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Abstract. We investigate traces of functions, belonging to a class of functions with dom-
inating mixed smoothness in R?’, with respect to planes in oblique position. In comparison
with the classical theory for isotropic spaces a few new phenomenona occur. We shall
present two different approaches. One is based on the use of the Fourier transform and re-
stricted to p = 2. The other one is applicable in the general case of Besov-Lizorkin-Triebel
spaces and based on atomic decompositions.
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1. INTRODUCTION

Sobolev spaces with dominating mixed smoothness S;W([Rd) were introduced in
1962 by S.M. Nikol’skij, see [13], [14], originally in connection with some partial
differential equations. Later on there has been some interest in these types of spaces
as special cases of vector-valued Sobolev spaces (Sj+"W(R?) can be interpreted
as an iterated version of the Sobolev spaces W} (R)), see Grisvard [9], Sparr [19]
and Schmeifler [17]. At the end of the eighties Triebel [20], motivated by problems
in connection with eigenvalue distributions of integral operators, investigated the
trace problem with respect to the diagonal x; = x5 for the Besov spaces S’} B(R?).
In recent years there is an increasing interest in function spaces with a dominating
mixed derivative in connection with the numerical solution of some special partial
differential equations or integral equations, see e.g. Griebel, Oswald, Schiekofer [§],
Yserentant [26], [27], Nitzsche [15] or Bungartz and Griebel [4].
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We are interested in the description of the trace classes of S;""3W(R?) (and
more general function spaces) with respect to a hyperplane in oblique position. For
at least twenty years the situation is well understood if the trace is taken with respect
to hyperplanes parallel to the coordinate axes, cf. e.g. the monographs Amanov [2],
Gelman, Maz'ya [7] (p = 2) and Schmeifler, Triebel [18]. However, there is an
essential difference if the hyperplane is in an oblique position. First observations
in this direction have been made by Triebel [20] in the two-dimensional case, later
continued by Rodriguez [16] and complemented by the first author, see [25]. To
our own surprise the problem for d = 3 turned out to be more complicated. New
phenomenona occur. Whereas for d = 2 almost all trace classes of Sobolev and
Besov-Lizorkin-Triebel spaces are again Besov or Lizorkin-Triebel classes (in some
limiting cases of generalized smoothness, see [25]) the situation changes with d = 3.
Here it turns out that the trace classes can be described as the sum of three different
function spaces of dominating mixed smoothness. In proving such a statement we
offer two different approaches. The first one is restricted to p = 2 and uses elementary
properties of the Fourier transform. In this simplified situation we are also able to
establish a characterization of the trace class of S5 W (R3) as an La-space with
a weight in the Fourier image. For p # 2 one is confronted with difficult Fourier
multiplier assertions. To circumvent this we apply the characterization of these
classes by atoms which works also in the more general case of Besov and Lizorkin-
Triebel spaces. However, the description of the trace classes found in this way is not
very transparent. Here some further progress would be desirable.

To explain a part of the difficulties let us consider an example. We equip the
hyperplane I" given by x1 4+ 22 + x3 = 0 with an orthogonal basis

(1.1) 0 ={61,02}, 61 =(011,012,013) €L, 2 = (02,1,022,023) €T, &1 L Fa.
Then we associate to this basis the corresponding “orthogonal” trace operator
(1.2) (tre f)(z1,22) = f(2101 + 2202), 21,22 € R.
Now we consider the following family of functions

Iz, z2, 3) i= (@) Y(z2) 1 (x3)| 23|, (z1,20,23) €ER®, XER,

where ¥: R — R is a smooth cut-off function supported near the origin. Such a
function f belongs to S;’T>TW(R3) if A > r—1/p. But the regularity of the function

ga(21,22) = Y(01,121 + 02,122)0 (01,221 + 02,222) (01,321 + 02,322)|01,321 + 0'2,322|>‘
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depends on &. The function gy belongs to S;" W (R?), X > r—1/p, if either g1 3 = 0
or g3 = 0. If 013023 # 0, then gy belongs to Szt,’tW([R?), A>2t—1/p. As
a consequence the description of the traces of S;”z“W(R?’) to the hyperplane
r1 + 22 + 3 = 0 must depend on the chosen basis &.

The paper is organized as follows. In Section 2 we start with a general discussion
of the notion of the trace and continue with a detailed investigation of the trace
problem for the Sobolev spaces of dominating smoothness built on Ly(R?). Here we
shall apply methods from Fourier analysis. In the case of p # 2, treated in Section 3,
the situation becomes more complicated and we switch to the powerful but less
transparent method of decompositions of functions into small building blocks like
atoms. By means of those decompositions we are able to describe the trace classes
for the general case of Besov and Lizorkin-Triebel classes. Our main results are
contained in Theorems 2.11, 3.10, and 3.14.

2. THE TRACE OF SOBOLEV SPACES OF DOMINATING MIXED SMOOTHNESS S5 (R?)

2.1. Sobolev spaces of dominating mixed smoothness.

Let 1 < p < ooand 7 = (r1,...,74) € Nd (Ny denotes the natural numbers
including 0). The Sobolev space of dominating mixed smoothness 7 = (r1,...,74) is
the collection of all functions f € L,(R?) such that

Def € L,(RY), 0<a; <74, i=1,....d,
endowed with the norm

(2.1) IFISEW (RN =D 1D FILp(R)].

a<T

Here o < 7 means o; <7y, i =1,...,d.

The mixed derivative 8"+ 174 f /9z]* ... 0z} plays a dominant part here and this
fact is responsible for the name of these classes. Based on a Fourier multiplier the-
orem of Lizorkin one can prove a characterization of these classes using the Fourier
transfom. Let .7 (R?) denote the class of all complex-valued rapidly decreasing in-
finitely differentiable functions defined on R?. By .#/(R?) we mean the collection of
all tempered distributions and .# and .% ~! denote the Fourier transform and its in-
verse, respectively, both defined on .#”(R%). Then f € .7/ (R?) belongs to S;W (R?)
if and only if

FHAAH Q)2 (L &) 2T F(€))() € Ly(RY).
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Furthermore, the norms || f[S;W (R?)|| and

d

22) ISR = Hﬁf (Hu ; |a-|2>“/2ﬁf<f>)<->|Lp<Rd>

i=1

are equivalent, cf. e.g. [18, 2.3.1]. The Fourier-analytic description can be taken to
generalize these Sobolev spaces to fractional and negative order of smoothness, cf.
[18, Chapt. 2]. We will take (2.2) as the definition of S;W (R?) if r = (r1,...,74),
rmeR i=1,...,d

2.2. Some new function spaces.

As it will become clear below the description of the trace spaces will lead to some
new Sobolev-type spaces. For us it will be sufficient to introduce these classes in the
two-dimensional setting. For the rest of this section we concentrate on p = 2.

Let .4 be a 2 x 2-matrix,

a C

. fa\ . (e
(2.3) //:(b d), det.# #0,  and let ’”‘(b)’ ”2_<d>'

Let f: R? — R be given. Then by f o.# we mean the composition of .# with f,
ie.

(fod)(x):= f(Mzx)= flax1 + cx2,br1 + dz2), x = (v1,22) € R%.

Definition 2.1. Let .#, 71,15 be as in (2.3). Let 71,72 € R. Then S5*"*W (4,
R?) denotes the collection of all tempered distributions f € .#/(R?) such that fo.# €
S5t W(R?). We endow this class with the norm

I£1S3" W (A, R?)|| = || f o A |S3" "> W (R?)]].
The following properties of these classes are immediate.

Lemma 2.2. Let .# 11,15 be as in (2.3). Let r1,72 € R.
(i) The classes S5""*W (.#,R?) are Banach spaces continuously embedded into
(R2).
(ii) Cg°(R?) is a dense subset of Sy*"*W (M, R?).
(iii) A function f € 7' (R?) belongs to Sy W (.4, R?) if and only if

(1+ ady + b&a*) /2 (1 + [c€y + d&af*)"/?|.F £(€)] € La(R?).
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Furthermore, the expression
(1 + lagy +0&a|*)" /2 (1 + [c&1 + déal*) /% F F(€)|IL2(R?)|

yields an equivalent norm in Sy""*W (., R?).

For 71,72 € Ny there is another interpretation. As usual, by df /9] we denote the
weak directional derivative of f in the direction of 7.

