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Abstract. We study Toeplitz operators between the pluriharmonic Bergman spaces for
positive symbols on the ball. We give characterizations of bounded and compact Toeplitz
operators taking a pluriharmonic Bergman space b into another b¢ for 1 < p,q < oo in
terms of certain Carleson and vanishing Carleson measures.
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1. INTRODUCTION

Let B be the open unit ball of the complex n-space C". For 1 < p < oo, the pluri-
harmonic Bergman space b” = bP(B) is the space of all complex-valued pluriharmonic
functions v on B such that

1/p
||u||p{ / u|pdv} < o0,
B

where V' denotes the normalized Lebesgue volume measure on B. It is well known
that b” is a closed subspace of LP = LP(B,V), and hence is a Banach space. In
particular, b2 is a Hilbert space. We will write @ for the Hilbert space orthogonal
projection from L2 onto b?. Each point evaluation is a bounded linear functional
on b. Hence, for each z € B, there exists a unique function R, € b?> which has the
reproducing property

(1.1) u(z) = /Bu(w)Rz(w) dV(w) (z € B)

This research was supported by KOSEF (R01-2003-000-10243-0) and Korea University
Grant.
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for all u € b2. More explicitly, the kernel R, is given by

(1.2) R.(w) = (1—w1- Zyr + (1—z~11_u)"+1 -1 (weB).

Here and subsequently z-W = 21w +. . .+ 2, W, denotes the Hermitian inner product
for points z,w € C*. Moreover, using reproducing properties, we have

1

2 _ ~
(1.3) [R-(w)]3 = R(z,2) = (I =zt
For ¢ € L? and for each z € B we have

(1.4) Qu(z) = /B o(w) R (w) AV (w).

From (1.2), one can see that

(1.5) Rezw)|< —C (2 weB)

ST— 2t

so that R, € L*°. Thus, the orthogonal projection ) can be extended to an integral
operator, by means of (1.4), from L! into the space of all pluriharmonic functions
on B. If 1 < p < oo, then @ is a bounded projection from LP onto bP. The integral
transform can be extended to M, the space of all complex Borel measures on B.
Namely, for each u € M, the integral

Qulz) = /B R(z,w)du(w) (= € B)

defines a pluriharmonic function on B. For u € M, the Toeplitz operator T}, with
symbol u is defined by

Tyu=Qudp)

for v € b*°. In case u = fdV, we will write T, = T. Note that T}, is densely defined
on bP for each 1 < p < oo.

Toeplitz operators acting on holomorphic Bergman spaces have been well stud-
ied. Especially, positive symbols of bounded and compact Toeplitz operators from
a Bergman space into itself are completely characterized in terms of Carleson type
measures as in [7]. The analogous characterizations for harmonic Bergman spaces on
the ball have been obtained in [5] and then for the pluriharmonic Bergman space on
the ball in [3]. In the setting of the upper half-space, bounded and compact positive
Toeplitz operators from a Bergman space into another are characterized in [1] and
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the analogous results have been obtained on smooth bounded domains in [2]. In this
paper, we prove analogous results for the pluriharmonic Bergman space on the ball.

In Section 2, we collect some basic facts which we need in later sections. In Sec-
tion 3, we consider certain averaging functions and Berezin transforms. Section 4 is
devoted to characterizations of bounded and compact Toeplitz operators in terms of
Carleson and vanishing Carleson measures.

2. PRELIMINARIES

In this section we collect some basic facts which we need in later sections.

Notation. We use the notation A =~ B if A < B and B < A by writing A < B for
positive quantities A and B if the ratio A/B has a positive upper bound. Constants
will be explicitly denoted by the same letter C', often with subscripts indicating
dependency, which may change at each occurrence. For 1 < p < oo, we use p’ to
denote the conjugate exponent of p, i.e.,, 1/p+1/p’ = 1. We also use the usual inner

<u,v>:/Bu17dV

product notation

where uv € L.

For z,w € B, z # 0, define

@Z(w) _ zZ— ‘Z‘i (w«i)zf W{wf ‘z‘* (w«Z)z}

l—w-Zz

and ®g(w) = —w. Then each ®, is a biholomorphic self-map of B and &, 0 ®, = id.
For z € B and r, 0 < r < 1, the pseudohyperbolic ball F,(z) with center z and
radius r is defined by
E,.(z) = ®,(rB).

