here v # 0, a, b, ¢, ki, ko, k3 are arbitrary parameters where . k? < 1, and we
i=1

exclude the case a = b =c=0.

This gives rise to a simply connected group space (G = E(1,1) x R, g).

Now we replace the basis {f;} by a new basis {e;} as in the formula (3). Then we
get an orthonormal basis for which

(31) [e2, €3] = yea, [es,e1] =ver, [e1,ea] =0,

ener] = Tlla—haer),  leseal = 10+ kon)ea)

lea,e5] = (b + Eies + (e~ kan)ea).

Now we are going to calculate, in the new basis, the expressions for the Levi-Civita
connection, the curvature tensor, the Ricci matrix, and the condition for the Ricci
tensor to be cyclic parallel.

By an easy calculation we get

Lemma 10.

(32) Ve €1 =ye3 + web Ve, €2 = —ve3 + latoks) +};yk3)e47
Veei=0, i=34, Vees=0=V,e,
Veies = —yer + %e% Vo= ;;k1)647
Veoes = (b ;;lﬁ)eg n (—a ;7k3)e1, Veer— B —;;kl)(ig,
V., es = yes + %% Voeg= ;;kz)%
Vesea = ‘ _Q;kz)e?’ - +37k3)e27 Ve,e2 = — - _Q;kQ_) es,
Ves€a = L —;;kl)el - _Q;kz)e?v Ve,€3 = L —;;kl)ﬁ g _Q;kz)ez

Similarly to Lemma 2 we can now derive

D
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w
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N
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= aoq12A12 + o414 A14 + o403 Ao3 + o404 Aoy + 2434 A3y,
=a

3413413 + 3414414 + 3423 A23 + 3424 Aog + 13434 Asa,
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where the coeficients a;jim = g(R(e;, €;)er, ) satisfy the standard symmetries with
respect to their indices and

a? + 2 (=14 ki + k3)

(34) Q1212 = RZ ;
gy = R — 7ks)
2R? ’
oy = W= k2)
2R
1993 = —(b + 'ykl)(a + ’7]{33)
2R? ’
Q1224 = 777(1) i ’Ykl)
2R ’
01313 = AR — (b + k)"
4R? ’
Q1314 = 7V(a - ’Ykg),
R
o (b4 vk1)(—c + vk2)
4R? ’
01334 = b+ k)
R )
Qi = 4(a — yk3)® — (b+vk1)?
4R? ’
PO (e .20 e e L)
4R? ’
i = (b+vk1)(a — vks)
R2 ’
4R*y? — (c — vko)?
Qo323 = 1R )
gy = V@t 7hs)
R
Q2334 = y(zetks)
7 )
I Ch vk3)? — (c —k2)®
4R? ’
tngay = R (a + 7ks)
R? ’
s 3R (e = k)
4R?

Further, we obtain easily
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Lemma 12. The matrix of the Ricci tensor of type (1,1) expressed with respect
to the basis {e1, ez, e3,e4} is of the form

Bi1 (b+vk§)(gka2) (b+vk1)( 3a+7k3) v(b;;kl)
(HW%#*W) Bos —(c— vks)(3a+vks) 7(*62;7’62)
(35) (k) (datyke)  —(emyhy) Gutyi) Bas 2k
2 2
—e 2
'Y(b;‘gkl) 2 2-1;%2) 2'ka3 Bus
where
gy, = (bt 7k1)* — dafa - ~ks)
11 2R2 )
By = (c — vk2)* — da(a + vks)
22 2R2 )
By — aR?*y? + (b + vk1)? + (¢ — vk2)?
33 2R2 )
By = — U@ T RE) (bt yhk)® + (€ — yha)”
44 2R2 .

Now we obtain the following analogue of Lemma 4:

Lemma 13. The condition (10) for the Ricci tensor of type (0,2) is equivalent

to the system of algebraic equations

1,1,1

) )

( )
(1,1,2)
(1,1,3) — —4a® +492(1 — k2 —k2) + (b + vk1)? + (¢ — vk2)* = 0,
(1,1,4) = —dyks(a® —+*(1 — ki — k3))

+ (¢ — vk2)*(—a + vk3) + (b + vk1)?(a + vk3) =

(36) —a(b+ k1) =0,

— alc—7k2) =0,

(1,2,4) — 2a(b+ vk1)(c — vka) = 0,

(1,3,4) — (b+vk1)(a(a + 47ks) + 37% (k3 — R?)) =0,
(2,3,4) — (c — vko)(a(a — 4vk3) + 37 (k3 — R?)) = 0,
(3,3,1) = (b +~vk1)(a + vks) = 0,

(3,3,2) = (¢ — vk2)(a — vks) = 0,

(4,4 1) = (b+ vk1)(a + 3vks) =0,

(4,4,2) — (¢ — vh2)(—a + 3vks) = 0.

