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Abstract. In the present paper we deal with generalized MV -algebras (GMV-algebras, in
short) in the sense of Galatos and Tsinakis. According to a result of the mentioned authors,
GMYV-algebras can be obtained by a truncation construction from lattice ordered groups.
We investigate direct summands and retract mappings of GMV-algebras. The relations
between G MV -algebras and lattice ordered groups are essential for this investigation.
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1. INTRODUCTION

In [5], the notion of generalized MV-algebra (GMV -algebra, in short) has been
introduced; it has been studied in the context of residuated lattices.

The fundamental result of [5] is Theorem (A). From this it follows that each
GMYV-algebra can be represented by using lattice ordered groups. For a detailed
formulation of this result, cf. Section 2 below.

In the present paper we apply the mentioned representation for investigating direct
summands and retract mappings of GMV-algebras.

Let M be a GMV-algebra and let ¢(IM) be the underlying lattice of M. Further,
let A be a subalgebra of M. We prove that A is a direct summand of M iff the
underlying lattice £(A) of A is an internal direct factor of the lattice £(A).
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183



The main result concerning retract mappings of GMV-algebras is Theorem (C)
presented in Section 7 below.

We recall that the investigation of direct summands of some types of algebraic
structures is frequent in the literature. E.g., a rather large series of papers has dealt
with direct summands of abelian groups; cf. the references given in [4].

The related notion of direct product decomposition of MV -algebras was dealt
with in [9]; for the case of pseudo MV-algebras cf. [10] and [20] (under a different
terminology).

Retract mappings and retracts of lattice ordered groups were investigated in [13],
[14], [15], [16]. Retract mappings of MV-algebras were studied in [17].

An important tool in the investigation of the relation between G MV -algebras and
lattice ordered groups that is applied in [5] is the negative cone of a lattice ordered
group. In the introduction of [5], the authors mention the papers of Chang [1],
Mundici [18] and Dvureéenskij [3] on MV-algebras and pseudo MV-algebras; here
the authors write: ‘It should be noted that all the three authors have expressed their
results in terms of the positive cone rather than the negative cone.” Hence in this
respect, the method of [5] differs from that of [1], [3], [18].

We also remark that the term ‘generalized M V-algebra’ was applied in a different
sense in [17]; in the sense of [17], this term is equivalent to the notion of pseudo
MV-algebra (cf. [3], [6], [7], and also [10], [11], [12], [19] and [20]).

In what follows, the term ‘GMV-algebra’ will be used in the sense of [5].

2. PRELIMINARIES

For the sake of completeness, we recall some basic definitions. We also quote some
results of [5].

A residuated lattice is an algebra L = (L; A, V, -, \, /, e) of type (2,2,2,2,2,0) such
that (L; A, V) is a lattice, (L;-, e) is a monoid and for each x,y,z € L,

ry<esr<z/ysy<e)z.

A residuated lattice is commutative if xy = yx for each z,y € L; it is integral if
x ANe=x for each z € L.

The negative cone of a residuated lattice L is an algebra L™ = (LA, V, -, \ -,
/L-,e) where

L™ ={zelL: x<e},
P\i-y = @\g) A, T/n-y = (@/y) Ae.

Then L™ is a residuated lattice as well.
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A generalized MV -algebra (GMYV -algebra, in short) is a residuated lattice satis-
fying the identities

z/((xVy)\z) =zVy=(z/(xVy)\z

If L is a GMV-algebra, then its negative cone L™ is a GM V-algebra as well.
Let P be a partially ordered set. A mapping v: P — P is a closure operator on
P if y(z) < v(y) whenever z <y, z < v(z) and v(y(z)) = z. Put y(P) = P. Then

y(xz) = min{t € Py: z <t}

for each x € P; hence the mapping <y is uniquely determined by the set P,.

Let L be a residuated lattice. A closure operator v on L satisfying vy(a)vy(b) <
v(a,b) for each a,b € L is a nucleus on L. If L. is the image of a nucleus v on L,
then the set L., is endowed with a residuated lattice structure in the following way:

L’Y = (L’Y;/\v\/’YaO’Y7\a/7’Y(6))7

where
v(a) V4 y(b) =v(aVb), ~(a)oy(b) =~(ab).

