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Abstract. The solution of the weak Neumann problem for the Laplace equation with a
distribution as a boundary condition is studied on a general open set GG in the Euclidean
space. It is shown that the solution of the problem is the sum of a constant and the
Newtonian potential corresponding to a distribution with finite energy supported on 9G.
If we look for a solution of the problem in this form we get a bounded linear operator.
Under mild assumptions on G a necessary and sufficient condition for the solvability of the
problem is given and the solution is constructed.
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1. INTRODUCTION

The boundary integral equation method is very useful in studying boundary value
problems. It is used to look for a solution of the Neumann problem for the Laplace
equation in the form of a single layer potential. The original problem is transferred
to the problem T'f = g, where g is the boundary condition, f is an unknown density
of the single layer potential and the integral operator T is a Fredholm operator with
index 0 on the space of boundary conditions.

First, we must know that the corresponding integral operator is bounded on the
space of boundary conditions. Therefore, the choice of the space of boundary condi-
tions restricts our choice of a class of open sets. If we look for a classical solution we
choose open sets with Ljapunov boundary and a-Ho6lder functions on the boundary

The research was supported by the Academy of Sciences of the Czech Republic, Institu-
tional Research Plan No. AV0Z10190503.
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as the space of boundary conditions. It is usual to deal with open sets G C R™
with Lipschitz boundary if we look for a solution in the sense of the nontangential
limits for boundary conditions from L,(0G) (a class of strong solutions). Neces-
sary and sufficient conditions for the corresponding integral operator to be bounded
on L,(0G) are unknown. Nevertheless, the surface measure must make sense. So, it
is natural to restrict ourselves to the case when the (m — 1)-dimensional Hausdorff
measure of the boundary is finite. If we study weak solutions with real measures on
the boundary as boundary conditions then the corresponding integral operator is a
bounded linear operator on the space of real measures on the boundary if and only if
the cyclic variation of the domain is bounded (see [11]). The class of such open sets
is very rich but most of the sets with C' boundary are not included (see [18]). For
open sets with Lipschitz boundary the Neumann problem for the Laplace equation
with a boundary condition from the Sobolev space H? is studied, too. But to study
the Neumann problem with a boundary condition from H?®(9G) for a general open
set G might be a bit problematic. O. Steinbach and W. Wendland studied in [23] the
Neumann problem for a class of elliptic systems including the Laplace equation for
open sets G C R3 with compact connected Lipschitz boundary and boundary condi-
tions from the Sobolev space H~/2(0G). They equipped the space H~'/2(0G) with
a special norm equivalent to the original norm and proved that the corresponding in-
tegral operator has very nice properties in this space. For such open sets G the space
H~Y2(dQG) is precisely the space of all distributions with finite energy supported on
the boundary and Steinbach-Wendland’s norm is the energy norm. The space of all
distributions with finite energy supported on the boundary of G equipped with the
energy norm is a well-defined Hilbert space for each open set G. In this paper we
shall study for which open sets G the integral operator corresponding to the Neu-
mann problem for the Laplace equation is bounded on the space of all distributions
with finite energy supported on the boundary of G. Surprisingly, for all.

Now we have another question. Is this space of boundary conditions sufficiently
rich? Is this space nontrivial for each open set with compact boundary? If G is an
open set with compact boundary then the space of all distributions with finite energy
supported on OG is trivial if and only if the Newtonian capacity of G is zero. In this
case the Lebesgue measure of the complement of G is equal to zero. Since the cyclic
variation of such open set GG is bounded we can use the integral equation method for
real measures on the boundary of G as boundary values (see [11]). The correspond-
ing integral operator is the identity operator. Therefore the single layer potential
corresponding to the boundary condition is a solution of the Neumann problem for
the Laplace equation. Thus, the open sets for which the space of all distributions
with finite energy supported on the boundary is trivial are not interesting because
we can solve the Neumann problem for such open sets.
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The space of all distributions with finite energy supported on the boundary is
relatively rich for reasonable open sets. If G has compact locally Lipschitz boundary
then the space of all distributions with finite energy supported on dG contains all
functions from Ly(0G). If G C R™ and the boundary of G is a compact subset of
finitely many Lipschitz surfaces then the space of all distributions with finite energy
supported on dG contains all functions from L,(9G) with p > m — 1.