Here the symbol “(«, 3,v) —” indicates the substitution of (eq,eg, e,) for (X,Y, Z)

respectively.

Now, we have
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Proposition 4. The unique solution of the system of algebraic equations (36)
is, up to a re-numeration of the triplet {ey, es,es},

(37) a=v\/1—kI—k3, b=—vki, c=7ks, ~v#0, ki, ko ks arbitrary.

The corresponding spaces belong to the case i) of the Classification Theorem.

Proof. Suppose first a # 0. We obtain the formulas (37) from (1,1,1),
(1,1,2) and (1,1,3). Next we suppose a = 0. Then we obtain from (1,1,3) that
1 — k3 — k3 <0, which is a contradiction. On the other hand, (36) is automatically
satisfied by the solution (37).

Moreover, the corresponding spaces have the Ricci eigenvalues o1 = (—2a? —
k32va)R™2% = 03, 02 = (—2a® + k32va)R~% = g4. In addition, VR = 0, checking by
Mathematica 5.0. A routine computation shows that, in fact, every space is a direct
product My x M} of spaces of constant curvatures p; and gz (even for ks = 0 where
01 = 02). Hence, the corresponding spaces are locally symmetric and they belong to
the case i) of the Classification Theorem. O

2.2.3. Non-nilpotent semi-direct products H x R. Let § be the Lie algebra
of H (the Heisenberg group) with a scalar product (, )3. Then there is an orthonormal
basis {f1, f2, f3} of b such that

(38) [f3, o] =0, [f3, fi] =0, [f1,fa] =S5

where v # 0 is a real number. The algebra of all derivations D of b is

a b h
c d f sa,be,d,h, fER
0 0 a+d

when represented in the matrix form.

According to the general scheme, we consider the algebra g = h + R, where the
multiplication table is given by (38) and, according to the general formula (19), also
by

(39) [fa, il = afi +bfa +hfs, [fa, fo] =cfr+df2+ [ f3,

[f4af3]:(a+d)f37 <fiaf4>:ki7 Z:1a273
3
Here v # 0, a, b, ¢, d, f, h, k1, ko, k3 are arbitrary parameters where > kf < 1. We
i=1

exclude the nilpotent case a =b=c=d =h =0. (See [2].)
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This gives rise to a simply connected group space (G = H X R, g).
Now we replace the basis {f;} by the new basis {e;} as in the formula (3). Then
we get an orthonormal basis for which

(40) [e1,e2] =ves, [es e2] = [es,e1] =0, [es, e1] = %(%1 + bea + (h + ka7)es),
e, ea] = gy(ces + dea + (f ~ kam)es), [en es] = 5((a+ d)es)

Now we are going to calculate, in the new basis, the expressions for the Levi-Civita
connection, the curvature tensor, the Ricci matrix, and the condition for the Ricci
tensor to be cyclic parallel.

By an easy calculation we get

Lemma 14.

(41) Ve, €1 = %64, Ve €2 = %647 Ve,€3 = (a;d) es, Ve,eq=0,
Ve, €2 = %63 + (b;]_;) €4, Ve,e1= _%63 + (b;I‘%C) .
Ve, €3 *% %64 = Vege1, Ve,e3= %el + Y—ok) ;;kl)q = Ve, €2,
Veea = ,%61 _ (b2+Rc) ey — (h ;gh)% Voo = (b2;zc) o (h ;;kz)eg)’
O U —&2—;1@2)61 _ ;gkl)ez - (a;d) ..
Vese3 =— ( ;;k2)61 - 9 ;;kl)(sg.

Similarly to Lemma 2 we can now derive
Lemma 15. The components of the curvature operator are

(42) R(e1,e2) = a212412 + a1213413 + a1214A14 + 1223 A23
+ 19224424 + 1234 Aza,

R(e1,e3) = aizi2Adia + a1313413 + a1314 414 + 1323423
+ a1324 424 + 1334 Aza,

Re1,es) = ana12412 + a1413413 + a1414A14 + 1423 A23

+ 424 Aoa + 434 Asa,
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where the coeficients o;jim = g(R(ei, €j)er, e ) satisfy the standard symmetries with

R(ez,e3) = ao312A23 + 2313413 + 2314414 + 2323 A23

+ o324 Aoa + 2334 Asa,

R(ez, eq) = qoa12A12 + 2413413 + 2414 A14 + 2423 A23

+ 2424 424 + 2434 Aza,

R(es,eq) = aza12A12 + aza13A413 + 3414414 + 3423 A23

+ 3424 Aoa + 3434 Asa,

respect to their indices and

(43)
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Q1212

Q1213

a1214 =

Q1223

Q1224

1234

1313

1323

Q1314

Q1324 =

1334

1423 =

Q1414

1424

Q1434

Q2323

dad + 37v?R? — (b+¢)?