Since @, is an involution, w € E,(z) if and only if |®,(w)| < r. Note that V(E,.(2)) ~
(1 — |z])™*1. Recall that the well-known identity

QU

- — |2/ —w-
1-®,(w) P.(a) = ((11_1|U|.;)((11—z-a))

holds for all w,a € B (see Theorem 2.2.2 of [8]). In particular, it is a consequence of
this that

(2.1) N—w-z|=1—|z|=1-—|w|

whenever w € E,(z); see Lemma 2.1 of [3].
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Lemma 2.1. There exist some ¢ € (0,1) and a constant C' > 0 such that
C™'< R(z,w)(1 - |z))"T <C

whenever w € E, (z) and z € B.
Proof. See Lemma 2.2 of [3]. O

In what follows, r¢ will always the number provided in Lemma 2.1.

Lemma 2.2. Let 1 < p < oo. Then there is a constant C' such that
O™ < R(z,)p(1 = o)) V/P0HD < ©

for every z € B.

Proof. See Lemma 2.3 of [3]. O

3. AVERAGING FUNCTION AND BEREZIN TRANSFORM

For a positive Borel measure 1 on B (simply g > 0) and r € (0, 1), the averaging
function fi, of p over the pseudohyperbolic balls E,.(z) is defined by

- H(Er(2))

fir(z) = V(B (2) (z € B).

Also, for 1 < t < oo, we define the Berezin ¢-transform fi; on B by

@) = [ ral'an e B)
where
_ R(z,w)
Tz,t(w) - ||R(Z7 )Ht (w € B)

is the L-normalized reproducing kernel. In case dyu = fdV for f € L', we will write
i = fr and fiy = f for simplicity.
We start with the LP-boundedness of the averaging operator.
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Proposition 3.1. The averaging operator f — fr is bounded on LP for each
l1<p<Lwand0<r<l1.

Proof. Clearly, the averaging operator is bounded on L*°. So, we now assume
1<p<ooandlet 0 <r<1. For f € LP, we have by Jensen’s inequality and (2.1)

that
Lirerave < [{omm [ i} ae
< | g /E P avave)
~ [ /E . 17|w| T P V@) ave)
< [ g [ v ave

~ / )P AV (w).
B

The proof is complete. O

We also need the following submean-value type inequality for averaging functions
of positive finite Borel measures 1 on B (we simply write p > 0).

Lemma 3.2. Let r,e € (0,1). Then there exists a constant C,. such that
fr(z) < Cm(ﬁZ) (z) for p > 0 and z € B.

Proof. See Lemma 3.1 of [3]. O

Combining the above with Proposition 3.1, we see that LP-behavior of [, of a
given measure u > 0 is independent of r.

Prop051t10n 3.3. Let 1 <p<ooandp>0. If i, € L? for some ¢ € (0,1), then

€ LP for all v € (0,1).

Proof. By Lemma 3.2, we have fi, < [Tlg\]r for each fixed r,e € (0,1). Thus,
the result follows from Proposition 3.1. g

Given r € (0,1) and a sequence {w;} in B, we say that {w;} is r-separated if the
sets F,(w;) are pairwise disjoint. Next, we need a decomposition of B whose proof
is essentially the same as the ball version of that for the covering Lemma of [6]. So,
we omit the details.
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Lemma 3.4. Let r € (0,1). Then there exists a sequence {z;} in B satisfying the
following conditions:
(a) {z:} is an r/6-separated sequence.
(b) UEy/3(z) =B.
(c) There is a positive integer N = N(n,r) such that each point in B belongs to at
most N of the balls E,.(z;).

Note that |z;] — 1 as i — co. Whenever we use expressions like /i, (z;) in what
follows, the sequence {z;} = {z;(r)} will always refer to the sequence chosen in
Lemma 3.4.

Proposition 3.5. Let 1 < p < oo andr, € € (0,1). Then, for any p > 0, we have
fie € LP if and only if >_ |, (2:)|P(1 — |2])" ! < oo.