Definition 2.3. Let 1, 17 be linearly independent vectors in R2. Let 71,72 € Ny.
Then S5" "W (11, 172) denotes the collection of all functions f € Lo(R?) such that

aOt1+Ot2f

WGLQ(RQ) for all Oél'g’l“i, 221,2
m

We endow this class with the norm

1S5 WO = 3 Z [

0110

LQ(RQ)H.

Remark 2.4. Obviously, these classes S3""W(ni,72) are Banach spaces.
Let €,&> denote the elements of the canonical basis of R2. Then we have
Syt W (€1, €2) = Syt "W (R?). Furthermore, C5°(R?) is a dense set in S5""2W (13,
13) for arbitrary vectors 11, 73.

For a smooth function f and .# and 7,72 as in (2.3) it follows

o of
G U 0-#)(w) = (V (M), 1) = 52 ().
By an induction argument we conclude
80&1+0£2 8041+042f
W(f"///)(f) = W(/f@-

Using the density of smooth compactly supported functions this proves the following.

Lemma 2.5. Let .#, 11, and ijs be as in (2.3). A function f € Ly(R?) belongs to
S5 "W (11, 172) if and only if the function f o .# belongs to Sy*""*W (R?). Further-
more, the norms || f|S5"">W (11, 15)|| and || f o 4 |S5""*W (R?)|| are equivalent.

2.3. The trace with respect to an arbitrary orthogonal basis of the
hyperplane.

Let A1(R3) be a class of functions (distributions) defined on R and let C'(R?) be
the collection of all continuous functions on R?. By I we denote a hyperplane in R3.
Then we consider the mapping

T: f—>f|1:
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which is well-defined in the case of a continuous function f. The aim of this paper
consists in determining a class of functions As(R?) < .#’(R?) such that T, originally
defined on A;(R?) N C(R?), extends to a linear, continuous and surjective mapping
belonging to £ (A;(R?), A2(R?)). If there exists a linear and continuous operator
ext € Z(A2(R?), A1(R?)) such that T o ext = I (identity on A(R?)), we shall call
T a retraction and ext its corresponding coretraction.

In the monographs Amanov [2, 9.5], Gelman, Maz’ya [7, 2.3] and Schmeifler,
Triebel [18, 2.4.2] the traces of function spaces with dominating mixed smoothness
on hyperplanes parallel to the coordinate axes were studied. For simplicity let the
hyperplane be given by x3 = 0. Then the result is the following.

Proposition 2.6. Let r3 > 1/2. Then the mapping
T: f(x1,22,73) — f(x1,72,0)

extends to a retraction from Sy W (R3) onto Sy* "W (R?).

Remark 2.7. A few comments are in order. First of all, .(R?) is dense in
the class S;h”W([R?’). So the trace operator is the unique linear extension of the
mapping 7. Secondly, there is a natural coordinate system on the hyperplane z3 = 0
to measure the smoothness of the trace, namely the one induced by the unit vectors
€1 = (1,0) and & = (0,1). Notice that the spaces S;""W(R?) are not invariant
under rotations in general.

In this paper we investigate the trace with respect to the hyperplane
[:= {(21,22,23) € R3: x1 + 3 + x3 = 0},

with ' as a model case for a hyperplane in an oblique position. However, taking the
trace with respect to the hyperplane

Iy = {(z1,72,23): M21 + 7272 + 7373 = 0}, ¥ = (71,72,73),

where 71 -y - y3 # 0, would give us the same result (up to the norms of the operators
considered). This statement relies on the fact that the mapping

flri,z2,23) — f(Mz1, Aaxa, Asx3), A1-A2-A3 #0,

is a bounded bijective mapping of STW (R?) onto itself.
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The “natural” trace operators

(24) (tI‘l f)(:ﬁg,l‘g) = f(—ZCQ - 583,1'2,1'3),
(25) (tI‘Q f)(ZEl,l'g) = f(l'l,—$1 —1‘3,1‘3),
(2.6) (trs f)(z1, 22) = f(21, 32, —21 — 22),

and the trace operator trg f, see (1.1) and (1.2), are connected through

(2.7)  (tro f)(21,22) = f(2151 + 2202)
= f(o1121 + 02,122,01,221 + 02,222,01 321 + 02.322)
= (tr1 f) (01,221 + 02,222, 01,321 + 02,322)

= (tr1 f)(%12),

where

(2.8) K = (01’2 02’2) and Z'= (Zl)
01,3 023 z2

Analoguously one obtains

(2.9) (tro f)(21, 22) = (tra [)(%27) = (trs f)(%57),
with
(2 10) Ry — (01,1 CT2,1> R — (01,1 02,1)

- ? 01,3 023 ’ ’ 01,2 022 '

The linear independence of the vectors 77, g2, combined with &, &5 € I, ensure that
the matrices %1, %, %5 are regular.

In what follows we shall determine the regularity of try f as well as of tr; f,
i=1,2,3.

Above we considered all orthogonal bases of I". Probably it would be more natural
to restrict to orthonormal bases. However, all function spaces under consideration
here remain invariant under the change from an orthogonal to the associated or-
thonormal basis (up to equivalent quasi-norms). The greater generality leads to
nothing new but it simplifies the calculations. For that reason we shall work with
orthogonal bases.

2.4. The regularity of try f.

2.4.1. A description of the general case.
Let f € C§°(R3). Now we introduce a very useful decomposition of f. Let 2;
denote the characteristic function of the set

M; = {(7-177-277-3): |Tl| = HliIl(|7'1|, |T2|7 |T3|)}7 1= 17273~
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Hence

|M; N M;| =0, i# 7, and UMZ- = R3,
(here | - | denotes the Lebesgue measure in R?). We put
fila) = F 2T [(O)](2),
and obtain f = f; + fo + f3. We continue by defining
(2.11) gi(w1,x2) = (tr; fi) (@1, 22), i=1,2,3.

Elementary properties of the Fourier transform yield

(2.12) Fag1(&1,&2) = \/%/Rfsfl(ﬁ,& + 71,8 +711)dm,
Fag2(61,62) = \/%/Rf:sﬁ(& + T2, T2, &2 + T2) d7,

Fag3(&1,62) = %/Rfsfs(fl + 73,82 + 13, 73) dT3,

where Z»g denotes the Fourier transform in R? and %3 f the Fourier transform in
R3, respectively. Now we are going to check the regularity of the functions g;. To
begin with we investigate the case when i = 1. Let r; > 1/2. By using Holder’s
inequality and a change of variables we obtain

2

/ (1+&)=(1+&)" /§3f1(7'1752+7'1,f3+7'1)dﬁ d¢&; dés
R2 R

<a / (L+E)2(1+ ) (1 4+ 12)" | Fa fr(m1, bo + 71, & + 1) > dri A&y A&,
R3

- a /3[1 +(r2 = 1)) [+ (73 — 7)) (L4 1) [ Fs fi(71, 72, 73) | AF
R

with ¢; = [, (14 72)7" dr1 < co. Finally, we observe that if |71| < min(|72|, |73]),
then |72 — 71| < 2|72, |73 — 71| < 2|73| and

1+ (r2 — 1)) [1 4 (13 — 11)?]" <4723 (14 75)2 (1 +73)".
Because of supp Z3 f1 C {(71,72,73) € R®: |11| < min(|r2|,|73])}, we finally conclude

(2.13) [[try f1]S5> " W (R < e2|l Aol STW (R < el FISTW (R?)].
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This proves try fi € So>"*W (R?). Similarly one obtains tra fo € S5V W (R?) (if
ro > 1/2) and trz f3 € S5V W(R?) (if r3 > 1/2), respectively. To summarize
our findings we need to recall a further notion. For three quasi-Banach spaces
Ay, Az, A3 — '(R?) of tempered distributions we put

A+ Ay + Az = {gEY’(RQ): dg; € A;, i =1,2,3, st. g=g1+9g2+ 93}

We equip this space with a quasi-norm by taking

3
lglA1 + Az + As]| == inf { S llgilAill: g=g1+92+gs, gi € Ai, i = 1,2,3}.
=1

Lemma 2.8. Let € be an orthogonal basis of T and let %;, 1 = 1,2, 3, be matrices
associated with ¢ by (1.1), (2.8) and (2.10).

Suppose min(ry,re,r3) > 1/2. Then trpy becomes a continuous mapping of
Sy W (R?) into

(2.14) SyvTEW (Ry t RE) + SybTIW (%y R + Sy2TSW (%Y, R?).