N 4R? ’
~2a(f — k1) — (b+c)(h+vk2)
- 4R? ’
—37(h +k2)
4R ’
(b o)(f — k1) — 2d(h 4 vk2)
N 4R2 ’
_ 3 (=f+k)
4R ’
_ —(a+d)y
2R 7
~da(a+d) — R*y? — (h 4 vk2)?
N 4R? ’
~ 2(a+d)(b+c)+ (—f +vk1)(h +vk2)
N 4R? ’
=ty
4R
,d,-y
2R’
_ V(f - “Ykl)
4R
ay
ﬁ7
_4a® + (Bb—c)(b+c) + 3(h +vk2)?
- 4R? ’
_ 4ac+bd) + 3(f — vk1)(h + vka)
N 4R? ’
_(b=c)(f —vk1) +4(a+ d)(h + vk2)
- 4R? ’
_ dd(a+d) — R*y? — (f —vk1)?
- 4R? ’



b+ o)y

Q2324 = AR
_ —(h+ ko)
(2334 = T’
—(b—3c)(b+c) +4d* + 3(f — vk1)?
Q2424 = IR2 )
Ao+ d)(f — k) + (= b)(h + k)
(2434 = AR2 )
4(a+d)? = (f —vk1)? — (h + vk2)?
Q3434 = 1R2 .

Further, we obtain easily

Lemma 16. The matrix of the Ricci tensor of type (1,1) expressed with respect
to the basis {e1, ea, e3,e4} is of the form

B B2 B3 7(%—1;71@1)
h k
(44) ﬂlZ /822 ﬂ23 %
B3 B23 B33 0
Y(=f +7k1)  y(h+vk2) 0 3
2R 2R 44
where

—4a(a+d) — b+ — R?42 — (h + vkq)?

By = — ,
(= f+ k1) (h + ko) — a(b+ 3¢) — d(3b + c)
512 - 2R2 s

—vk1)— d)(h+~k
Bis = c(f=k1) (22;-:3 )(htry 2)7

b2 —c? —dd(a+d) — R?*y?* — (f — vk1)?

P22 = oR2 )
_ (8a+2d)(—f +vk1) + b(h + vk2)
B2z = SR2 ;
 —Aa+d)? 4+ R*? + (f —vk1)? + (h + vks)?
B33 = SR )
Baa = —(b+¢)* —4((a +d)* — ad) — (f — vk1)* — (h + vk2)?

2R?

Now we obtain the following analogue of Lemma 4:
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Lemma 17. The condition (10) for the Ricci tensor of type (0,2) is equivalent
to the system of algebraic equations

1,1,1
1,1,2
1,1,3

1,1,4

) 7

(45) — a(f — k1) =0,
(b+)(f —vk1) — a(h +vka) =
— a(b+3c)+ (3b+ ¢)d =0,
c(bla—3d) —cla+d) — (f —vk1)(h + vk2))
+a(4d® — R*y? + (f —vk1)?) =0,

(1,2,3) — 2a% + b* — ¢ — 2d* = 0,

(1,2,4) — — (b—c)(a—d)(a +d) +4(b+ c)(bc — ad) — (b + c)R*+?
+b(f —vk1)? + c(h +vk2)? + (a4 d)(—f + vk1)(h + vk2) = 0

(1,3,4) — (a(b+4c) + d(3b+2¢))(— f + vk1)
+ (c(3b 4 2¢) — 4a(a — 2d) + d*)(h + vks) = 0,

(2,2,1) = d(f — k1) — (b+ ¢)(h +vk2) =0,

(2,2,2) — d(h + k) = 0,

(2,2,4) — —b*(a+ d) + be(d — 3a) + d(4a® — R*~?)
+ (d(h + vka) +b(—f + k1)) (h + vk2) = 0,

(2,3,4) — (a® + b(2b + 3¢) — 4d(2a + d))(f — vk1)
— (a(2b+ 3c) +d(4b + ¢))(h + vke) = 0,

(3,3,1) = (2a + d)(—f + vk1) 4+ b(h + vk2) = 0,

(3,3,2) = c(—f + k1) + (a+2d)(h + vk2) = 0,

(3,3,4) = a(b+ ) +d((b+¢)® —4a(a + d) — h?) + (a + d)R*~?
+h(b+c)(f — k1) — a(f — vk1)?
+vk2((b + ) (f — vk1) — d(vka + 2h)) = 0,

(4,4,1) = a(—=f + k1) + c(h + vk2) = 0,

(4,4,2) — b(—f + vk1) + d(h + vks) = 0.

