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Abstract. For a positive integer n we write ¢(n) for the Euler function of n. In this note,
we show that if b > 1 is a fixed positive integer, then the equation

b —1 pm 1
(p(xb—l)iybfl’ where z,y € {1,...,b—1},

has only finitely many positive integer solutions (z,y, m,n).
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1. INTRODUCTION

For a positive integer n we write ¢(n) for the Euler function of n. In this paper,
we prove the following result.

Theorem 1.1. Ifb > 1 is given, then the equation

S @(xbg:ll) :be:11’

with z,y € {1,...,b—1} has only finitely many positive integer solutions (x, y,m,n).

Some equations of a similar flavor have been treated in [3], [4], [5] and [6].

We use the Vinogradov symbols < and >, and the Landau symbol O with their
regular meanings. The constants implied by them may depend on our parameter b.
We use p, ¢ and P with or without subscripts to denote prime numbers. For a positive
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real number = we use log x for the maximum between 2 and the natural logarithm
of x. Note that with this convention, the function log is sub-multiplicative; i.e.,
log(xzy) < logxlogy holds for all positive real numbers x and y. For a positive
integer n, we write P(n), p(n), w(n), Q(n) and 7(n) for the largest prime factor of n,
smallest prime factor of n, the number of distinct prime factors of n, the number of
prime power divisors (> 1) of n, and the total number of divisors of n, respectively.
We put u, = (b™ — 1)/(b — 1). Finally, we use cop,ci,... for positive constants
depending on b which are labeled increasingly throughout the paper.

2. THE PROOF

Since b is fixed, and (z,y) can take only (b— 1)? values, we may assume that both
x and y are fixed. Let N = z(b™ — 1)/(b—1). If m > n, then

pm—1  prtl
= P
@(N) YT —

>b"—1> N,

which is a contradiction. If m = n, then ¢(N)/N = y/z. Since P(N) divides
the denominator of the rational number ¢(N)/N in reduced form, it follows that
P(N) < b—1. In particular, P(u,) < b— 1. Since for n > 6, u, always has a
primitive divisor, which, in particular, is a prime congruent to 1 modulo n, we get
that n < max{6,b — 2} (see [1] and [2] for the existence and properties of primitive
divisors).

From now on, we assume that n > m. We will first show that n — m is bounded.
Let k = ged(m,n). Then k divides A = n — m, therefore

(2) b’“gbA<<%£[V(1 _1)<<H(1+—)

| P|N
P>b

Let P | N such that P > b. Then P does not divide x and there exists a divisor
Ip of n minimal with the property that P | u;,. The number lp is called the order
of apparition of P in the sequence (un)p>1 and P is certainly primitive for u;,.

Furthermore, P =1 (mod Ip). We now fix d | n and consider

(3) Sq = P and  wg=#{P: lp=d}.

Clearly,
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giving

d
4 —.
) wa < logd

Using estimate (4), we can estimate the sum Sy defined in (3) as follows

1 1 1 wy loglogd
5 Sa < 5 - > +t= )
(5) d ZP+ZP<< Z pTES o(d)
lP:d lP:d P=1 (I‘Il()d d)
P<d? P>d? PLd?

where in the above inequalities (5) we used the estimate (4), together with the Brun-
Titchmarsch Theorem which asserts that the estimate

1 loglogt
S el
p
p=a (mod b)
p<t
holds for all coprime integers 1 < a < b and all positive real numbers ¢ (see, for
example, Lemma 6.3 in [7] or Theorem 1 in [8]). Let ¢y be an upper bound for
the constant implied by the Vinogradov symbol appearing in (5), and assume that
co > 1.
Taking logarithms in the inequality (2) and using the inequality 1+ ¢ < e! which
is valid for all positive real numbers ¢, we get

(6) k<A<0(1)+ZP1_1<Z$d+0(1+z:%)

Pluy, d|n P22
P>b d>1
loglogd
<c + O(1).
d|n
d>1

Since the function loglog(:) is sub-multiplicative, it follows that the function
cologlogn/p(n) satisfies

¢o loglog(ab) < logloga cologlogh
p(ab) ¢(a) p(b)

whenever ged(a,b) = 1.