Proof. First, assume fi. € LP. By Lemma 3.2 and Jensen’s inequality, we have
SlasePa-ja)" S Y [ jrav < n [ japav <o
i i r(2i) B

where N is the positive integer provided by Lemma 3.4.
Conversely, suppose Y |fir(zi)[P(1 — |2])"*! < oco. For z € B and w € E, j3(2),

we note that E, /3(w) C E,.(z). It follows from (2.1) that

firya(w) < fur(2i) V(ET(Zi))) S fr(2i),  w € Eryz(zi)

V(ET/?)(w)

for : =1,2,.... Thus, we have

[lasrav< 3 [ P avi)
B i Y Ery3(2i)

S i (z)PV(Byys(2:))

~ Y i (z) P (1= |z

So, we have fi,/3 € LP. Now, by Proposition 3.3, we have fi. € LP. The proof is
complete. O

Next, we prove the LP-boundedness of Berezin transforms. To that purpose, we
need the following fact (see Proposition 1.4.10 of [8]).
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Lemma 3.6. For —1 < a < o0, c real and z € B, let

(1 — |wp®
B |1 — - I—U|n+1+a+c

Ia,c(z) = dV(w)

for z € B. Then the following estimates hold:

as |z] — 1.
Proposition 3.7. Let 1 < p < oo and 1 <t < oo. Then the Berezin t-transform
f — f; is bounded on LP.

Proof. The case p = oo is clear. Now, let f € L'. By Holder’s inequality,
Lemma 2.2 and (1.5), we have

. — N E=D 0+ £ p
FP < (/B (1 —Jz]) 1/ ( )dv(w)>

1T— - @[

<(1— ‘Z‘)p(tq)(nﬂ) (/B (1- \w\)t/p/\f(w)\p dw>

1—z-w|ntDt

(L= fuh=tr N
x (/B 11—z @|+Di dw

_ Lo [ (L= W) | f ()P
< o (t—1)(n+1)—t/p (
S (1 =12]) /B |1 — 2. w|(n D dV(w)

for z € B where the last inequality holds by Lemma 3.6. Thus, it follows from
Fubini’s theorem and Lemma 3.6 that

fu(2)|P z — |2yt D(n+1)—t/p’ (1= Jw])!?" | f(w)[? w .
/Bw P dv( )5/3(1 2] / AV (w) AV (2)

s 11— 2 @[t

, =D -t/
= [t —tuy [ B vy avi
B B

1—z- @[t

< /B ()P AV (w).

The proof is complete. O

We now turn to relations between LP-behavior of averaging functions and Berezin
transforms. We first prove the following.

99



Lemma 3.8. Given r € (0, 1), there is a constant C,. such that

/ fdu<0r/ Fitn AV
B B

for all f > 0 subharmonic on B and p > 0.

Proof. Fixr e (0,1). Let 4 > 0 and f be a positive subharmonic function. By
subharmonicity and Fubini’s theorem, we have

/Bf(Z)du(ZK/Bm/T(z)f( w) dV (w /f W) (w) AV (w).

The proof is complete. O

Lemma 3.9. Letr € (0,1) and 1 < t < oo, there exists a constant C = C,.; such
that 1. < Cp for any p > 0.

Proof. See Lemma 3.3 of [3]. O

Proposition 3.10. Letr € (0,1) and 1 < t < co. Suppose 4 = 0 and 1 < p <
Then, fi,- € LP if and only if ji; € LP.

Proof. First, suppose fi, € LP. Applying Lemma 3.8 to functions f = |r,|%,
we obtain i <[]+ and thus iz € LP by Proposition 3.7. Conversely, if i, € LP,
then by Lemma 3.9, we have ji,, € LP for 0 < r < 1. This completes the proof. [

4. CARLESON MEASURE

To characterize Toeplitz operators, we need the notion of certain Carleson mea-
sures. Let 1 < p,q < co. Given p > 0, we say that u is a (p, ¢)- Carleson measure if
there exists a constant C' such that

1/q
{ / fl"du} <cllfl
B

for all f € bP. In other words, u is a (p, ¢)-Carleson measure if and only if the inclu-
sion iy, 4: BP — L9(p) is bounded. Carleson measures in various settings have been
well studied as in [5], [7] and the references therein. In this section, we also char-
acterize (p, g)-Carleson measures in terms of LP-behavior of the averaging functions
and Berezin transforms. We first consider the case where p < gq.
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Theorem 4.1. Assume 1 < p < g< oo, s=p/q, 1/s <t < oo ande,r € (0,1).
Suppose p > 0. Then the following conditions are all equivalent:
(1) wis a (p,q)-Carleson measure.
2 sugﬂt 2)(1 — |z])(PHDA=1/9) < oo,
zE

(2) (

(3) sup i (2)(1 — |z])(TDO=1/9) < o0,
z€B

(4) (

4) sup i (2;)(1 — |z])"HO9) < oo,

Proof. First, suppose (1) and show (2) with ¢t = ¢q. Let z € B. By Lemma 2.2
we have

TZEDINY -
sl = (TRGT) el = (0= D07

Integrating with respect to du, we obtain

(4.1) fig(2)(1 — [z]) (D Oa/P) & /B I72p]7 dp.