(1,1,1)
(1,1,2) —
(1,1,3)
(1,1,4) —

Here the symbol “(«, 3,v) —” indicates the substitution of (eq,eg, ey) for (X,Y, Z)
respectively.

Now, our goal is to find the values of a, b, ¢, d, f, h, k1, ko, k3 and v # 0 which
satisfy this system of equations and to study each of these cases.

Proposition 5. The only possible solutions of the system of algebraic equa-
tions (45) are, up to a re-numeration of the triplet {e1, es, es}, the following ones:
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l.a=b=c=d=0,7v#0,h#0, f, k1, ko, k3 arbitrary.

2.a=d=0,b=—c#0, h=—~ks, f =~k1, v#0, k1, ko, k3 arbitrary.
In these two cases, the corresponding spaces are Riemannian direct products
M3 x R, which are not locally symmetric. Hence, they give the case ii) of the
Classification Theorem.

3.a=d= %’yR, b= —c, h=—~ko, f =7k1, v #0, k1, ko, ks arbitrary.
In this situation, the corresponding spaces are irreducible Riemannian manifolds
with all Ricci eigenvalues equal to —%72. Hence, the corresponding spaces
belong to the case i) of the Classification Theorem.

4. a=—d, d* < 1y?R%, b=c = $\/—4d> + ¥?R?, h = —7ka, [ = vk1, 7 # 0, ku,
ko, k3 arbitrary.
In this situation, the corresponding spaces are irreducible Riemannian mani-
folds, not locally symmetric, with the Ricci eigenvalues g1 = 02 = 04 = —%72,
03 = %72. Moreover, they give the case iii) of the Classification Theorem and
the Ly condition is not satisfied.

Proof. Let first b+ 3¢ # 0, then from (1,1,3) we get a = —(3b+ ¢)d/(b+ 3¢)
and after substitution into (1,2,3) we obtain (b? — ¢2)(16d* + (b + 3c)?) = 0. Hence
b? = % and from (1,2,3) it follows that a® = d?. But, if b = +c, we get from (1,1,3)
that a = Fd.

If b+ 3c = 0, we get from (1,1,3) that d(3b+ ¢) =0, i.e., 8dc = 0. If ¢ = 0, then
b = 0 and we get again a® — d? = 0. If d = 0, then from (1,2,3) we obtain a = 0,
c¢=0b=0. In conclusion, we only have to study the cases a = +d, b = Fc.

Case A.a=d, b= —c.

In this case, the system (45) simplifies to

(46) (1, 1,1) = d(f —7ky) =0,
(1,1,2) — d(h +vk2) = 0,
(1,1,4) — d(4d® —v*(1 — k¥ — k3 —k3) =0,
(3,3,1) = c¢(h + vkq) = 0,
(1,1,2) = ¢(f — vk1) = 0.

Now, first we suppose that d = 0. Then, if ¢ = 0, we obtain the case 1 of
Proposition 5 (note that h # 0 because otherwise we would have the nilpotent semi-
direct product) and, if ¢ # 0, we obtain the case 2 of Proposition 5.

In both the cases 1 and 2 we obtain (V,R)(e1,e2)er = 37R™2(h? + 2vksh +
v2(1 — k? — k2))es # 0 and the corresponding spaces are not locally symmetric.
Further, put X = ((—f +7k1)/Rvy)er + ((h+~vk2)/Rv)ez + es. Then we check easily
that V., X = 0 for ¢« = 1,2,3,4 and X is (globally) parallel. Hence the action of
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the holonomy group ¥(e) is trivial on the 1-dimensional subspace span(X) C T.G.
Consequently, according to the de Rham theorem, we have (G, g) = M3 x R when
M3 is not locally symmetric (and hence irreducible). According to Theorem 1, M3 is
naturally reductive and we obtain the case ii) of our Classification Theorem.

On the other hand, if d # 0, it is clear from (46) that f = vki, h = —vks and

(1,1,4) — d(4d® = y*(1 = kY — k — k3)) =

Hence, we obtain the case 3 of Proposition 5. From Lemma 16 we see that we have
four coinciding Ricci eigenvalues —2~<. Then the corresponding spaces are Einstein
and by a well-known theorem of G. R. Jensen (see [7]) they are locally symmetric.
Hence, they belong to the case i) of our Classification Theorem.

Case B.a=—d, b=c.

In this case, the system (45) is reduced to

(47) (L L,1) = d(f —vk1) =0,
(1,1,4) — d(4c* + 4d* —v*(1 — k3 — k3 —k3)) =0,
(1,2,4) — c(4c* +4d* —~*(1 — ki — k3 — k3)) =0,
(2,2,2) — d(h + vk2) = 0,
(3,3,1) — c(h + vka) = 0,
(3,3,2) = c(f —vk1) = 0.