Hence, writing n = py" ... p{", with p(n) = p1 <... <ps = P(n), we have
co loglogd 2 ( " o log log(p¥) )
% #(d) £[1 1,2:31 Py (pi — 1)
a>1
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Since obviously

Z loglog(p”) < loglogp

—1 —
Siprte—1) P

we get that there exists a positive constant c; such that

loglogd log 1
(7) Z Co l0g l0g < H <1 4 ¢y log ng) _1
o(d) p
dn pln
d>1

Combining (7) with the estimate (6), we get

c1 log logp)

k<A<<H(1+ ;

pln

and therefore

logl logl
k@«n(uw)mp@z%)
pln pln

which, after taking logarithms, gives

log 1
(8) logh <logA <1+ ~228P
pln
We now bound the sum
T_ Z log logp.

p

pln

Assume first that p | k. Clearly, w(k) = O(log k/ loglog k), therefore, by the Prime
Number Theorem, there exists an absolute constant ¢z, such that

log lo log lo
(9) lezggp<< Z g 10g g

plk q<cz2logk q

1
< loglog(ca log k) Z — < (logloglog k).

g<calogk
Assume now that pt k. Then ptm. Thus,

(10) ord, (buy,) = ord,(b) + ord, (um) <€ 14 ord,(l,) < 1+ é.
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Here, for a positive integer n and a prime p we use ord,(n) for the exact order at
which p divides n, together with the well-known facts that p | u,, if and only if ,, | m,
that I, | p — 1, and that if p { m, then

. log(®*™!) _ »p
ord,(um) = ord,(u, ) < ord, ("' — 1) < logp Togp’

Now let ¢ be any positive integer and let us count the contribution to the sum 7°
from primes in Z; = [2¢,2!"1]. Let p be a prime in Z; and let n; be the number of
prime factors of n in Z; which do not divide k. Then n has at least 27~ distinct
divisors which are multiples of p. For each one of these divisors d except O(1) of them
(actually, for each one of these divisors except, possibly, the values less than or equal
to 6), ug has a primitive divisor; i.e., a prime ¢ | ug such that g { ug for any d’ < d,
and ¢ = 1 (mod d). This argument shows that u, has at least 2"¢~! — 6 distinct
divisors congruent to 1 modulo p, giving ord,(p(N)) > 2"*~! — 6. Combining this
argument with the estimate (10), we get

2t
AL [ GRS
logp t
giving n; < t. Thus,
loglog p ny log log(2t+1) tlogt

(11) L= . <Y > <Y <L

pln t>1 t>1

Ptk

Inserting the estimates (9) and (11) into the estimate (8), we get
logk < log\ < 1+ (logloglog k)3,

leading to the conclusion that & (hence, also A) is bounded. We may therefore
assume that both k and X are fixed. Furthermore, by replacing now b by b, x by
z(b¥ —1)/(b— 1), and y by y(b* — 1)/(b — 1), we may assume that m and n are
coprime; i.e., that k = 1.

To finish, we shall show in what follows first that p; = p(n) is bounded, then that
s = Q(n) is bounded, and finally that n itself is bounded.

Assume that p(n) = p; can get arbitrarily large. In particular, we may assume
that p; > min{6,b}. Then the smallest prime factor of u, is congruent to 1 modulo
p; for some i > 1, therefore it is > 2p; + 1 > b > . Hence, the equation (1) can be
written as

Ums

p(un) = m
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therefore

plun) _ yum  _ yuna _ (0= DHE" T —1)
(12) U (), S p(x)un S b —1 ’

The limit of the expression appearing on the right hand side of the above inequality
(12) when n — oo is 1 — 1/b. Hence, if n > c3, then the right-hand side of the above
inequality is < ¢4 = 1 —1/(2b). Thus,

e T ) <en (S0 £ 3))

Pln dln pP2p1
d>1

giving

cs < st+0(17i1)’
d

where ¢ = log(c; ') > 0. Thus, if ¢ is the constant implied by the above Landau
symbol, and if p; > ¢7 = QCgcgl, then we get

1<<st’

d|n
d>1

where the constant implied in the above Vinogradov symbol is cg = 265_1. Using the
estimates (5) and (7), we get that

S

loglog d log log p;

(13) 1<<nggzwgn(l+w),l.
d dn Pld) i=1 bi
d>1 d>1

The same argument employed to bound the number of prime factors of n in the inter-
val Z; which do not divide k, shows that n has at least 2°~! — 6 prime factors which
are congruent to 1 modulo p;. Hence, ord,, (p(N)) = 2°~! —6, while by the inequal-
ity (10), the number ord,, (¢(N)) cannot exceed ord,, (bP*~! — 1) = O(p1/logp1).
This shows that s = w(n) < cglogp;. Hence,

> log log p; log1 colog p1
(14) [T (1+ 22880 g ¢ (14 S2B08B) R0
i1 bi b1
log p1 log]
< exp (cmw) 1
P1
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Here, c19 = c1c9. Since the function (logp; loglogpi)/p1 is bounded, we conclude
that there exists a constant c¢;1 such that

log p1 log log p1 ) 1< log p1 log log p1
—_ <cp——.