A residuated lattice A is a direct sum of its subalgebras B and C, in symbols
A = B® C, if the map B x C — A defined by f(z,y) = zy is an isomorphism.
In such case B and C are direct summands of A. Under the above notation, put
z = xy; we denote z = z(B) and y = z(C). We say that x and y is the component
of z in B or in C, respectively.

For lattice ordered groups we use the terminology and the notation as in [8].

Let G = (G;A,V,-, 1, ¢e) be a lattice ordered group. The algebra

G* :(G;/\7\/,',\7/,€)

where z \ y = x7 'y and y/x = yx !, is a GMV-algebra.
The following theorem is one of the main results of [5]; we use a slightly modified
notation.

Theorem 2.1 (cf. [5], Theorem (A)). A residuated lattice M is a GMV -algebra
if and only if there are lattice ordered groups G and G and a nucleus v on (G})~
such that

M=G"¢L,,

where L = (G7)~.

185



Theorem 2.2 (cf. [5], Theorem 3.4). If L = (L; A, V, -, \,/,e) is a GMV -algebra
and 7 is a nucleus on 7, then
(i) V4 =V;
(ii) ~y preserves binary joins;
(iii) y(e) =
) L
) L

(iv

(v

(L A,V 04,\,/,€) is a GMV -algebra;
~ is a filter of the lattice (L; A, V).

3. INTERNAL DIRECT FACTORS OF PARTIALLY ORDERED SETS

Assume that P is a partially ordered set and that (P;);c; is and indexed system

of partially ordered sets. The direct product [ P; is defined in the usual way. The
il

elements of ] P; are written in the form ¢ = (¢;);es. If
il
p: P— H P;
i€l

is an isomorphism, then we say that ¢ is a direct product decomposition of P. In
such case, for each ¢ € I and each a € P we put

P(i,a) ={xz € P: p(z); = ¢(a); foreach je I\ {i}}.

The set P(i,a) endowed with the partial order induced from P is an internal direct
factor of P with respect to the element a. Obviously, P(i,a) is isomorphic to P;.
For each y € P, we denote by ¢¢(y) the element of P(i,a) such that

(i ()i = ((y)):-

Then the mapping
(1) et P— HP(i, a)
il

where ¢ (y) = (¢%(y))icr for each y € P, is an isomorphism. We say that ¢® defines
an internal direct product decomposition of P with respect to the element a.

For each x € P we now put
zi = (p*(2))s;
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x; is the i-the component of x with respect to (1). We also say that x; is the
component of z in P(i,a) and we write 2; = z(P(¢,a)). Then

(2) a; =a for each i€,
(3) (x;); = and (x;);=aifjel, j#i.

Now let I; and I, be nonempty subsets of I such that 1 NIy = @ and I; U, = I.
Put

P(Ii,a) ={x € P: z; =a; foreach i€ 1},
P(Iy,a) ={x € P: z;=a; foreach i€ I}

Let x € P. The element y € P such that

Z; if Z'EIh
Yi = e
a; if i€l

will be denoted by zr,. Analogously we define x,. Then the mapping
x— (xr,,x1,)

defines an internal direct product decomposition

(*1) P — P(I1,a) X P(I3,a).

Further, we have internal direct product decompositions

(*2) P(L,a HHPza

i€l

(*3) P(Iy,a HHPza

i€ly

All the internal direct product decompositions (#1), (*2) and (x3) are taken with
respect to the element a.
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Lemma 3.1. Assume that P is a partially ordered set and that a is the greatest
element of P. Let (1) be valid. Then

for each x € P.
Proof. This is a consequence of the relations (2) and (3). O

If (1) holds and ¢ € I, then we put
P'(i,a) ={z € P: x; = a}.
Then in view of (*2) we have an internal product decomposition

P'ti,a)— [ PG a).
JEN{H)

Moreover, according to (*1) we obtain a two-factor internal direct product decom-

position
(4) P — P(i,a) x P'(i,a).
For x € P we put z(P’(i,a)) = x}. O

Lemma 3.2. Let P be as in Lemma 3.1. Further, let x and y be elements of P.
Then

T AT, =z, x;Vy,=a.