Note that if we suppose that (—f+~k1) # 0 or (h+~k2) # 0, we obtain a particular
subcase of the case 1. Hence, we can suppose that f = vk; and h = —vyks. Thus,
we obtain only two non-equivalent solutions: either ¢ = d = 0, which is a particular
subcase of the case 1, or the case 4 of Proposition 5. In the case 4 we have the Ricci
eigenvalues 91 = 02 = 04 = —377, 03 = 3%, and the corresponding spaces are not
locally symmetric due to (Ve, R)(e1,e2)es # 0. Now, using (42) and (43), we obtain
that the space of the curvature operators is spanned by the five operators A3, 413,
Aq4, Asg, Asy. Hence the Lie algebra generated by these operators is s0(4). We see
that the action of the holonomy algebra on the tangent space T, G is irreducible and
hence the corresponding Riemannian manifolds are irreducible. Now, we make the
following change of the basis:

2
(48) el = —es, ey =ejcos(a)+ eysin(a),
v

es = —ersin(a) + ex cos(a), ey = ves,

where « is an angle satisfying dsin(2a) 4+ bcos(2a) = 0. (In particular, we should
put a=0ifb=0and a = %n if d = 0). Then the multiplication table for the new
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basis {e], e}, €4, ey} (when using (40)) becomes exactly the same as in the case iii)
of our Classification Theorem. We only have to change notation. The corresponding
metric is also in accordance with the case iii). What remains is to prove that the
condition Ly is not satisfied.

Further, if we put X = e; + vey where v is a nonzero parameter, Mathematica 5.0
shows that the Ledger condition L5(X) = 0 can be written in the form

@1(b, d) + p2(b, d)v* + p3(b,d)v* =0
and, because v is a free parameter, this implies

(49)  ¢1(b,d) = — 1020 + 364b + 468d — 252bd + (20 — 13b + 30d + 8bd)4d>
— (61 + 15b — 21d — 14bd)4b* = 0,

(50)  2(b,d) = 3564 — 1208b + 604d — 396bd — (140 + 17b + 16d — 8bd)4d?
— (51 + 3b+4 7d — 13bd)4b* = 0,

(51)  p3(b,d) = — 16 — 14b — 36d — 18bd — (4 + b — d)2d?
+ (3 +b+d)4b* = 0.

Mathematica 5.0 affirms that these equations have no common solution. Hence the
corresponding spaces do not satisfy the Ledger condition L5 for some value v # 0
and thus, they cannot be D’Atri spaces. This concludes the proof of Proposition 5.

d

2.2.4. Semi-direct products R3 x R. Let t® be the Lie algebra of R® with a
scalar product (,)s. The algebra of all derivations D of t3 is gl(3, R). This means
that the matrix form of D depends on 9 arbitrary parameters with respect to any
fixed orthonormal basis of t3. Moreover, if D is fixed, then we can make three
convenient rotations in the coordinate planes to obtain a particular orthonormal
basis {f1, f2, f3} for which the matrix form of D is the sum of a diagonal matrix and
a skew-symmetric matrix. In other words, we have the general matrix form

a b ¢
D: —b f h|:abecfhpeR
—h p

—C

depending just on 6 parameters. Moreover, we have

(52) [fi, fo] =0, [f1, f3] =0, [fe, f3s] =0.
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According to the general scheme, we consider the algebra g = 3 + R, where the
multiplication table is given by (52) and

(53) [fa, il = aft +bfa+cfs,  [fa, fo] = =bfi + ffo+ hfs,
[fa, f3] = —cfi = hfo+pfs, (fi,fa) =ki, i=1,2,3.

3
Here a, b, ¢, f, h, p, k1, k2, k3 are arbitrary parameters where > k? < 1.
i=1
This gives rise to a simply connected group space (G = R? x R, g).
Now we replace the basis {f;} by a new basis {e;} as in the formula (3). Then we

get an orthonormal basis for which
1
(54) [e1,e2] =0, [e1,e3] =0 [ea,e3] =0, [eq,e1]= E(ael + bes + ces),

1 1
[e4,e0] = E(fbel + fea+ hes), les,e3] = E(fcel — hea + pes).

Now we are going to calculate, in the new basis, the expressions for the Levi-Civita
connection, the curvature tensor, the Ricci matrix, and the condition for the Ricci
tensor to be cyclic parallel.

By an easy calculation we get

Lemma 18.

(55) Velel = %64, vezeg = E64’ v8363 = %(247 ve464 = 07
V51€2:02V5261, vele3:O:ve3el7 V52€3:0:V5362,
Ve, 64 = —%el, Vese1 = R + %637 Ve,e4 = R
b h
Vesea = —pe1+ pes,  Vesea = *%637 Ve, €3 = 7%61 — Les.