(15) exp (010
P P

The combination of the inequalities (13), (14) and (15) leads to the conclusion that

p1 < logpy loglog py,

which shows that p; is bounded. Now n has at least 7(n/p1) — 6 divisors which are
multiples of p; and which are > 6. For each such divisor, u,, has a primitive divisor
which is congruent to 1 modulo p;, which shows that ord,, (¢(N)) > 7(n/p1) — 6.
Since by the estimate (10) this p;-adic order is < 1+ p1/logps < 1, we get that
7(n/p1) < 1, therefore 7(n) < 1. In particular, Q(n) is bounded.

To finish the proof, it suffices to show that for each i < s, p; is bounded. We
proceed by induction on 4, the case ¢ = 1 being obvious. Fix s, 1 <7 < s—1, and
assume inductively that p; is bounded. Since the numbers v; for j =1,..., s are also
bounded, we may assume that the first ¢ distinct primes as well as their multiplicities
are all fixed. Write n; = ﬁl p}”ﬂ Then p;+1 = p(n/n1). Assume that p;11 can get
arbitrarily large. Suppose,] in particular, that it is larger than min{6, 5™ — 1}. Then
writing u, = (0™ —1)/(b—1) - (b™ — 1)/(b™ — 1), and observing that every prime
factor of (b™ — 1)/(b™ — 1) is congruent to 1 modulo p; for some j > 7 + 1; hence,
larger that bt — 1, we get that

Yum = p(N) = w(mum)w(:;%ll),

so writing Ny = (b — 1)/(b™ — 1), we get

o(N1)  yum y(bm = D" — 1)

N1 plaun,)N1 (b= 1D)p(zun, )(0" — 1)

The left-hand side of the above-equality is < 1, while the right hand side tends to
(assuming that n — 00)

y(b™ — )b

(b= Dp(zun, )’

Note that the above number is < 1, for if it were equal to 1, we would then get the

L =

equation

- Vg, = L1,
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which is impossible since its left-hand side is an integer and its right-hand side is
not. Hence, L < 1. Thus, choosing c¢13 to be some constant in the interval (L, 1), we
get that

(16) i< = T (14 505).

It is clear that P | Ny if and only if P | u,, n1 | lp and Ip > ny. Hence, using again
the fact that 1 +¢ < e’ for all ¢ > 0, and the estimate (5), we get

1 loglogd 1
IO son(o X 500 2 7))
ni|d ZPi+1
d>nq

which together with the estimates (16) and (7) leads to

loglogd 1
C13<COZ 808 -I-O( )

¢(d) Pi+1
’I’Llld
d>nq
> c1 loglog p;
chn( (1+7)71)+0( )
0om H pj Pi+1

j=i+1

where c13 = log(cﬁl) > 0. Writing c14 for an upper bound for ¢yS,,,, and ¢35 for the
constant implied by the above Landau symbol, we get that if p; 1 > 201501_31, then

- log1 i loglog p; s
1< H (1+C1 0g0gpg)_1<(1+61 ogong) 1,
j=it1 Pj Pi+1

where the constant implied in the above Vinogradov symbol is ¢ = 2614cf31. The
above inequality certainly implies that

sloglog pi+1
Pi+1

1<

which leads to p;+1 < 1, thus completing the induction and finishing the proof of
the theorem.
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3. COMMENTS AND REMARKS

If one replaces the condition that 2 and y belong to {1,...,b— 1} with the weaker

condition that z and y are fixed (or bounded), then it is perhaps not true that the

equation (1) has only finitely many such solutions (m,n). For example, taking b = 2,

x =1, y = 2, we note that the equation (1) is always satisfied when m =n — 1 and

2™ — 1 is prime. Of course, we do not know that there are infinitely many Mersenne

primes; i.e., primes of the form 2" — 1, but the general belief is that this is indeed so.
Note further that when m = n = 1, then the equation (1) is trivially satisfied with

y = ¢(x). It would be interesting to study the nontrivial solutions of the equation

(1) in all five variables (x,y,b,m,n); i.e., where the base b is also variable. We

conjecture that there exists an absolute constant ngy such that all such solutions have

n < ng. We leave this conjecture as an open problem for the reader.
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