Proof. The validity of the first relation is a consequence of Lemma 3.1 and of
(4). In view of (2) and (3), the second relation holds. O
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4. THE NEGATIVE CONE

Let G be a lattice ordered group. The algebra
G™ = {G77 AVARN 6},

where G~ = {g € G: g < e} is the negative cone of G. For z,y € G~ we put
r\y=(r"ly) Aeand y/x = (yz~—') Ae. An elementary calculation shows that the
algebra

(Gi)* = (Gi’ A,V \a /7 6)
is a GMV-algebra; moreover, under the notation as in Section 2 we have (G7)* =
(G
We denote by ¢(G) and ¢(G ™) the underlying lattice of G or of G, respectively.
A filter C of £(G~) will be called regular if for each z € G, the set {c € C': = < ¢}

has a minimal element; in such case, this minimal element will be denoted by v¢ (z).
Clearly,

Ye(G7) =C.

Lemma 4.1. Let C be a regular filter of the lattice £(G~). Then ~y¢ is a nucleus
on G~ (with respect to the GMV -algebra (G™)*).

Proof. It is obvious that y¢ is a closure operator on the lattice /(G~). Let
a,b € G~. In view of the definition of the operation /;- we have

v(a)/1-b=(v(a)p™") Ae.
From b € G~ we obtain b~! > e, thus v(a)b~! > (a), whence
¥(a) < (y(a)p™ ) Ae<e

and thus v(a)/-b € y¢(G™). Analogously, b\ - v(a) € yo(G~). Hence in view of
[5], Lemma 1.3, v¢ is a nucleus. O

Let C be as in Lemma 4.1. Denote

(5) vo=7 L=(G7), P=(L), a=c
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Lemma 4.2. Assume that (1) is valid. Let x,y € P and i € I. Then
T oy y = (i 0y Yi) O (%] 05 ¥7)-
Proof. We use the relation (4). In view of Lemma 3.2,
rT=x; \NTi Y=y Ny,

Also, z; V x} = e. From this and from Lemma 2.10 in [5] we obtain x = x; o z}.
Similarly, y = y; oy y}. Thus

T 0y Y = (3 0y F) O (Yi O ) = i O (27 O Yi) O Y-
Using Lemma 3.2 again we get
/ . / _ ! /
T Oy Yi = Ty NYi = Yi AT = Yi O Ty,

whence
T oy y = (T; 0y Yi) Oy (2} O Yi)-

O

Lemma 4.3. Assume that (1) is valid. Let i € I and z,y € P;. Then xo,y € P;.

Proof. Putzo,y =z In view of (1),
z:zi/\z;:zio,yzl{.
From the relations z € P;, 2} € P/ we get
TV 2z =e.

Hence
(xVzi)oyy=(zoyy) V(zioyy) =eoyy=uy.

Further, 2/ o, y = 2] Ay, thus
2V (zNy) =y.
By the distributivity of /-groups, we have
2V (zINY) = (V)N (VY =2 Ay.
Therefore z; > y. Since 2z} Vy = e we get z; = e. This yields z = z;, whence

z € P, O
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Lemma 4.4. Let (1) be valid. We use the notation as in (5). Let a € P, i € I,
a1 € P, as € P/ and a = a1 A ag. Then a3 = a; and az = al.

Proof. We have
ag=a1Va=a V(a;Aa,) = (a1 Va;)A (a1 Va,).

Since a1 V a} = e we get a; = a1 V a;, whence a1 > a;. By an analogous argument

we obtain a; > a1, thus a; = a;. Similarly, as = df. O
Lemma 4.5. Let (1) and (5) be valid. Let i € I and x,y € P. Then
(@ oy y)i = wioy yi, (204 Y); = 7} oy Y.
Proof. Inview of Lemma 4.3 we have x; o, y; € P;. Analogously, 2} o, y. € P/.