Similarly to Lemma 2 we can now derive

Lemma 19. The components of the curvature operator are

a a? b(f —a c(p—a
(56) Rfe1,eq) = R—J;Alm Re1,eq) = ﬁAm + (fR2 )A24 + (pR2 )A347
a, b(f —a 2 h(p —
Rle1,e3) = R—Z;Am, Rez,eq) = %Am + %Am + %A&h
c(p—a h(p — 2
Rlez,e3) = %Az& Res,es) = (pTQ)AM + (pTzf)Am + %Agzx.

Further, we obtain easily
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Lemma 20. The matrix of the Ricci tensor of type (1,1) expressed with respect
to the basis {e1, ez, e3,e4} is of the form

_ala+ f+p) bla - f) cla —p)

R2 R2 R2 0
bla—f) _fla+f+p) h(f —p) 0
57) R2 R2 R2
( c(a—p) h(f —p) _pla+ f+p) 0
R? R2 R?
2 + f2 + 2

Now we obtain the following analogue of Lemma 4

Lemma 21. The condition (10) for the Ricci tensor of type (0,2) is equivalent
to the system of algebraic equations

(58) (1,1,4) = = (f +p)a® + (f = a)b® + (p — a)c® + a(f* +p?) = 0,
(1,2,4) = (a+ f — 2p)ch + (a — f)bp =0,
(1,3,4) = (p—a)ef + (a—2f + p)bh = 0,
(2,2,4) = (= ))V* = (a+p)f* + (p = /)F* + f(a® +?) =0,
(2,3,4) = (f +p—2a)bc+ (f —p)ah = 0.

Here the symbol “(«, 3,v) —” indicates the substitution of (eq,eg, ey) for (X,Y, Z)
respectively.

Now, our goal is to find the values of a, b, ¢, f, h, p, k1, ko, k3 which satisfy this
system of equations and to study each of these cases. Here Mathematica 5.0 offers
just 21 formally different solutions. But, using various numerations and various signs
of the vectors ej, es, e3, we see easily that most of the solutions are to one another
equivalent, and we can reduce the number of essentially different solutions to five.
Then we get

Proposition 6. The only possible solutions of the system of algebraic equa-
tions (58) are, up to a re-numeration of the triplet {e1, e, es}, the following ones:

1) p=f=a,a,b,c, h, ki, ka, k3 arbitrary.

2) b=c=f=p=0,a, h, k1, ko, ks arbitrary.
Ya=b=c=0,p=f, f, h, k1, ko, ks arbitrary.
c=h=p=0,b=f=—a,a#0, ki, ko, ks arbitrary.

) b= §a7 c=—h= %a} f — —a}p:O, a 7é 0, kl; ]{32, kg arbitrary.

= W
~

ot
-
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For the solution 1) we obtain from (57) that all four Ricci eigenvalues are equal
to —3a?/R?. Then the corresponding spaces are Einstein and by [7] they are locally
symmetric. Hence, they belong to the case i) of the Classification Theorem.

For the solution 2) we obtain from (57) that the corresponding spaces have the
Ricci eigenvalues 91 = o4 = —a?/R?, 02 = 03 = 0. From (55) we see that the
distribution span(es, e3) is parallel and hence the holonomy group ¥(e) acts trivially
on it. From the de Rham theorem we see that each space is a direct product M? x R?,
where M? is of constant curvature p;. Hence, the corresponding spaces are locally
symmetric and they belong to the case i) of our Classification Theorem.

For the solution 3) we obtain from (57) that the Ricci eigenvalues are g1 = 0,
02 = 03 = 04 = —2f2/R? and from (56) that the curvature tensor takes on the form

f? 1 I
R(ez,e3) = ﬁAz& Rez, e4) = ﬁA% Ries,eq) = §A347
R(617 62) = R(el7 63) = R(617 64) = 0

We see that each of the spaces is either flat (for f = 0) or it is a direct product
M? x R where M? is a space of constant curvature. In the latter case, the argument
is exactly the same as in Case A of Proposition 2. The corresponding spaces belong
to the case i) of our Classification Theorem.

Under the hypothesis of the solution 4) we obtain from (57) that the Ricci eigen-
values are o1 = g4 = —2a®/R?, 9o = 2a%/R?, 03 = 0. Besides, it is easy to check
that (Ve,R)(e1,e2)er # 0 and the curvature tensor (56) takes on the form

2

2
a
Rey,e2) = —ﬁz‘hm R(er,e3) =0, Rler,eq) = A1g + 2A24),

a
5
a

R(eg, 63) = 07 R(eg, 64) = R2

(2414 + A24), R(es, 64) =0.
Then the space of the curvature operators is obviously spanned by the three op-
erators Aja, A14, Aog. In addition, V.,es = 0 for all i = 1,...,4. Consequently,
according to Lemma 5 and the de Rham theorem the corresponding manifolds are
(not locally symmetric) Riemannian direct products M? x R. Moreover, according to
Theorem 1, M3 is naturally reductive and we obtain the case ii) of our Classification
Theorem.