Proof. The boundedness of trg follows from the identity

3

3
(tro f)(2) =D (tro fi)(2) = Y (trs fi)(%:2),

i=1 i=1

cf. (2.7), (2.9), the definition of the spaces S5*""*W (.#,R?) and the inequality (2.13)
and its counterparts for tro and trs. O

The restriction min(rq,r2,r3) > 1/2 has been convenient but is by no means
necessary. Moreover, as we shall see by the next theorem the operator try is surjective
in Lemma 2.8. The description of the trace class becomes more complicated than in
Lemma 2.8 if min(ry,7e,73) < 1/2.

Theorem 2.9. Let & be an orthogonal basis of I' and let %;, i = 1,2,3, be
matrices associated with ¢ by (1.1), (2.8) and (2.10).
Let 7 = (r1,r9,73) € R® withr; #1/2,4i=1,2,3, and

(2.15) min (r1,72,73,71 + 72 — %,rl +r3 — %,T‘Q +r3 — %) > 0.
Then
(2.16) trg € Z(SsW(R?), S*(R?) + S?(R?) 4+ S3(R?)),
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where

ro,rs 1 2 i 3
sy =] WD, 1 e
S;Q’T3+T1_§W(%1_17 RQ) a S;2+T1_§,T3W(%1—17 RQ), if r < %,

and similarly for S? and S3.
Conversely, to each function g € S*(R?) + S?(R?) + S3(R?) there exists a function
f € STW(R3) such that trg f = g.

Proof. Step 1. Preparations. For o, 3,t € R we define

I{a,B,t) == /Oo A+ t+7)H) "1 +72)Fdr.

— 0o

Ifa+8> %, B < %, elementary calculations yield

(1+12)F if o > 1,
(2.17) I(a,B,t) < (14+2)7P(1+1og(1+1t]) if a= 3,
(1 + t2)~(a+P)+1/2 if < 2,

for some ¢ independent of ¢.

Step 2. The boundedness of try in the case of min(ry,ra,73) > 3 has been
proven before.

Now we suppose 0 < r; < % We proceed as at the beginning of this subsection
and obtain

2

/(1+§§)T2(1+§§)”+T1_% /93f1(71,§2+71a§3+ﬁ)d71 d¢é; dés
R2 R

< /R3<1 + &)1+ ) T (0, m, &) (L + 7)) (L+ (1 + 6))°
X | Zafi(11, €2 + 11, & + 1) [> dri & A&,

g Cl/ [1 + (7’2 — 7'1)2]T2[1 + (7'3 - T1)2]T3_a(1 +7'12)T1(1 —|—Tg?)a|§3f1(7'1,7'2,7'3)|2d7?,
R3

where we have used (2.17) with some « satisfying % - < a< % Choosing

« sufficiently close to % — 71 our restriction r; + 13 > 1, see (2.15), guarantees

2
r3 —a > 0. Furthermore, taking into account the information on the support of .% f;
we arrive at

T2,r3+T -1 I T
e 1] 852" T2 W (R < ol AISEW (R?)]| < cal| IS5 (R)]]
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with some ¢ independent of f. Interchanging the roles of &; and &, also
To+T —l,r 7
e 2] 85272 W (R < es £S5 (R?)]

follows. Moreover, by symmetry we obtain the needed estimates of tr; f1, ¢ = 2,3,
as well. This completes the proof of the boundedness.

Step 3. Construction of an extension operator.

Substep 3.1. Construction of a linear extension operator for Sy W (R?). Let
¢ € C5°(R) be a function such that [ ¢(t)dt = v/2n. Then, for g € C5°(R?) and
x € R®, we define

fi(x) = ext} g(x) == Z5 " [p(&) Fag(&2 — &1, & — &)] (2),
fa(@) = exty g(x) == F5 ' (&) Fag (&1 — &2, — &)] (2),
fs(@) = ext} g(x) == F5 ' [p(&3)-Fag (&1 — &5, 60 — &3)] ().

|
9

Hence, e.g. for f3, we conclude

\/%/ F3f3(&1 + 73,8 + 73, 73) dT3 = Fag (&1, &2)
R

and from this identity we derive

g(z1,22) = (tr3 f3) (w1, 22) = f3(w1, 22, —21 — 72), (z1,22) € R%.

Similarly
g=tr1 fi and g = tra fa.

The regularity of exts g is easily checked in view of

[ G808 Zet oo of
= /Rs(l 6+ 7)™ (1 (€ + 7)) (14 73) p(73) Fag (61, £2)|* A&y dEp drs
<ot [ (U ol P dry o] 55 W (6P
< e2llglSy W (R?)|1%,

where we also used the fact that ¢ has compact support. This proves ext; €
L(Sy W (R?), Sg» W (R3)) for any r3 € R. Similarly, ext; € £(S5>* W (R?),
Syt (R3)) for any 71 and exty € Z(S;V W (R?), S W (R3)) for any ro,
respectively.
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Substep 3.2. Construction of an extension operator in the case of min(ry,
ro,73) > 1/2. We shall use the abbreviations A; = S3>"*W (%, ', R?), Ay =
SyvTSW (%5, R?) and Az = S5UTPW (%5, R?). Let g € Ay + Ay + As. Further, let
g = g1+ g2 + g3, where

3
giEAi, 7;:172737 and Hg|A1 +A2+A3” <2Z|‘91|A1H
=1

By definition g,(%2; ') € S5>"™W(R?) and consequently, by Step 3.1, f; := ext]
g1 (%) € SyPTETW(R®). Similarly, fo i= exth go(%s '), f3 = ext} g3(%5 ") €
St W (R3). We put f := f1 + fo + f3. Because of

3

3
tro f =) trofi=Y (tr; fi)(%:")

i=1 i=1
3 3
= (triext] gi(%1))( %) = D g1 =9,
=1 =1

see Substep 3.1, this proves the existence of a bounded extension of g if min(ry,
7‘2,7“3) > %

Substep 3.3. Let 0 < 1 < % We shall use the abbreviations A; =
552’T3+T1_%W(R2), Ay = S;Q+Tl_%’r3W(R2). By the arguments from the pre-
vious substep (and by symmetry) it will be sufficient to construct a function
fi € SyETETSW(R3) such that try fi = gi1(#;') € Ay N Ay, To shorten the
notation we write h; instead of g1 (%, '-). To begin with we define two subsets of R?

0 = {(51752753)1 |62 — &1 < &3 —§1|77|£2 ;5” <&l < =&l ;§1|
if &2 — 6 > 1, |6l < 1if & — &l <1},
0= {(61,6,6): 16— &l < e~ &), 25 < jey < B8

it 6 — &1 > 1, 6] < 1if |6 — &) <1},

Obviously, these sets are disjoint. Let Z; denote the characteristic function of §2;,
i =1,2. Then we define

fi(z) == /eixgﬁﬂh(& —&,63 - &)
(1+ (& =&))L+ (& — &)™
- (‘%@ &)1+t

(1 + (§2 - §1)2)T2(1 + (§3 — 51)2)r3+m—1/2
Ar e T g g

HY (& — 6,86 - &)

+ 23(8)

H?*(& — &,8 — 51)) dé,
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where the functions H', H? will be chosen later. First we prove tr; fi = hy. It is
sufficient to assume hy € C5°(R?). Setting 72 = & — &1 and 73 = &5 — & we find

fi(=z2 — 23,22, x3)
= / el Fe57) Zy by (19, 73) (1 4 73) ™2 T V2 (1 4+ 73)0 HY (12, 73)
[T2] <] 73]

1
) /I(m (T4+EH) A+ (2 + )22 (1 + (13 + &))"

+ / ei(w2T2+$3T3)ﬁ\2h1 (7'2, 7'3)(1 + T22)T2(1 + Tg)r3+rl_l/2H2(T2, 7'3)
|7s]<|72]

5 dfl dT2 d’7'3

1
* /I(rs) (T+E)mA+ (2 +&)2)=2(1+ (13 + 61)2)"

5 dfl dTQ dT3

with I(72) and I(73) being appropriate subsets of R. The functions H' and H? are
determined through the identities

. 1 (L4 75)rtr 20 4 7g)me >—1
Hmm) = 2n (/1(72) (L&) (1 + (12 + &2)2)m2 (1 + (13 + &1)2)™s )

2 _ i (1 +722)r2(1 +7_32)r3+r1—1/2 )—1
) = 2n (/1(73) A+ 1+ (2 + &)%) (14 (13 +&1)3)™ & )

As a consequence we obtain

1

fl(_$2 - $37$27$3) = ﬁ/ ei($2T2+I3T3y2h1 (T2,7'3)d7'2 dr = hy ($2,$3)
R2

as claimed. From the definition of the sets 2; we derive the existence of two positive
constants ¢; and ¢y such that for all 75, 73

a1 < H' (2, m3) < e2

as well as
2
C1 < H (’7’2,7’3) < Ca.