Now it suffices to apply Lemma 4.2 and Lemma 4.4. O
Again, let us suppose that (1) and (5) are valid.
Let y,z € P. Put z/y =t. In view of the definition of residuated lattice we have
royy<Lzes <t
This yields
t = max P(y, z),

where
P(y,z) ={z € P: zo,y < z}.

According to Lemma 4.5 the relation z o, y < z is equivalent with the validity of the

two following conditions:

Lemma 4.6. Let (1) and (5) be valid. Let i € I and y,z € P;. Then z/y € P,.

Proof. Let us apply the notation as above. From y,z € P; we obtain y; = y
and z; = z; thus in view of (6a)

TioyyY <2

for each « € P(y,z). Since t € P(y,z), we have t; o, y < z, hence t; € P(y, 2).
Clearly t; > t. Therefore we must have ¢; = t. This yields ¢t € P;. O

Analogously, we have (by applying (6b))
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Lemma 4.6.1. Let (1) and (5) be valid. Leti € I andy,z € P{. Then z/y = P).

Lemma 4.7. Let (1) and (5) be valid. Let i € I and y,z € P. Then (z/y); =
Zl/yz

Proof. As above, let z/y = t. Further, put z;/y; = ¢. In view of Lemma 4.6,
q€ P

Since t € P(y, z), (6b) yields

ti 0y Yi < 24y

hence t; € P(y;, z;). Since ¢ = max P(y;, z;), we obtain ¢ > t;.

Denote g A t; = g1. According to Lemma 4.4,

(@)i=q, (@)=t
From this and from (6a), (6b) we conclude that ¢; belongs to P(y,z). Therefore
q1 < t. Hence (¢1); < t;. Thus ¢ = t;. This completes the proof. O

Similarly, we have

Lemma 4.7.1. Under the assumptions as in Lemma 4.7, (z/y); = z/y}.

The results analogous to Lemma 4.7 and Lemma 4.7.1 are valid for the operation

y\ z.
Summarizing, from the previous lemmas of the present section we obtain

Proposition 4.8. Let G be a lattice ordered group and let us use the notation
as in (5). Suppose that
p: P— P, x P!

is an internal direct product decomposition of the lattice P with respect to the
element e.

(i) Both P; and P] are closed with respect to the operations A,V~,0.,\ and /;
also, e € Py N P]. Thus the algebras P; = (P;,V,A\y,04,\,/,e) and P, =
(P!, A\, V,04,\,/,€) are subalgebras of the GMV -algebra L.

(ii) The mapping ¢ determines a direct sum decomposition

¢o: L, =P, P,

It is obvious that if L., is represented as a direct sum
L,=X@&Y
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and if for » € L, we have 2 = x -y with x € X and y € Y, then the mapping
©(z) = (z,y) determines an internal direct product of the corresponding lattices

v: L(Ly) — £(X) x £(Y).
From this and from Proposition 2.10 we obtain the following.

Corollary 4.9. Let us use the notation as in Proposition 4.8. Let F'(P) be the
set of all internal direct factors of P taken with respect to the element e. Further, let
S(L) be the set of all direct summands of L,. For each A € S(L,) put ¢)(A) = {(A).
Then 1 is a one-to-one mapping of the set S(L.) onto the set F(P).

From the mentioned relations between elements of F'(P) and S(L,) and from the
well-known properties of internal direct factors of partially ordered sets we immedi-
ately obtain the following facts:

4.10.1. Let P, € S(L,) and € L,. Then the component zy of z in P; is
uniquely determined; namely

x; =min{t € P;: t > x}.

4.10.2. Let P; € S(L,). Then the corresponding P (under the notation as
above) is uniquely determined; namely,

P/ ={teL,:tVvp=e foreachpe P}.
4.10.3. The system S(L,) partially ordered by the set-theoretical inclusion is a

Boolean algebra. If X, Y € S(L,), then the underlying set of X AY is X NY. Under
the notation as above, P} is the complement of P; in the Boolean algebra S(L~).