Since |7z pllp = 1 and p is a (p, ¢)-Carleson measure, the above shows that (2) holds
for t =gq.

Next, by Lemma 3.9, we have (2) = (3).

The implication (3) = (4) can also be easily seen from Lemma 3.2.

Now, suppose (4) and show (1). Let u € b”. Since |u|? is plurisubharmonic, we

have
1

S o [ulP dV
(1 = Jw[)n+t /Er/g(w)

for w € B. This, together with Lemma 2.1, yields

[u(w)[?

1
swp o) < swp o [ jupav
WEE, 5 (2) weE, j5(z) (L= 10" g, w)

T,
< |u|? dV
(I =1z Jg, (2

for all z € B. Hence, we have

q/p
[ rans HEE) {/ Iu”dv}
E,/s(2) (1 —|z))an D/ g, (2

q/p
~ i (2)(1 - |z|><”*”(””’){/E o '“pdv}
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for z € B. Note that ¢/p > 1. Let M = sup fi,(2;)(1 — |2;|)(rHDA=1/9) Tt follows

from Lemma 3.4 that

/B\UI"du< ZZ_:/ET/S(%) Ju|? dpe
< Zﬂr(zi)(l - |z¢|)(”+1)(1_1/3){/
i E
Z a/p
< MZ{/E . |u”dV}

uf ] o]’

< NYPM|Jullf,

a/p
|updV}
r(24)

where N is the number provided by Lemma 3.4. Hence, p is a (p, ¢)-Carleson mea-
sure, as desired.

Finally, suppose (1) and show (2) for general ¢. We have seen that Condition (1)
is equivalent to Condition (3), which does not depend on particular values of p and
g, but depends on the ratio s = p/q. Therefore, we may take p = st > 1 and g = ¢
in order to see that (1) implies (2) for general ¢t. The proof is complete. O

Let 1 < p < oo and {z;} be a sequence in B. For a sequence A\ = {\;} € /P, we let
S()) be the function defined by

(4.2) SN(2) = N1 = [z)"TVOYPIR(z, 2), 2 € B.

Proposition 4.2. Let 1 < p < oo. Then S: ¥ — bP is bounded whenever {z;} is
r-separated for some r.

Proof. Note that for z,w, z; € B, we have
-z @2 <1—z 2"+ 11—z @'
by Proposition 5.1.2 of [8]. This, together with (2.1), gives the following estimate
N—z-© <|1—2-%], weE/(z).
Therefore, by (1.5) we have

1 1
R NS <
| (Z7ZZ)‘N ‘17221‘n+1 ~ |1*ZE|”+1
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for all w € E,(z;) and z € B. It follows that

1

1—z-wtl

SO S SN = [2) DDV (B, () / AV (w)

Er(zl)

for z € B. Thus, setting

w= 30 il [ IOV (B, (2)) s, -
we have (w)
ulw
< - 7
SIS | =t aV (),

For v € L', we define ¥ by
Tu(z) / U yw), zeB
uz)= | ————— w), =z .
B |1 — Z I_U|”+1 ’
Note that ¥ is bounded on LP. Thus, since {z;} is r-separated, we have

ISOVIE S Nully = >~ NP (L = ) VDV (E (20)) 77 = Y [Nl

which shows that S: ¢’ — LP is bounded and the series in (4.2) converges in norm.
Since each term is pluriharmonic, the series converges uniformly on every compact
subsets of B. It follows that S maps /P into bP. The proof is complete. g

In order to characterize (p, q)-Carleson measures for ¢ < p, we will utilize Lueck-
ing’s idea in [4]. To do so, we first need Khinchine’s inequality. Recall that the
Rademacher functions v; are defined by

wo(t):{ 1 ifo<t—[t] <1/2,

-1 if1/2<t—[t] <1,

and ;(t) = o(2°t) for positive integers i. Then Khinchine’s inequality is the fol-
lowing.