This will be used to prove that f; is sufficiently regular. Indeed, we have
[ aa@rasgras@risn©Fd
[R‘

= [ A+ O+ T~ 66— 60

X (Z1(E)|H (& — €1,& — &) P+ (& — &)P)? 11+ (& — &)™
+ Zo(O)|H (62— &1,& — ED)PP(L+ (&2 — &)D)? (1 + (& — &)%) P21 dg
= J1 + JQ.
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A change of coordinates, the boundedness of H' and the definition of €; yield
B<d [ (PP
[T2| <[ 73|
% / A+ A+ (+&)°) 1+ (13 + &))" d&y drpdrs
I(r2)
S / | Faha (12, 73)|2 (1 + 73)2 T 72 (1 4 73)" dry drs.
[RQ

The estimate of Js is similar. Hence

72,7 ri—% T r—l,r‘
1£11S55 "2 W (R®)|| < ea(l[ha]Sy> ™ T2 W (R[] + || S5> T 72 W (R?))

with some constant ¢4 independent of h;. This proves the boundedness of the ex-
tension. O

Remark 2.10. Let us mention that we have not shown the existence of a linear
and continuous extension operator. The step in which g is split into the three func-
tions g1, g2 and g3 need not be linear. This problem will be investigated in the next
subsection.

2.4.2. A description of the trace classes on the Fourier side.

For simplicity we concentrate on the situation min(ry,ro,73) > 1/2. The sum
ST (Rt R2) Sy W (g, R?)+S52 2 W (%1, R?) is not direct. Tt is obvious
that

oo (R®) C (S5 W (5 ', B2) N Sy W (7, B) 1 Sy W (%, R2).

At this moment it is not clear whether the connection between g and its optimal
decomposition g1 + g2 + g3 can be realized in a linear way. But that can be seen
easily by the Fourier-analytic description of the trace space.

Let ¢ be an orthogonal basis of I' = {(x1,72,73) € R3: @1 + 22 + 23 = 0}
and let %1, %, %5 be the matrices associated with &. First, we notice that g3 €
SyvTW (%5 Y, R?) if, and only if,

(2.18) [1+ (02261 — 01,262)" ] 2[1 + (021&1 — 01,1&)°])/? Fg3(61, &) € La(R?),
ma(&1,€2)

cf. Lemma 2.2(iii). Similarly, g; € S5>"*W (%", R?) if, and only if,

(2.19) [1+ (02,361 — 01,362)%]"2/2[1 + (02,261 — 01,262)°]"/% F g1 (&1, &) € La(R?),
my(€1,€2)
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and go € S5V W (%51, R?) if, and only if,

(2.20) [1+ (02,361 — 01,362)%]" 2 [L + (02,161 — 01,162)°]"/% Fga(&1, &) € La(R?).
ma(€1,€2)

In view of these characterizations we define

(2.21) m(&1,§2) := min(my (&1, &2), ma (&1, &), ms(&1,&2))
and
(2.22) Lo(R*,m) := {g € L2(R?): mFg € La(R?*)}

equipped with the natural norm
lglL2(R?,m)|| := [|m.Zg|La(R?)|.
Now we arrive at the main result of this section.

Theorem 2.11. Let & be an orthogonal basis of I' and let %#;, i = 1,2,3, be
matrices associated with & by (1.1), (2.8) and (2.10). Suppose (2.15) and r; # 3,
i = 1,2,3. Then there exists a continuous function m such that trs becomes a
retraction of Sy"*"* W (R3) onto La(R?,m). There is a bounded linear extension
operator ext € £ (La(R?,m), S5 > W (R?)) such that trgoext = I (identity on
LQ(RQ 5 m))

Proof. We concentrate on the case min(ry,rs,r3) > % Then the function m is
given by (2.21). The modifications which have to be made for the general situation
are obvious. We omit the details.

Step 1. Boundedness. Again we shall use the abbreviations A; = S5 W (%;*,
R?), Ay = SSV"W (%5, R?) and Az = S5V W (%5 ', R?). Let g € Ay + Ay + Aj
and let g = g1 + g2 + g3 be an optimal decomposition of g with g; € A;. Then

m(& Zmz NFgi(€)l,  EeR.

But this implies

w

llgLa(R?, m lemzefgzle (R?)] CZHMA I,

with some ¢ independent of g.
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Vice versa, if g € La(R?,m), then we define

(2.23) Qi = {(61,82): mi(61,62) = m(&1,€2)},

Z; denotes its characteristic function, and

(2.24) gi(x) = F 2O Fg(©)(x), i=1,2,3
Thanks to s
;N =0, i#j and |JU=R,
1=1

(| - | being the Lebesgue measure in R?) this implies g = g1 + g2 + g3 and
Imi Z il Lo (R)|| < [mFglLa(R)],  i=1,2,3.

Summarizing we have proved the coincidence of Sy* "W (%5 *, R?) + Sy W (%5 *,
R?) + Sp>"W (%", R?) and La(R?,m) in the sense of equivalent norms. Hence
trg € L(S50" W (R?), La(R?,m)).

Step 2. The linear extension. Since the mappings g — ¢;, i = 1,2, 3, cf. (2.24),
are linear and continuous, the extension operator constructed in the proof of Theo-
rem 2.9 is linear and bounded as well. (]

2.4.3. The trace space for a dominating direction.

This subsection contains an additional observation of minor importance. So we
concentrate on min(rl,rg, 7"3) > %

A simplified description of the trace spaces can be given if one of the parameters
71,72, 73 is dominating the sum of the others.

Lemma 2.12. Let & be an orthogonal basis of I' and let %;, i = 1,2,3, be
matrices associated with ¢ by (1.1), (2.8) and (2.10). Then the embeddings

SEUTW (R R o S3W (5 R and
SyTW (R RE) o ST (L R
exist if, and only if, r3 > r1 + ra.

Proof. Again we work in the Fourier image. Let mi,ms and ms be the
functions defined in (2.18)—(2.20). Then the first embedding is equivalent to the
boundedness of m3/ms and the second is equivalent to the boundedness of mg/my,
respectively.
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Let us turn to the boundedness of the first quotient. By a change of coordinates

Y1 := 02,281 — 01,282 and Y2 1= 02,361 — 01,352

and taking care of &1, € ' the boundedness of ms/ms is equivalent to

1 2r11 21ro
sup (I +yD)" 1+ (y1 +y2)°] < 0.

y1,Y2€R (1 —|—y%)rs(1 _|_y§)r2

With yo = 0 the necessity of r3 > r1 + ro follows. Sufficiency can be derived from
L+ (y1 +92)” <2(1+ 7)) (1 +3).
O

Theorem 2.13. Let € be an orthogonal basis of I' = {(x1,z2,23) € R®: 21 +
2o + x3 = 0} and let #3 be the matrix associated with & by (1.1) and (2.10). Let

min(ry,79,73) > 1/2 and suppose r3 > r1 + ro. Then try becomes a retraction of
Syt W (RE) onto Syt "W (5 ', R?)) and

ST (5t R?)) = La(R?,m3) (equivalent norms).

Proof. From Lemma 2.12 we derive
SyUEW (R, R?) + Sy W (%1, R?) 4 Syt "W (%2, R?) = Sy "> W (%3, R?)

with equivalent norms. Now the statement follows from Theorems 2.9 and 2.11. The
last identity has been derived in (2.18). O

Also try, tro and trg have additional properties if one of the smoothness parameters
dominates the sum of the others.

Theorem 2.14. Let € be an orthogonal basis of I' = {(x1,z2,23) € R®: 21 +
2o + x3 = 0} and let #3 be the matrix associated with & by (1.1) and (2.10). Let
min(ry,r9,73) > 1/2 and suppose 15 > r1 + ra.