5. ON THE GMV-ALGEBRA G*
Assume that M is a GMV-algebra and that
M=G"¢L,,
where G* and L., are as in Theorem 2.1.

In this section we investigate the GMV-algebra G*. Put {(G*) = Q). We have
UG*) =(G).
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Suppose that
v: Q- []Qi
jeJ
is an internal direct product decomposition of the lattice (7 with respect to the
element e.
Let j € J,x € Q. We denote by x; or z(Q);) the component of z in ();. Further,
let @} be defined analogously as P/ in Section 3. Then we have an internal direct

product decomposition
P Q= Q5 x Q]
where 7 (z) = (z;,2;) for each x € Q. Then in view of Proposition 4.8 (applied for

J
¥7) we conclude that Q; is the underlying sublattice of an ¢-subgroup Q; of G (the

meaning of Q; is analogous) and that 1/ yields also a direct product decomposition
of the lattice ordered group G, i.e.,

(7) UG = Q% Q;

is a direct product decomposition of the lattice ordered group G.
Let us consider the GMV-algebras G*, Q and (Q})*. For x,y € G we have

zfy=ay~ ', y\z=y 'z

Thus in view of (7) we obtain that @, and Q; are closed with respect to the operations
/ and \; therefore

(x/y); = zju; " = a;/y; "
(z/y); =2y =25/ (y™ )]

and analogously for the operation \. Hence
G'=Q;o Q;-.

We verified that if (); is an internal direct factor of the lattice @@ with respect
to the element e, then QJ is a direct summand of the GMV-algebra G*. Clearly,
0(Qj) = Q;-

Conversely, it is obvious that if X is a direct summand of the GMV-algebra G*,
then the lattice ¢(X) is a direct summand of the lattice £(G*) with respect to the
element e.

We denote by F(Q) the system of all internal direct factors of the lattice @ taken
with respect to the element e. Further, let S(G*) be the system of all direct sum-
mands of the GMV-algebra G*. In view of the above argument we have proved
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Lemma 5.1. For each X € S(G*) let x(X) = ¢(X). Then x is a one-to-one
mapping of the set S(G*) onto the set F(£(G*)).

Now, let us assume that M is any GM V-algebra. Further, suppose that I is a
nonempty set and that for each ¢ € I, M; is a direct summand of M. If x € M,
then, as above, 2(M;) will denote the component of « in M;. Consider the mapping

a: MHHMZ
el

defined by a(z) = (£(M;));er for each z € M. If « is bijective then we say that M
is a complete direct sum of the system (M,;);e;r and we express this fact by writing

M = ZM
el

Proposition 5.2. Let G be a lattice ordered group. Assume that

o 0G) —T] P

iel

is an internal direct product decomposition of the lattice {(G). Let x be as in
Lemma 5.1; for each i € I put T; = x~Y(P;). Then

G = ZT
iel
Proof. Since {(G) = £(G*), the assertion follows from Lemma 5.1. O

Analogously, from Corollary 4.9 we obtain

Proposition 5.3. Let L., be as in Corollary 4.9. Assume that

¢: L(Ly) _)HPi

icl

is an internal direct product decomposition of the lattice ¢(L,) with respect to the
element e. Put 1~*(P;) = Q; for each i € I. Then

L, =Y Q.

icl
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6. DIRECT SUMMANDS OF M

Again, let M be a GMV-algebra and let S(M) be the system of all direct sum-
mands of M. Further, we denote by F'(¢/(M)) the system of all internal direct factors
of the lattice £(M) with respect to the element e.

If X € S(M), then, obviously, the lattice ¢(X) belongs to F(¢(M)).

Conversely, assume that X is an element of F(¢(M)). Then there exists Y €
F(¢(M)) and an internal direct product decomposition

wo: {(M) — X x Y.

At the same time, in view of Theorem 2.1, we have an internal direct product de-
composition with respect to the element e

o1: (M) — 0(G*) x ((Ls).

It is well-known that any two internal direct product decompositions of a lattice
(taken with respect to the same element) have a common refinement; hence from g

and (; we can construct a new internal direct product decomposition
p2: L(M) — (X NUG")) x (X NLLy)) x (Y NLUG™) x (Y NL(L,)).