Lemma 4.3 (Khinchine’s inequality). For 0 < p < oo, there exists a constant C),
such that
m p/2 1, m P m p/2
ct <Z |>\k|2> < / ‘Z Akd’k(t)‘ dt < Cp <Z |>‘k2>
k=1 0 k=1 k=1
for all m > 1 and complex numbers A1, A2, ..., A\p,.

We now characterize (p, ¢)-Carleson measures for the case ¢ < p.
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Theorem 4.4. Let 1 < g<p<oo,s=p/q, 1 <t<ooandr,e € (0,1). Suppose
> 0. Then the following conditions are equivalent:
wis a (p, ) Carleson measure.

( )

(2) ;\mzm "(1— |z < oo
(3) fic € L*.

(4) iy € L.

Proof. Assume (1) and show (2). First, consider r = ry. Corresponding to
each {\;} € /7, we put

w= DN = [al) " OTVPRC, ),

Since {z;} is r/6-separated, by Proposition 4.2, we have ||u||, < ||(A\:)||¢» and hence,
by Assumption (1),

/’ZA (1 = |2:)) ™12 R, )| dp(w (ZM ‘p)Q/p

In the above inequality, replace A; with t;(¢)A; and then integrate with respect to ¢
from 0 to 1. Then, after making use of Fubini’s theorem and Khinchine’s inequality,
the result becomes

(4.3) / (ZP\ 12(1 — |z|) 2D O=P) | R(w), zl)|2)q/2 dpu(w) < (Z ‘/\i|p>q/p'

Since xg,(z) S (1 — |2:[)"FV|R(-, ;)| for all i by Lemma 2.1, it follows from (4.3)
that

D N (20) (1 — [z]) DO /e)
1-q/2 2 a(n41)/p /2
max{N ,1} . Z IAil"X B, (z) (1 — |2i]) ) du
/2
/ (Z ‘/\i|2(1 — |Zi‘)2("+1)(1_1/p)\R(w’ Zi)P)q apu(w)
B
q/p
S (Z |Mp) :

where N is the number provided in Lemma 3.4. This shows that

S bt (=) (1~ =) < (S bel)

A

A
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for all {b;} € ¢%. Thus, a duality argument yields (2) for » = r¢. Now, an application
of Proposition 3.5 shows that (2) holds for a given r.

The implication (2) = (3) is also a consequence of Proposition 3.5.

Now, assume (3) and show (1). Using Lemma 3.8 and Holder’s inequality, we have

[ atran s [ uitacav < fulgla.
B B

for u € bP so that (1) holds.
Finally, the equivalence (3) < (4) is a consequence of Proposition 3.10. The proof
is complete. O

For > 0 and 1 < p,q < oo, we say that u is a vanishing (p, q)-Carleson measure
if the inclusion i, 4: b — L%(u) is compact, or equivalently, if

/ luj|9dp — 0
B

whenever u; — 0 weakly in 0. Note that the kernels 7, ;, converges to 0 weakly in bP
as |z| — 1 for each 1 < p < 00; see Lemma 3.10 of [3].

Now, we characterize vanishing (p, ¢)-Carleson measures. We first consider the
case p < q.

Theorem 4.5. Let 4 > 0. Assume 1 <p < g < o0, s =p/q, 1/s <t < oo, and
r,e € (0,1). Then the following conditions are equivalent:
1) p is a vanishing (p, q)-Carleson measure.

(1)

(2) fie(2)(1 = [2) DA — 0 as 2] — 1.
(3) fre(2)(1 = [z FNOY) — 0 as [2] — 1.
(4) fir(z) (1 — |z ) DY) — 0 as i — oo

Proof. First, suppose (1) and show (2) with ¢t = ¢. Since r, , — 0 weakly in bP
as |z| — 1, it follows from (4.1) that (2) holds for t = gq.

Next, by Lemma 3.9, we have (2) = (3) for a given ¢.

The implication (3) = (4) follows from Lemma 3.2 as before, because |z;| — 1 as
1 — 00.