Then tr3 becomes a retraction of Sy""*"™W(R3) onto Sy""W(R?), i.e. there
exists a linear extension operator ext* € Z(Sy W (R?),S3""W(R?)) s.t.

trgoext™ = 1.
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Proof. Step 1. Boundedness of trs. To show that, we use again (2.12).
Furthermore, taking h(&1,&2,73) := ZFf(& + 73,82 + 73,73), it will be enough to
show the existence of some positive constant ¢ such that
2

@2) [ @+ dyn
R

h(y1,y2, y3) dys
R

S C/Rg[l + (g1 +v3)) L+ (2 +y3)*2 (1 + 53] [h(y1, y2, ys) | dyr dyo dys.

Let us denote
O1(y1,92) = (1+ 7)) (1 +93)"
and
O2(y1,y2,93) == [1+ (y1 +y3)’] " [L+ (y2 +ys)°] 2 (1 +y3)™,

respectively. Then Holder’s inequality leads to

2
u+ﬁwu+£w(4mmWMMMm)

O1(y1,¥2) 2
= ————/O2(y1, 2, y3) [P (Y1, 2, y3) | dys
O2(y1,Y2,Y3)
O1(y1,
<< Sub ton.ve) dy3)/92(91,yzay3)|h(y1,y27y3)|2dy3-
y1,92€R JR @2(y17y27y3) R

= @(Tl,Tgﬂ“?,)

If O(r1,72,73) < 00, then it is enough to integrate this inequality with respect to
y1,¥2 € R to obtain (2.25). To prove finiteness of ©(ry,r2,r3) under the given
restrictions is elementary.

Step 2. Surjectivity of trz. Here we make use of the operator exts, defined in
the proof of Theorem 2.9, Substep 3.1. O

Remark 2.15. By symmetry we have similar statements with respect to tr; as
well as to trg, e.g. if min(ry, r2,73) > 5 L and ro > ri+r3 then tro becomes a retraction
of Sy W (R3) onto Syt "W (R?).

2.4.4. An example.
We consider the orthogonal basis &7 := (1, —1,0), and &5 := (1,1, —2) of I". Then
the functions my, i = 1,2, 3, defined in (2.18)—(2.20), are given by

mi(&r, &) = [1+ (26)°]2[1 + (& + &)°)"°,
m3(&1,&2) = [1+ (26) 1 + (& — &))",
m3(&1,&2) = [1+ (& + &) 1+ (& — &)%)
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Let 71 = ro = r3 = 1 and define

w(&r, &) := min(1 4 5E2 + €2 + 26,65 + A€ + 46262 + 8¢3¢,,
1+ 562 + €3 — 26169 + AL + 46263 — 8836y,
1+267 +26 + & — 2616 + &)

cf. (2.21). Hence, the trace space of the Sobolev space S%’l’IW(R?’) with respect to
this orthogonal basis is the collection of all functions g € L2(R?) such that

[ we )z e) ds < .

Furthermore, the trace space of the Sobolev space 521’1’2W([R3) with respect to this
orthogonal basis is the collection of all functions g € Lo(R?) such that

/Rz(l +267 +285 + & — 2685 4+ £)|Fg(&,&)|P dE < o0,

3. BESOV AND TRIEBEL-LIZORKIN SPACES

Now we turn to the general case of Besov and Triebel-Lizorkin spaces. To begin
with we recall the Fourier-analytic definition as well as the characterization by atoms
of these classes. Since we shall need the spaces for d = 3 and for d = 2 we shall work
for a while with the general d-dimensional case.

3.1. Notation.

As usual, R? denotes the d-dimensional real Euclidean space, N the collection of
all natural numbers and Ny = NU{0}. The letter Z stands for the set of all integers
and C denotes the complex numbers.

If z,y € R, we write > y if, and only if, 2; > y; for every i = 1,...,d. Similarly,
we define the relations x > y,x < y,z < y. Finally, in slight abuse of notation, we
write z > X for x € R*, A € Rif 2; > \, i = 1,...,d. For a real number z we denote
by x4 := max(x,0) the nonnegative part.

Let S(R?) be the Schwartz space of all complex-valued rapidly decreasing infinitely
differentiable functions on RY.

3.2. The Fourier-analytic approach.
Let ¢ € #(R) with

(3.1) et)=1 if[t| <1 and @) =0 ifl|t| >

N W
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We put po = ¢, ¢1(t) = (t/2) — ¢(t) and

i(t) == 1(279T), teR, jeN.

Hence we have Y ;(t) = 1 for all t € R. For k = (ky,...,ks) € N¢ and » =
=0

(z1,...,74) € R? we define ¢z (z) := @k, (x1) - ... ¢k, (7). Then, since
(3.2) Z pp(z) =1 for every x € R?,
keng

the system {¢} Feng forms a smooth dyadic resolution of unity. This will be used
to define the classes of functions we are interested in.

Definition 3.1. Let 7= (r1,...,74) € R, and 0 < ¢ < 0

(i) Let 0 < p < oo. Then the Besov space of dominating mixed smoothness
57 B(R%) is the collection of all f € .7”(R%) such that

1/q
(3.3) /1S5, BR)[l = ( P K f]le(Rd)lq)

keNg
= 12" F  orZ flllg(Ly)|
is finite.

(i) Let 0 < p < oo. Then the Triebel-Lizorkin space of dominating mixed smooth-
ness S;,qF(Rd) is the collection of all f € .#/(R?) such that

B slsg el = (3 f1<->|q)1/q|Lp<Rd>

keNg

= 12577 pp.Z Ly ()
is finite.

Remark 3.2. 1. Sometimes, we shall write S} ,A(R?) instead of SJ  B(R?) or
sy F(RY).

2. Different functions ¢ (with properties described above) lead to equivalent quasi-
norms on S A(R%). We shall write ||f[S7 ,A(R?)|| meaning one of these quasi-
norms (which one is in general of no importance in our context). For details see [18,
Section 2.2.3].

3. For a systematic investigation of these classes we refer to the monographs [2]
and [18]. More recent developments may be found in [3], [11] and [23, 24, 25].

4. For 1 < p < oo we have the coincidence of S;QF(Rd) and the Sobolev space
STW(R?) in the sense of equivalent norms, cf. [12] and [18, 2.3.1].
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3.3. Atomic decomposition.

In the mid-eighties Frazier and Jawerth [5] have been the first who studied atomic
decompositions of Besov spaces. One of the applications has been a description of the
solution of the trace problem with respect to hyperplanes in the isotropic situation.
Here we follow the same philosophy. We shall make use of the characterization of
Besov and Lizorkin-Triebel spaces by means of atoms for studying the properties of
tre.

Atomic decomposition techniques allow a certain discretization. Function spaces
are replaced by sequence spaces. This method has been studied in various situations
by now, cf. [5], [6], [1], [21] for isotropic spaces of Besov and Lizorkin-Triebel type
and [10] for some generalizations in various directions. Besov and Lizorkin-Triebel
spaces of dominating mixed smoothness have been characterized in such a way in
[24].

3.3.1. Sequence spaces.
For 7 € N, m € 7% we denote by Qz the cube with the centre at the point
277m = (27"'my, ..., 27 Y4my), sides parallel to the coordinate axes and of lengths

277 ..,27v4, We denote by Xzm = XQ,. the characteristic function of Q5 and
by cQzm we mean a cube concentric with Q57 with sides ¢ times larger.

Definition 3.3. If0 < p,q < 0o, 7 € R? and
(3.5) A={\omeC: N, mez,

then we define
_ q/p\ 1/q
(3.6)  spb:= { [A\[sh bl = ( S on ) ( > om ) ) <oo}

and

1) st = {35 sl = (3 Z|2ﬁ%mx5m<->|Q)1/q|Lp<Rd>

veNd mez4

)

with the usual modification for p and/or ¢ equal to co.

Remark 3.4. We shall use the same convention as in the case of the distribution
spaces: from time to time we shall write [|A[s] all instead of ||X|s] bl or [|X|s}, fl],
respectively.
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3.3.2. Atomic decompositions.
We will be very brief and refer for details to [23] and [24]. Here we concentrate on
the “regular” case, i.e.

o, =max(1/p—1,0 in the B-case,
(3.8) >{ j2 (1/p )

0pg = max(1/ min(p,q) —1,0) in the F-case.

The phrase “regular” indicates that only those distribution spaces are considered
which consist of regular distributions. Then, compared with the general case, no
moment conditions have to be satisfied by the elementary building blocks called
atoms. As usual, [z] denotes the integer part of the real number z. If @ is a cube
and J is a positive real number then 6@ denotes the cube with the same center as
Q, sides parallel to those of ) and sidelength multiplied by §.