At the same time, we have internal direct product decompositions with respect to
the element e

pa1: U(G") = (X NUGT) x (Y NLGT)),
P22 ( ) (X Ne(Ly) x (Y N (L)),
— (X NU(G") x (X Ne(L,y)),

wou: Y — (X NL(G™) x (Y NL(L,)).

In view of 91 and of Proposition 5.2 we conclude that there are GM V-algebras
M, and M5 such that

(M) = X NU(G*), (M) =Y NeG*)

and
G* = M; & M.

Analogously, according to the relation ¢oo and Proposition 5.3, there are GM V-
algebras M3 and My such that

((Ms) = X N£(Ly), (My) =Y n/(L,)
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and
L, = M3 ® M.

Therefore, in view of Theorem 2.1, we have
M = (M, & M) ® (M3 @ My).
It is obvious that the operation @ is associative and commutative; hence
M = (M; & Ms) ® (M & My).
Thus M; & M3 is a direct summand of M. Further, in view of 23 we conclude that
LMy & Ms) = X.
Summarizing, we have

Theorem 6.1. Let M be a GMV-algebra. For each My € S(M) put p(M;) =
¢(My). Then ¢ is a bijection of S(M) onto F(¢(M)).

Theorem 6.2. Let M be a GMV -algebra. Assume that
er: (M) — [ P
iel

is an internal direct product decomposition of the lattice (M) with respect to the
element e. Put ¢~1(P;) = Q; for each i € I, where ¢ is as in Theorem 6.1. Then

(8) M = ZQZ’~

el

Proof. In view of Theorem 6.1, each Q; is a direct summand of M. Moreover,
for x € M, the component of x in Q; coincides with the component of z in P;. Hence
the mapping x — x(F;) is a homomorphism of M into Q;. From this and from the
direct product decomposition ; we infer that (8) holds. 0

Since any two internal direct product decompositions of a lattice have a common
refinement, we obtain
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Corollary 6.3. Any two complete direct sum decompositions of a GMV -algebra
have a common refinement. Namely, if (8) is valid, and, at the same time,

) M=YT,

jeJ

then

M= > Vi
i€l jet
where V; ; = QQ; N1} for each i € I and j € J, and V; is a subalgebra of Q; and
of Tj.

A GMV-algebra is directly irreducible if, whenever M = M; @ Moy, then either
My or M5 is a one-element set. In the opposite case, M is directly irreducible.

For monoids, we define the notation of direct sum, direct summand, direct irre-
ducibility and direct reducibility in the same way as for GMV-algebras.

Let M = (M;A,V,-\,/,e) be an GMV-algebra; we consider the monoid
mon M = (M;-,e).

If M = M; @ M;, then we obviously have

mon M = mon M; & mon M.

The natural question arises whether the situation here is analogous to the situation
when we cosider direct summands of M and internal direct factors of £(M); i.e., we
ask whether there exists a one-to-one correspondence between direct summands of
M and direct summands of mon M.

The answer is ‘No’. Moreover, it can happen that M is directly irreducible and
mon M is directly reducible.

Example. Let R be the additive group of all reals with the natural linear order
and G = RoR, where o denotes the operation of lexicographic product. Put M = G*.
Since ¢(G*) is a chain, it is directly irreducible and hence M is directly irreducible
as well. On the other hand, the monoid mon M is directly reducible.
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7. RETRACT MAPPINGS OF GMV-ALGEBRAS

A retract mapping of an algebra A is an endomorhpism of A such that f2 = f.

Let M be a GMV-algebra; we apply the notation as in Theorem 2.1. Thus
M=G*¢L,.

Let z € M. As above, we denote by z(G*) the component of z in the direct
summand G*. The meaning of z(L,) is analogous. If z = 2(G*) and y = 2(L,),
then z = zy. Conversely, if z = z1y; and z1 € G, y1 € L, then 21 = 2(G*) and
y1 = z(Ly).

In the present section we prove that each retract mapping f of M is determined
by a pair (f1, f2,) of mappings such that
(i) f1 is a retract mapping of G*;

(i) f2 is a retract mapping of L.