Now, assume (4) and show (1). Let {ur} be a sequence converging to 0 weakly
in bP. Let M; = sup fi,(z)(1 — |2|)*TYA=1/9) for positive integers j. By the proof

2]

of (4) = (1) of Theorem 4.1, we have

(4.4 JAZIRTED oY R TER U

1<J
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for each j and k. Since uy — 0 weakly in b, one can easily see that uy — 0 uniformly
on compact subsets of B and {u} is bounded in LP-norm. Thus, fixing j and taking
the limit £ — oo in (4.4), we obtain

limsup/ luk|?dp < M;
k B

for each j. Note that we have M; — 0 as j — oo by assumption. Thus, taking the
limit j — oo, we conclude that

limsup/ lugl?dp = 0.
k B

Namely, u is a vanishing (p, ¢)-Carleson measure, as desired.
Finally, as in the proof of Theorem 4.1, one can see that (1) implies (2) for general t.
The proof is complete. O

The case p > ¢ is a little bit more subtle and we have the following.
Theorem 4.6. Let p > 0 and assume 1 < ¢ < p < oo. Then the following
conditions are equivalent:

(1) uis a (p, q)-Carleson measure.
(2) p is a vanishing (p, q)-Carleson measure.

Proof. We only need to prove (1) = (2). So assume p is a (p, ¢)-Carleson
measure. Take any sequence {u;} converging weakly to 0 in b”. Then {u;} is a
bounded sequence in b” and u; — 0 on each compact subset of B. Let K be any
compact subset of B and ux be the restriction of p to B\ K. Let s = p/q and fix

€ (0,1). Then, as in the proof of (3) = (1) of Theorem 4.4, we have

[ttt [ st dune S sl
B\K B

for all j. Therefore, letting M = sup ||u;||] < oo, we have by assumption
J

q/p
/ |uj|Qdus{ / uj|pdv} T Ml
B K

Take the limit j — co. Since u; converges to 0 uniformly on K, we have

limsup/ lu|Tdp S M| el s-
j B
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Note that fix . — 0 as K increases to B. Also, we have \ﬂK,EPI < \ﬂ8|5/ € L' by
Theorem 4.4. Thus, an application of the dominated convergence theorem yields

limsup/ luj|9dp =0,
J B

and therefore 1 is a vanishing (p, ¢)-Carleson measure. This completes the proof. O

By Theorem 4.1 and Theorem 4.4, the notion of (vanishing) (p, ¢)-Carleson mea-
sures depends only on the ratio p/q. Thus we will simply say (vanishing) s-Carleson
measures in what follows. Having characterized s-Carleson measures, we turn to
characterizations of positive Toeplitz operators. In characterizing bounded positive
Toeplitz operators, the key step is the justification of the equality

4.5 T,u,v) = utd u,v € b
( ) <,u7> B .u’? b )

which enables us to make a connection between Carleson measures and positive
Toeplitz operators.

Lemma 4.7. Let 4 > 0, u,v € b*°. If T),u € b', then we have (4.5).

Proof. Note that the kernel function has the symmetry
R(rz,w) = R(z,rw), zweB, 0<r<1

and R(z,w) is bounded on |z| < r < 1. Let > 0 and assume that T,,u € b'. Thus,
for u,v € b°>°, we have by Fubini’s theorem and the dominated convergence theorem

(Tyu,v) = lim U(z)/Bu(w)R(z,w) dp(w) dV (z)

r—1 rB

= lim : u(w) /TB v(2)R(z,w)dV (z) dp(w)

r—1

= lim 7’2"/ u(w)/
r—1 B B

~ lim 2" /B w(w) /B W) Rz, rw) dV () du(w)

1

(rz)R(rz,w) dV (z) du(w)

r—1

= lim r*" /B u(w)v(r2w) du(w) = /B u dp.

r—1

This completes the proof. O

We now characterize bounded (resp. compact) Toeplitz operators in terms of
(resp. vanishing) s-Carleson measures. We first consider the case p < g.
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Theorem 4.8. Let 1 <p<g<oo,1/s=1—1/q¢+1/p and > 0. Then the
following conditions are equivalent:
(1) T,: b» — b? is bounded (resp. compact).
(2) p is an s-Carleson measure (resp. vanishing).

Proof. Assume (1) and show (2). First, assume that T),: b” — b7 is bounded.
Let z € B and take r = rg, where rg is the number provided by Lemma 2.1. Then
we have

WE(2)) S (1= |2 /B Rz, w)[? dpu(w) = (1 2" DT, [R(z,)](2),
and therefore
fir(2) S (1= )" Tu[R(z, ))(2) = (1= [2) " DO T, o (2).