Definition 3.5. Let K = (K1,...,K4) € Nd and § > 1. A K-times differen-
tiable complex-valued function a(x) is called K-atom related to Qz if

(3.9) suppa C Qs m,

and

(3.10) sup |D%a(z)| < 2*7 for 0<a< K.
TzERC

Theorem 3.6. Let 0 < p,q < 0o (p < oo in the F-case), and ¥ € R? with (3.8).
FixK e Ng with

(3.11) Ki>(+m)sy i=1,....4d,

and 0 sufficiently large.
Then f € .7 (R*) belongs to S}  A(R?) if, and only if, it can be represented as

(3.12) f= Z Z Aomaom(x)  (convergence in S'(R?)),

veNd mezd
where {apin ()} send meza are K-atoms related to Qg and A € s a. Furthermore,
inf [|Als],all,

where the infimum is taken over all admissible representations (3.12), yields an equiv-
alent quasi-norm in S}, | A(R?).
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Remark 3.7. To explain our philosophy, let the function a be a K = (K1, K»,
K3)-atom related to Qp s, where v = (11, v9,v3) and m = (mq, me, m3). Then

(trga)(z1,x2) = a(x1, x2, —(x1 + 22))

becomes a (K1, Ka)-atom with respect to Q(y, 15),(m1,ms) if K3 > K1 + Ko and
v3 < min(vy, vo). Similarly traa (try a) becomes a (K1, K3)-atom ((K2, K3)-atom)
with respect to Q(Vl’yg)’(ml’mg) (Q(,,2,l,3),(m2’m3)) if Ko > K1+ K3 (K1 > Ky + K3)
and v < min(v1,v3) (11 < min(va,vs)). This simple observation will motivate an
appropriate decomposition of the atomic decomposition of a function which turns
out to be a basic step in our proof of the boundedness of trs.

3.4. Traces of Besov spaces of dominating mixed smoothness.

For a better comparison we recall the properties of the mapping f(z1,z2,x3) —
f(x1,22,0) in this general context, cf. e.g. Amanov [2, 9.5] and Schmeifier, Triebel
[18, 2.4.2] (further references are given in [18, Remark 2.4.2]).

Proposition 3.8. Let 0 < ¢ < 0.
(i) Let 0 < p < o0 and r3 > 1/p. Then the mapping

T: f(xy,za,23) — f(x1,22,0)

extends to a retraction from S}'.;7"3 B(R®) onto ;"> B(R?).

(ii) Let 0 < p < oo and r3 > 1/p. Then the mapping T extends to a retraction
from S7'.m> "3 F(R®) onto Sp1"F(R?).

As mentioned in Introduction, to reflect the underlying geometry of our problem,
we have to define some new spaces with dominating mixed smoothness, cf. Subsec-
tion 2.2 for p = 2.

Definition 3.9. Let 0 < ¢ < 00, 0 < p < o0 in the B-case and 0 < p < oo in the
F-case. Let Z be a (2,2)-matrix with det #Z # 0. Then we put

Sh AR R?) = {f € S'(R?): foZ €S}, AR?)},
1£1ST A%, R2)|| = || 0 %|ST , A(R?)].

Recall that for p = ¢ = 2 we have coincidence of 53 , B(%, R?) with S;W (Z%, R?) in
the sense of equivalent norms, cf. [12] or [18, Thm. 2.3.1]. By means of these classes
we are able to describe the trace classes for Besov as well as for Lizorkin-Triebel
classes.

The counterpart of Theorem 2.9 for Besov spaces is as follows.
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Theorem 3.10. Let & be an orthogonal basis of I' and let %#;, i = 1,2,3, be
matrices associated with ¢ by (1.1), (2.8) and (2.10).
Let 0 < p,q < oo and 7 = (r1,72,73) € R® with r; # 1/p, i =1,2,3, and

1 1 1
(3.13) min (7‘177‘2,7"3,7"1 +re——,r1+r3——,r2+73 — —> > Op.
p p p
Then
(3.14) trg € 2(S) ,B(R®), 5'(R*) + S*(R?) + S*(R?)),
where
S1(R?) Srers B0 R?) if r1 > 1/p,
= T2,T s -1 T T —1 T
Sy T g R N Sy T P BT R iy < 1/p,

and similarly for S% and S3.
Conversely, to each function g € S*(R?) + S?(R?) + S3(R?) there exists a function
f 5] ,B(R?) such that trg f = g.

Proof. The restrictions in (3.13) are guaranteeing that we may apply The-
orem 3.6 for S]  ,B(R*) as well as for all spaces appearing in the definition of the
target spaces but taken with the identity matrix instead of %; ', i € {1,2,3}.

Step 1. According to Theorem 3.6, each f € S;}QB(Rg’) may be decomposed into

(3.15) f= Z Z A (T),
veNg mez?
with
7 F 3
(3.16) [Alsp g0l < cll f15, o B(R)]]

with some constant ¢ independent of f. We require some additional regularity of the
atoms, cf. Definition 3.5:

(3.17) K; > max([r] + [r2] + 2, [r1] + [r3] + 2, [r2] + [r3] + 2), i=1,2,3.

In view of Remark 3.7 we decompose f into three parts f;, ¢ = 1,2, 3, where

(3.18) A@ =033 > Aomasm(a),

v1=0vo=v1 v3=v1 mel3

o0 o0 oo

(3.19) falz) == Z Z Z Z AomGom (T),

vo=0v1=v2+1vs=vo me73

(3.20) fa@) =" > >3 > Nomasm(2).

v3=0rv1=v3+1ve=v3+1mez3
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This allows us to decompose trg f into (see (2.7))

3

(3.21) (tro f)(21,22) = Y _(tri fi)(Z:2).

=1

So, to establish (3.14) it is enough to prove the existence of a constant ¢ independent
of f such that

(3.22) Ity f1lSpz" BR?)| < cll £1S5 o B(R?)|

ifry >1/p and

ro,73+T 7

(3.23) e fulSys "7 BR2)| < el f185. BRI,
ro+1r ,r 7

(3.24) Itre filSpg 77 B(R?)| < el f155,B(R?)]|

if r; < 1/p and the corresponding analogues for tr; f;, i = 2, 3.
Step 2. Proof of (3.22)—(3.24). We proceed similar to [25]. For brevity we put

Ty ::{DENg: 141

<m
Ty := {7 € Ng: vp < min(vy,v3)},
<m

Ts:={reN;: v in(v1,v9)}
Then
(3.25) try f1 (22, x3) Z Z Aom@pm(—T2 — T3, T2, 73),
peT, MmeB;
where
(3.26) By :={m € 73: suppagm NT # 0}.

Due to (3.9), for given # € T and ma, m3 € Z, there are at most N integers m; € Z,
such that m = (mq,mq,m3) € By. The number N does not depend on 7 and
ma, m3. To simplify notation we shall work only with one number m;, denoted by
m1 (7, ma, ms) or simply by my if the values of 7, mo and mg are clear from context.
Rewriting (3.25) this gives

(3.27) try fi(xa,x3)

min(va,vs)

Z Z Z Z )‘D(ml ma, mg)al/(ml ma, mg)(_x2 — 3,2, :ES)
vo=0

=0 (mz2,m3)€z? v1=0

Z Z Z 7(1/2:VS)(mz7M3)b(V2,Ua)(m2,m3)(an r3),

3=0 (mz,m3)€2?
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where

min(va,v3)

(328) V(v2,v3)(ma,ms) = Z |)\17(m1,m2,m3)|7

1/1:0
b(U27V3)(m2,m3)(1‘27 1‘3) = O if 7(1127113)(77127777,3) = 07 a‘nd

b(uQ,Vg)(mg,mg) (1'27 1'3)

min(vz,v3)

1
- Z )\g(mlwmQ’mB)aﬁ(ml’mZ»mS)(_$2 - $37$27$3)

7(V27U3)(m2>m3) v1=0

if Ya,us)(mayms) > 0. We recall that in this sum m; is an abbreviation for
m1 (7, ma, m3).

Step 3. We claim that

L. D(uy,u5)(ma,ms) are atoms in the sense of Definition 3.5 related to (v2,v3), (ma,

ms) up to a general constant.

2. [lvlspzebll < cl|Alsp gbll if r1 > 1/p,

3. [yt 7] < el Mlsp gl and [ly]spia ™ TR0 < el Als gbll i 1 < 1/p.