We denote by R(M) the set of all retract mappings of M. Further, let 7 (M) be
the system of all pairs of mappings (f1, f2,) such that the conditions (ip) and (iip)
are valid.

Our aim is to construct a bijection
Y: RM) — T(M).

Lemma 7.1. Let z € M. The following conditions are equivalent:
(i) z € G;

(ii) there exists zy € M such that zz; = e;

(iil) there exists zo € M such that zpz = e.

Proof. In view of Theorem 2.1, (G;-, e) is a group with neutral element e.
Thus (i)=(ii) and (i)=-(iii).

Assume that (ii) holds. We express z in the form z = zy, where z = 2(G*) and
y = z(L,). Under analogous notation, let z; = z;y;. By way of contradiction,
suppose that z does not belong to G. Hence y # e. Thus e > y and y > yy1. We
obtain yy; # e, whence zz; does not belong to G, which is a contradiction. Therefore
(ii)=-(i). Analogously, (iii)=-(i). O

Corollary 7.2. Let z,z1 € M, zz1 = e. Then both z and z; belong to G.

Lemma 7.3. Let f be a retract mapping of M. Let z € G. Then f(z) € G.

Proof. In view of Lemma 7.1, there exists z; € M with zz; = e. We have
f(e) = e and f(z1) = f(2)f(z1), hence f(z)f(z1) = e. Then Corollary 7.2 yields
that f(z) belongs to G. O
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Under the notation as in Lemma 7.3, we put f|G = fi. In view of Lemma 7.3, we
get

Lemma 7.4. f; is a retract mapping of G*.

Let y € L. We denote

xr = f(y)(G*), Y1 = f(y)(Lv)

Further, we put

f(y) =y, fa(y) ==

We obtain mappings
far Ly — Ly, f3: Ly—G.

Lemma 7.5. f, is a retract mapping of L.

Proof. It is obvious that f; is an endomorphism of L,. It remains to verify

that f2(f2(y)) = f2(y) for each y € L.
Under the notation as above, we have fo(y) = y1 and f(y) = 2y;. Denote

z1 = fy)(G), vz = f(y1)(Ly).
Thus, in view of the definition of fo, we get fa(y1) = y2. Further, we obtain

f(f(y) = fy) = =y,
F(f) = flzy) = f(x)f(y1) = f(x)z192.

Since x € G, in view of 7.3 we have f(x)z1 € G. Thus from
zy1 = f(@)7192

we obtain x = f(z)x; and y; = y2. We have verified that fo(y1) = y1. O

Under the above notation we put

V(f) = (f1, f2)-

From 7.4 and 7.5 we obtain

Theorem (A). ¢ is a mapping of the set R(M) into the set 7 (M).
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Lemma 7.6. f3 =e foreachy € L,.
Proof. Letye€ L,. If we view M as a direct product, we have

e=em = f(em) = flem/y) = flem)/f(y)

= (eq,er,/(z,y1) = (ea/zer,) = (z7"

76L—Y)a

so 27! = eq and = = eg. Therefore f3(y) = eq. O

Corollary 7.7. f(y) = f2(y) for eachy € L.,.

In view of Corollary 7.7 we conclude that the mapping v is a monomorphism.
Now let us suppose that f; and fs are as in conditions (ip) and (iig). Further, let
2 €M, z=uzy, where x € G and y € L,. We put

fo(2) = fi(2) f2(y)-
Then in view of Theorem 2.1 we obtain

Lemma 7.8. fj is a retract mapping of M.

For a pair (f1, f2) belonging to the system 7 (M) we put

x((f1, f2)) = fo,

where fj is as above.
According to Lemma 7.8 we get
Theorem (B). x is a mapping of the system 7 (M) into the set R(M).

We have already noticed above that the mapping ¢ is a monomorphism. Now
from the definitions of 1/ and x we immediately obtain that x = 1y~!. Hence we have

Theorem (C). Let M be a GMV -algebra. The mapping 1 is a bijection of the
set R(M) onto the system T (M).

The author is indebted to the referee for valuable suggetions. The proof of
Lemma 7.6 is due to the referee.
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