Finally, we shall study the solution 5). We obtain from (57) that we have here
four distinct Ricci eigenvalues

—2a? a?(1—+/33) a*(1+/33) —2a?
01 = "5py 2= op3 » B= " opy o 04= .
3R? 3R? 3R? R?
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Now, let us introduce a new basis {e}, e}, e5, e} } by

R R
eh = ————(e1 +eg+2e3), e, =———-(2e1 +2es +e3).
3 4a\/§(1 2+2es), ey 4a\/§( 1+ 2ez + e3)
Here (e}, e}) = 1—36R2/CL2 for i = 1,2,3,4, the triplet {e},eb,e5} is orthogonal,
(eh,ely) = %\/ng/cﬂ and (ej,e}) = 0 for ¢ = 1,2. Using the multiplication
table (54) and the assumptions of the case 5 of Proposition 6, we obtain a new
multiplication table

1
(59) [6,176/2] = 6%, [6,17623] = 56,27 [6/2’6,3] = [62176/1] = [62176/2] = [621’6,3] =0.
Now, if we compare this multiplication table and the scalar products (e, e’;) with
the multiplication table and the family of metrics, g(. ), in the case iv) of the Clas-
sification Theorem, we see that this is exactly the subcase where k% = % and the
parameter ¢ in the metric is equal to —4a/(Rv/3). Notice that it is the particular

subcase which was omitted in the case 3 of Proposition 2 for a rather formal reason
that it was not generated on a non-solvable group Gz x R.

3. APPENDIX
In [13], F. Podesta and A. Spiro published the following classification theorem.

Theorem 3. Let (M,g) be a 4-dimensional curvature homogeneous Rieman-
nian manifold of type A, not Einstein, with at most three distinct Ricci principal
curvatures. Then just one of the following cases occurs:

a) M is locally symmetric;

b) (M,g) is locally isometric to a Riemannian product M3 x R, where M? is a
3-dimensional Riemannian space with two distinct Ricci curvatures (g1, 02 =
01,03), 03 # 01: M? is the total space of a Riemannian submersion over a sur-
face N of constant curvature g1 + g3; the fibres of this submersion are geodesics
and the integrability tensor A of the submersion is given by \/2p3w, where w is
the area form of N;

c) (M, g) is locally isometric to the simply connected Lie group (G, g,), whose Lie
algebra g is described by

le1,e0] = —ea, [e1,e3] =e3, [e2,e3] = eu,

[e1,e4] = [e2, e4] = [e3,€4] = 0,
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endowed with the left-invariant metric g, (a € RT),

1
ga:—2wl®wl—&—w2(X)u)2—l—w?’®w?’—|—4aQw4(§§>w47
a

{w'} being the dual basis of {e;}. The metrics g, have Ricci eigenvalues o1 =
02 = 03 = —2a?, p4 = —01 = 2a® and are not isometric to one another for
different values of a. Moreover, the Riemannian manifolds (G, g,) are irreducible
and not locally symmetric.

We are going to compare this theorem with our Classification Theorem. The
case ¢) of Theorem 3 is exactly the case iii) of our Classification Theorem. It suffices
to put a = v/2. Also, applying Theorem 1 to the direct product M3 x R we can
see that the case b) of Theorem 3 coincides with the case ii) of our Classification
Theorem (and it is simplified herewith). (See also [4].) On the other hand, as we
have claimed in [1], Theorem 3 is incomplete because the case v) of our Classification
Theorem is missing there.

When the new family of examples was found, we contacted A. Spiro and F. Podesta
who confirmed us that there was really a gap in the paper [13] and they asked the
present authors kindly to publish the following Erratum: the formula on page 236,
line 11, should read correctly

d:2),4(d:1)’2 - dgl) - d§4(d§3 - d%l) = d§4 (di)z (1 - u) - 2d£2’>1 2 94) = 0.
03 — 04 03 — 04
Several weeks later they sent us a detailed and complete correction of the paper [13]
where they recovered the case v) of our Classification Theorem—in a bit different but
still equivalent form. Also, they concluded that it was the only missing family. The
present authors reproduce here (with some cosmetic changes) the detailed erratum
done by F. Podesta and A. Spiro, with their kind consent.