Substep 3.1. The proof of the first assertion is elementary, see Remark 3.7.
Two comments are in order. The first one concerns regularity. If the components of
K are large enough then b is sufficiently smooth to satisfy (3.10) for some K such
that we can apply Theorem 3.6 with respect to the target space, cf. (3.17). The
second comment concerns the estimate (3.10). As claimed this estimate is satisfied
by the functions b(,,,.,), (m,,ms) Up to a general constant c, depending on . Since we
need to control a finite number of derivatives only we conclude that Cb(,,..,), (ms,ms)
are atoms with C ™! := maxc,. This is enough for our purpose.

Substep 3.2. Let r; CY> 1/p. Let r1 —1/p=¢1 4+ €2, ¢; >0, i =1,2. Obviuosly,
€1 > 0 guarantees

min(va,vs)

min(v2,v3) 1/p
Z Aom| < a1 ( Z |2V161)\17m|p> .

v1=0 v1=0

Next we use €5 > 0 and obtain

N N N av
Irlspnlt = 3 3 o p s (S )
(

v2=0v3=0 mao,m3)EZ?

&) o0 . . min(”2»l’3) Q/P
< e Z Z 2[”2(T2_5)+”3(T3_5)]q( Z 2nieip Z |)\17m|p)

vo=0v3=0 v1=0 (ma,m3)€7?

o a/p ~
ca X #( S oal) <l

veT, (ma,m3)€L?

1264



Substep 3.3. Let 11 < 1/p. To begin with let p > 1. The triangle inequality
yields

min(va,vs) p\ 1/p  min(vz,vs) 1/p
20 (X (X bel)) < X (X bl
(ma,m3)€Z? v1=0 v1=0 (mao,m3)€Z?

If now ¢ < 1, we get

”,y'SIT)qus-i'ﬁ pb”q < Z Z 2[1/2 r2——)+1/3 r3+r1—%—%)]

vo=0rv3=0
min(va,vs) 1/p7q
E ()]
( €72

v1=0 ma,m3)

P a/p .
< T peal) < s

veY, (mao,m3)€Z?

For ¢ > 1, we denote

1/p
Op ‘= ( Z |)\17m p)

(m2,m3)€22

and apply Holder’s inequality to obtain

T2,r3+1r1—

I7sp.q 2po
1 11 min(va,vs) 1 1 a
Z Z glva(re—g)tvs(rstri—g—3)la [ Z 2(1’3—1’1)(T1—;)2(1'1—1’3)(7‘1—;)Ql7
vo=0rv3=0 v1=0
min(vs,vs) q/q
g[ 3 2<u3—ul><m—;>q'} 97— g0
v1=0 veY,

< As, 09
This proves our claims if p > 1. Now let p < 1. We substitute (3.29) by

min(va,v3) o\ 1/p min(vz,vs) 1/p
(3.30)( 3 ( 3 |Agm|>) << > > |A5m|p>

(ma,m3)€L? v1=0 (m2,m3)ez? v1=0

min(vz,vs) 1/p

1% =0
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If ¢ < p the monotonicity of the ¢,-quasinorms yields
(3.31)

1 1 1_1
r2,73+71 -1
) q § : § : va(r +v3(rs+r q
H7|5 o pb” < 2[ 2 (72 p) 3(ra+r1 7 p)]

1% =0 l/3:0

< Z 25.(F—§)qglq/ < ||/\|3;qb”q_
veYTy

S

151 =0

|:min(u2,U3) :l q/p

And for ¢ > p, we combine (3.30) with Holder’s inequality

min(vz,v3) min(vz,v3)

/
Z 2(u3—l/1)(r1—%)p2(u1—u3)(r1—%)p91; < C( Z 2(V1_V3)(T1_11’)qgg)p q

v1=0 v1=0

to derive (3.31) again. Moreover, the second estimate in Claim 3 follows by inter-
changing the roles of 5 and r3. This completes the estimates claimed for ~.

Step 4. We shall prove the estimate for try f1. In case when r; > 1/p we argue,
by using Claim 2 and Theorem 3.6, first for d = 2 and later for d = 3, as follows

Ftr1 f1lSp%™ BIR?)| < eallvlsyzy bl < callMsp, gbll < csll£1S5 4 B(R?)]I.

Mutatis mutandis the case r; < 1/p can be treated. The estimates of tr; f;, i = 2,3
follow by symmetry.

Step 5. Now we construct the (non-)linear extension operator. We start with a
function g € S*(R?) 4 S?(R?) + S3(R?). Then there are g; € S*(R?), i = 1,2, 3, such
that g; € SY(R?), g = g1 + g2 + g3 and

llgslS*(R*)I| < 2[|g]S™(R?) + S*(R?) + S*(R?)]].

We shall extend each g; separately. That is, we construct three functions f1, fo, f3 €
S;,qB(R?’) such that trg f; = ¢;, @ = 1,2,3. The desirable extension will then be
given by f = f1 + f2 + fs.

Substep 5.1. We restrict ourselves to ¢ = 1, the other cases follow by symmetry.
To begin with we treat the case r; > 1/p. We put hy := g1 o Z; *. Then hy €
Sp2ms B(R?) and, according to (2.7), we get

g1(21,22) = (tre f1)(21, 22) = (tr1 f1)(%17)
for all 2 = (z1, 22) € R? if, and only if,

91(Z71Z) = hi(2) = (tr1 f1) (21, 22) = fr(—21 — 22,21, 22), 2= (21,22) € R®.
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Hence, our original task, namely to find f; such that try fi = g1, where g1 €
ST B(%y !, R?) is given, can be replaced by searching for f; such that tr; f; = hy,
where hy € S)2." B (R?). Again we make use of atomic decompositions. According
to Theorem 3.6 we can decompose

hl ($27$3) = Z Z ’y(llg,1/3)(mg,mg)b(llg,llg)(mg,mg)(x27x3)7

(v2,v3)ENZ (m2,m3)€Z2

where
crllvlsyzrebll < (Rl Sy B(R?)|| < callylsy? b

for certain positive constants ¢; and ¢y independent of ;. Now we choose an integer
mq such that [27"1my + 27"2mg + 27"3mg| < 27%* and define

apm (21, 2, 23) = (2" 21 — M1)b(1y 05) (ma,ma) (T2, T3),
where
Y e L (R), suppy C[-2(1+40),2(1+9)], ¥@)=1ifte[—(14+0),(1+9)]
and ¢ is the number from (3.9). For 11 < min(vs, v3) some easy calculations yield
apm (=22 — 3,22, 23) = b1y 1) (ma,ms) (£2, T3), (z2,23) € R2.

If the first component of m differs from this specific m; then we define azs = 0.
Further, we put

7(1127113)(777,2}177,3) lf v = O7
3.32 Ao v 02) (s 1m0 ) S
( ) (v1,v2,v3)(Mm1,m2,m3) {0 otherwise,

and
f1 = ext hl = Z Z )\;magﬁl.
veY1 mez3
Then

(3.33) lextha|Sy BR[| < Cil|Alsp bl = Cullvlsyz bl < Callha|S;2%7 B(R?).

This shows that f; represents an appropriate extension of hq if 71 > 1/p.

Substep 5.2. Let r; < 1/p. First of all notice that this time h; € S;?Q}Tﬁ”_l/p
B(R?)N S;?;r”_l/p’rgB(RQ). We have to modify the definition of A, cf. (3.32). This
time we use

V(va,vs)(ma,mg)  if Y1 = min(va, v3),

3.34 A1/1/11 mi,ma,mz) ‘—
(3:34) (vowzvs)(mama,ma) {O otherwise,
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for the specific value of m; as chosen in Substep 5.1. In all other cases we put
)\gm = 0. Then

lext h1|Sp BR[| < Ca[[Als, bl

= - min(va,v3)(r1— Vo (ro—L)dpa(ra— L a/p
—0 Y Y gl e pla (3 |,Y(V2,V3)(m2,m3)|p>

Vo =0 v3=0 (m2,m3)€Z?

— — vao(ry— vao(T -1 va(r, -1 q/p
= Cl( Z Z 2[ 2 A/ va(ray)va(rs p)]q( Z |7(V2,V3)(m2,m3)|p>

vo=0v3=v> (ma2,m3)€7?