On the other hand, since point evaluation is continuous on b?, we have

| Turzp(2)] S (1= 1)~ CFV YTy g
Combining these estimates, we have
(4.6) fr (2) (1 = [2) " FO) ST g
Now, since |||, = 1, we see that

fur (2)(1 = [2) DO ST,

where ||T},|| denote the operator norm of 7),: b” — b9. This is true for all z € B and
the constants abbreviated above are independent of z. Hence, p is an s-Carleson
measure by Theorem 4.1.

Recall that r,, — 0 weakly in b” as |z| — 1. Hence, if T),: b¥ — b? is compact,
then we have by (4.6)

fir (2) (1= [2)HDE S T g — 0

as |z| — 1. Hence, p is a vanishing s-Carleson measure by Theorem 4.5.

Now, assume (2) and show (1). First, assume p is an s-Carleson measure. Note
that the function w — [, |R(z,w)|dV (z) is subharmonic on B. Fix r € (0,1). Since
s < 1, fir(w) < (1 = |w?)?*tD(/s=1) < 1 by Theorem 4.1. Thus, by (1.5) and
Lemma 3.8, we have

wn) [ [ pewlavEaw < [ /ufz e V)V ()
S /B /B WdV(z)dV(w).
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We therefore have by Lemma 3.6, for u € b>°
Tyull S ! AV (z)dv
[Twullt S llullo i T (2) AV (w) < o0.

Since 1/s = 1/¢’ + 1/p, we note that p/s is the conjugate exponent of ¢’/s. Hence,
for u,v € b>°, we have by Lemma 4.7 and Holder’s inequality

s/p , s/q’
/ uﬁdu‘é{ / ul”/sdu} { / Ivl"/sdu} < Jallylloly
B B B

The last inequality holds by our assumption p is an s-Carleson measure. Now, a

(4.8) [(Tuu,v)| =

duality argument shows the boundedness of T},: b” — b?, because b> is dense in bP.
Next, assume p is a vanishing s-Carleson measure. Let {u;} be a sequence of
functions such that u; — 0 weakly in b”. Then we have

/ u;|P/* dp — 0.
B

Hence, by (4.8) and a duality argument, we obtain

s/p
[Tujlly < {/B |u,|P/® du} 0.

Therefore, T),: b” — b? is compact. The proof is complete. O

Now, we turn to the case ¢ < p. In this case we will prove that bounded Toeplitz
operators are all compact.

Lemma 4.9. Let s > 1 and p > 0. Then the following conditions are equivalent:
(1) T,: b» — b? is bounded whenever 1 < ¢ <p<ooandl/s=1—-1/¢+1/p.
(2) T,: b** — b%%/(25=1) js bounded.
(3) w is an s-Carleson measure.

Proof. The implication (1) = (2) is trivial.
Assume (2) and show (3). Let p = 2s. Then, by the proof of (1) = (2) of
Theorem 4.8, we have

fur (2)(1 = [2) DO T |

for any z € B, where ||T}|| denotes the operator norm of T),: %% — b2*/(2s=1),
Hence, p is an s-Carleson measure.

Finally, assume p is an s-Carleson measure. Let u,v € 6. We only need to show
that T,u € b'. The rest of the proof is exactly the same as the proof of (2) =
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(1) of Theorem 4.8. Note that (4.7) is still available. It follows from Lemma 3.6,
Theorem 4.4 and Holder’s inequality that

. 1
S /BMT(U)) longV(w)

A 1 s 1/s
< ||#r||s/{/}3(10g W) dV(w)} < 00.

So, we have the implication (3) = (1). The proof is complete. O

Theorem 4.10. Let 1 < ¢ < p < oo and s > 1. Then the following conditions
are equivalent:

(1 : bP — b? is compact whenever 1/s=1—1/q+ 1/p.
T bP — b9 is bounded whenever 1/s =1—1/q+ 1/p.
Ty: b — p?s/(25=1) s compact.

T,: b% — b>*/(25=1) js bounded.

14 is a vanishing s-Carleson measure.

2

w

5
6) p is an s-Carleson measure.

) T
(2)
3)
(4)
(5)
(

Proof. By Lemma 4.9 we have the equivalences (2) < (4) < (6). By Theo-
rem 4.6, we have the equivalence (5) < (6). The implications (1) = (3) = (4) are
trivial. Also, we have (5) = (1), as in the proof of (2) = (1) of Theorem 4.8. The
proof is complete. O
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