Erratum (February 26, 2005). Let (M, g) be a 4-dimensional Riemannian mani-
fold with constant Ricci principal curvatures g;, ¢ = 1,...,4 such that g; = g2 and
02, 03, 04 are all distinct. Let {e;};=1,.. 4 be a fixed set of vector fields which gives
an orthonormal frame at any point of M such that the Ricci tensor S is diagonal in
such a frame, i.e. S(e;, e;) = 0;d;;. Finally, we denote by dfj the Christoffel symbols

of the Levi-Civita connection with respect to the frame field {e;};=1, 4, i.e. the

smooth functions dfj = g(Ve,ej,ex). Notice that dfj = —dzk by orthonormality of
the frame field {e;};=1,... 4. The gap in the proof of Theorem 3 concerns the analysis
of Subcase 1.1 of class A (see p. 234 of [13]).

Under the hypothesis of Subcase 1.1 of [13], there exists an orthonormal frame field

{e;}i=1,...4 in a neighborhood of any point p € M such that dfj are all vanishing
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except for the following functions:

04— 02 04— 02
(60) dfy = B = —A, d}y = —dhy = Z—22A, df, = —dfy = - 2224,
04 — 03 04 — 03

4 2 4 3 02 — 04
dgg = —dgy = f, dyg=—dyy = - f;
03 — 04

where A, f are smooth functions, A > 0 and f nonzero.
Now, we consider the Jacobi identity

[e1, [e3, ea]] + [es, [eq, e1]] + [ea, [e1, €3]] = 0

and the inner product of both sides with the vector field e3. After that, we write
each Lie bracket by means of the identities

lei,ej] = Ve,e5 — Ve €0 = (dfj — dé’?i)e;€7

obtaining from the previous claim that

04 — 02 04 — 02
(@ — d3)dB, + (—d3) (a3 — dBy) = FA—22 (3 2=2) —q,
04 — 03 04 — 03
Since g; — 0; # 0 for any 4,j = 2, 3,4, we immediately get the following necessary
relation between the Ricci eigenvalues g;:

04 — 02

61
( ) 04 — 03

=3 or, equivalently, 204+ 02 — 3903 = 0.

On the other hand, A, g; and f must satisfy the relations (3.2) of [13], i.e. the
expressions which give the components of the Ricci curvature tensor in terms of
the Christoffel symbols dfj. Substituting the expressions (60) and (61) into those
relations, we get that A, p; and f satisfy the equations

04 — 02

— 2
62) o1 =o=-2""4%= 642 3= 2(794 92) A2 = 1842,
04— 03 04— 03

01 =225 — 6.
04 — 03

From (62) it follows immediately that A and f = di, are constants and, chang-
ing ey into —ey, there is no loss of generality if we assume that f > 0. Moreover,
substituting (62) into (61), we obtain that

(63) f=+5A and hence that o4 = 3042
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According to (60), all Christoffel symbols are constant and the vector fields e;, i =
1,2,3,4, generate a 4-dimensional Lie algebra g whose Lie brackets can be easily
computed as follows:

(64) [617 62] = —614637 [61, 63] = 2A62, [617 64} = O,
[62, 63} = —2A61 — 4A\/ge4, [62, 64} = 3A\/§63, [63, 64] = —A\/geg.

We constructed a new family of spaces of class A and, obviously, this is the only
missing family in our Theorem 2 in [13].

Now, let us introduce a new basis {e], e}, e, e} } by

1 1
6/ = ———F——¢€9, el = — €3,
N T R R WOV B
1 Va1
62)) = 7@(61 + 2\/564), 621 = 7m(\/561 - 264)'

Here (¢}, ¢}) = g A~ for i = 1,2,3,4, the triplet {€], e}, €5} is orthogonal, (ej, e}) =

A% /& and (€},e}) = 0 for i = 1,2. Using the multiplication table (64) we
obtain a new multiplication table

6 2
(65) [6/1’6,2] = eé’ [6%,6’1] = ?el27 [6/2’6,3] = ?6/1’

[62176,1] = [62176,2] = [621762%} =0.

Now, if we compare this multiplication table and the scalar products (e}, €/;) with the
multiplication table and the family of metrics, g., in the case v) of the Classification
Theorem, we see that we obtain exactly the same family of spaces via the substitution
c= —2v21A.

Therefore, the classification by F. Podesta and A. Spiro should be now corrected
as follows:

Theorem 4. Let (M, g) be a 4-dimensional curvature homogeneous Riemannian
manifold of type A, not Einstein, with at most three distinct Ricci principal curva-
tures. Then just one of the following cases holds: a) (M, g) is locally symmetric, or
one of the cases b), ¢) from Theorem 3 occurs, or the case d), namely the family
described in the case v) of the Classification Theorem from Section 1 occurs.

Note that, in the case of at most three distinct Ricci eigenvalues, the corrected
result by Podesta and Spiro is stronger than our classification result because the
homogeneity is replaced by the weaker assumption of curvature homogeneity.
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