S S va(ri— va(re— )4z (rg— 2L alp
LYY gt s p>1q< 3 |7(U2}V3)(m27m3)|p) )

v3=0vo=v3+1 (ma,m3)€L?

rotri—Li.rg ro,rg4ry—1
< Ci(|17lsp.q P+ (1V]sp. o)
rotri—21.rs ro,rg+ri—1
< Co([mlSpg 77 B(R*)[| + 1h1Sp.q " B(R?)|)1.

Hence, also in this situation we have an appropriate extension of g;. The modifica-
tions for an extension of go and g3 are obvious. O

Remark 3.11. The reader may notice that the only possible failure of linearity
of the extension operator comes from the (generally non-linear) decomposition of g
into g = g1 + g2 + gs.

It remains to consider the limiting cases where at least one of the r; equals 1/p.
We concentrate on the more simple situation where 0 < p,q < 1.

Proposition 3.12. Let & be an orthogonal basis of T and let %;, i = 1,2,3, be
matrices associated with ¢ by (1.1), (2.8) and (2.10).

Let 0 < p,q < 1. Then the statement of Theorem 3.10 remains true without the
assumption r; # 1/p,i=1,2,3.

Proof. The proof of Theorem 3.10 extends to the present situation since in
Substep 3.2 one can work with e; = &5 = 0. O

Remark 3.13. Proposition 3.12 does not extend to values of p larger than 1.
In analogy to the two-dimensional situation, cf. [25] for details, more complicated
spaces occur. We omit the details.

3.5. Traces of Lizorkin-Triebel spaces.

Now we turn to the Lizorkin-Triebel classes. To prove an analog of Theorem 3.10
for these spaces we can proceed in the same way as in case of the Besov spaces. We
shall describe only the modifications needed.
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Theorem 3.14. Let & be an orthogonal basis of I' and let %#;, i = 1,2,3, be
matrices associated with & by (1.1), (2.8) and (2.10). Let 0 < p < oo and 0 < g < o0.
Let # = (r1,72,73) € R® with

1
(3.35) min(ry, 79, 73) > max (1—), qu>.
Then

(3.36) trg € L(S) ,F(R®), ;2 F (%, R?) + Sy F (%, R?)
+ SpLTF (%5 R?)).

Conversely, to each function g € i F (%, ", R?) + Sturs F (951 R?) + Srr x
F(%5', R?) there exists a function f € S} F(R®) such that trg f = g.

Proof. We shall use the same notation as in the proof of Theorem 3.10.

Step 1. Boundedness. In Step 1 of the proof of Theorem 3.10 we simply change
the letter B to F'. In Step 2 nothing changes and we concentrate on Step 3 now. We
have to prove that

(3.37) sz £l < el My £

p,q p,q

with some ¢ independent of .

Instead we shall prove a pointwise inequality. So, first we fix a point (72, x3) € R2.
Then there is only one element (ma, m3) € Z2 such that X (v, u,)(ms,ms) (T2, 23) = 1.
We denote Yu,,us) = V(va,vs)(ma,ms)- Similarly, for each 7 = (vq,v2,v3), there is
a unique m(7) = (m1,ma,m3) such that X (v, v,.us)(m1,ma,ms)(T1, 22, 23) = 1 and
m € Bz. We denote \j = A\pp,.

Substep 2.1. Let 11 > 1/p and 0 < ¢ < 1. Then

min(vs,vs) q min(vs,vs)
|’7(1/2,l/3)|q = ( Z |)‘(V1,V2,V3)|> Z |)‘(V1,l/2,1/3)|q7

v1=0 v1=0

N

and

00 r/q 00 00 r/q
( Z 2[V2r2+u3r3]q|py(y 5 )|Q> < ( Z Z 2[u2r2+u3r3]q|)\g|q>
2,V3 ~N .
va,v3=0 v1=0v2,v3=11
To continue we distinguish two cases. Let 0 < p < ¢. Then

S S [varatvarsla|y _|q P/q< S S [vara+vsrslg|y _|q v/
> 22 Pelt) <D 22 2|

v1=0v2,v3=11 v1=0 “uvo,v3=r1

00 [e%s) P/q
< E 2—V1T1P< E 2[V17‘1+V27‘2+V37‘3]q|/\17|q) .
v1=0 v2,v3=11
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Now let 0 < ¢ < p < 0o. With 0 < € < r1p — 1 and applying Holder’s inequality we
find

- C [varatvsrslq|y _|q v/
> 2 A

v1=0v2,v3=11

o0

0o p/a
< c Z 2—U1(T1p—€) ( Z 2[U1T1+V2T2+V3T3]q|)\l7|Q>

v1=0 V2,V3=V1

oo

o p/q
<ec Z 2_y1( Z 2[1/1r1+1/2r2+1/3r3]<1|)\17|Q) .

v1=0 v2,V3=Vq

Substep 2.2. If ¢ > 1 we use triangle inequality

oo min(vz,vs) g\ 1/q S oo 1/q
< Z 2[V2r2+u37‘3]q< Z |)\17|>> < Z( Z 2[V2r2+u3r3]q|/\17|4)

va,v3=0 v1=0 v1=0 “va,v3=r1
oo 0o 1/q
< E :2—1/1r1( E 2[V1r1+u2r2+u3r3]Q|)\l7|Q) .
v1=0 V2,V3=V1

Ifo<p<l1

50 min(va,v3) aN P/q
< Z 2[V27‘2+V37‘3]q< Z |/\17|>>

V2,IJ3:0 l/1:0
%) %) P/q
< § : 2—u1r1p( E 2[V1r1+u2r2+1/3T3]q|/\l7|Q>
v1=0 V2,V3=V1

follows. If p > 1 we apply again Holder’s inequality and find

00 min(vs,vs) a\ p/q
(5 s

vo,v3=0 v1=0

00 [e%s) p/q
g c Z 2—V1(T‘1p—5)< Z 2[V1T1+1/2T2+l/37’3]q|Al7|q)

v1=0 V2,V3=V1

oo o p/q
<3 an( 3 amnremninp)

v1=0 V2,V3=V1

Substep 2.3. Summarizing in all situations we have found

[e§] p/q
(338) ( Z 2[V2T2+U3T3]q|'7(u2,1/3)|q)

va,v3=0
0o o) P/q
<ec E 2—1/1< E 2[V1T1+V27‘2+V37‘3]q|)\17|q) ,
v1=0 va2,V3=11
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where ¢ does not depend on A\. We have to show that this inequality implies (3.37).
For fixed (x2,x3) we choose a sequence of intervals I,,, such that

:(2)7 " #Via |Il/1| > 2™
for some ¢ > 0 and
{($17$2,$3)2 X1 GL,l}CQ,jm, ﬁeTl, m € Bjg.

Then (3.38) implies
- p/a
( Z 2[V2T2+V3T3]q|’7(V2}y3)X(U2,U3)(m2:m3) (5527 xS) |q>

IJ27II3:0
- = p/q
<c Z/ ( Z 2[V1T1+V2T2+V3T3]q|)\17X17($17$27$3)|Q> day.
1,

v1=0 V1 Va,V3=V1

Integration with respect to xo and x3 completes the proof of the boundedness of
try fi. The rest is the same as in the B-case.

Step 2. The extension. Here the same construction as in the B-case can be
applied, cf. Substep 5.1 of the proof of Theorem 3.10. O

The above proof can be used also if that some of the r; coincide with 1/p, at least
under additional restrictions on p and gq.

Proposition 3.15. Let & be an orthogonal basis of I' and let %#;, 1 = 1,2,3, be
matrices associated with ¢ by (1.1), (2.8) and (2.10).

Let 0 < p < min(1,q). Then the statement of Theorem 3.14 remains true under
the weaker restriction

min(ry,re, r3) = and min(ry,re, r3) > op.q.

D=

Remark 3.16. A final remark. In the general situation of the Besov-Lizorkin-
Triebel spaces we have proved a full counterpart of Theorem 2.9. In fact, it is not
only a counterpart. Based on the identities S;W (R?) = S5, F(R3) = 57 ,B(R?) (in
the sense of equivalent norms) we have given a new proof of Theorem 2.9. Because
of STW(R?) = 5] ,F(R*), 1 < p < oo (also in the sense of equivalent norms), Theo-
rem 3.14 contains the extension to Sobolev spaces of dominating mixed smoothness
with p different from 2. However, we do not have counterparts of Theorems 2.11 and
2.13, respectively. Here a good description of the spaces S;1."2 A(Z, R?) in terms of
atoms would be desirable, see Lemma 2.2(iii) for the Fourier-analytic counterpart.
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