This paper studies the solvability of the weak Neumann problem for the Laplace
equation on a general open set G C R™. (If G is a bounded Lipschitz domain then
the formulation of the problem coincides with the definition of the weak solution
of the problem in the Sobolev space W3 (G) (see Remark 2.3 4).) Unlike the for-
mulation of the problem in [11], this new formulation ensures the uniqueness of a
solution (up to adding a locally constant function). It is shown that each solution is
the sum of a constant and the Newtonian potential corresponding to a distribution
with finite energy supported on OG. This enables us to look for a solution in the
form of the Newtonian potential % % corresponding to a distribution % with finite
energy supported on G. We get a bounded operator N9% on the space &(9G) of
all distributions with finite energy supported on 9G. If # € &(0G) then the dis-
tribution N¢% % represents the normal derivative of the Newtonian potential % %
and solving the Neumann problem for the Laplace equation with boundary condi-
tion . transposes to solving the equation N¢% % = .. It is shown that NC% is
a positive nonexpansive operator. Under the mild condition that the range of the
operator is closed (which is fulfilled for bounded W3-extendible open sets with slits
of zero Lebesgue measure) a necessary and sufficient condition for the solvability of
the Neumann problem is given. Moreover, it is proved that for ¥ = > (I - N% )i 7
the Newtonian potential ¥ is a solution of the Neumann problem with boundary
condition .%. This generalizes the result of O. Steinbach and W. Wendland ([23]) for
bounded open sets G C R® with connected Lipschitz boundary and my result ([15])
for piecewise-smooth bounded domains in R3. We remark that nontangentially ac-
cessible domains are Wj-extendible. The explicit solution of the Neumann prob-
lem for the Laplace equation on nontangentially accessible domains is a new re-
sult.

2. FORMULATION OF THE PROBLEM

Let G be an open set in R, m > 2. If h is a complex harmonic function on G
such that

/ Vh|d#y <
H
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for all bounded open subsets H of G we define the weak normal derivative N“h of h
as the complex distribution

NCh(p) = / V- Vhdi,
G

for ¢ € 2 (= the space of all compactly supported infinitely differentiable real-valued
functions in R™). Here 4% is the k-dimensional Hausdorff measure normalized so
that /% is the Lebesgue measure in R¥. The distribution N¢h is called the weak
normal derivative of h. It is shown in [11] that Nh is a distribution supported
on 0G, the boundary of G.

The following problem was studied in [11]: For a real measure p on OG find a
harmonic function v on G such that Nu = . Since there is no restriction on the
growth of u at infinity this Neumann problem for the Laplace equation is evidently
not uniquely solvable up to an additive constant on unbounded domains. But the
uniqueness up to an additive constant does not hold for bounded domains, too, as
the following example shows:

Example 2.1. Let H C R™ be a nonempty bounded domain with Ljapunov
boundary (i.e., of class C'*®). Fix x = [z1,22,...,2m] € H. Fix r > 0 such that
Q(x) ={y € R™; [y —z| < r} € H. Denote S = {[y1,---,Yml; Ym = Tm},
I' = 5nNclQ,/5(x), where c] M means the closure of a set M. Fix ¥ € & such that
W(z) # 0 and spt W NS C Q,/4(z), where spt ¥ means the support of ¥. Put

o(z) = /S W) LI 4 ()

|z —y|™

for z € R™ \ I'. The double layer potential v is a harmonic function on R™ \ T,
extendible to a function from the class C* on the sets E+ = {[y1, ..., Ym]; Ym = Tm},
E_ =A{ly1s--Yml; Ym < m} (see [17], §15). Put G = H\T. Then |Vu| €
Loo(G) C L1(G). Denote by n™ the unit exterior normal of M for M = G N Ex.
Since the normal derivative of the double layer potential v has no jump on S (see [17],
§15) we have for ¢ € 2 by Green’s formula

N%(p) = / Vv~V<pd%m+/ Vo - Vo dit,
GNE. GNE_
= / @nGﬁE+ -Vodit, 4 —|—/ gonGﬁE* -Vodi, 4
0(GNEy) A(GNE_)
:/ onfl . Voudit,_,.
oH
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Denote by # the restriction of 7, 1 to OH, u = (nf - Vv)#. Fix ¢ € 2 such
that ¢ =1 on a neighbourhood of cl H. Then

w(0H) :/ onfl - Vv d i, 1 = N%(p) = 0.
OH

According to [11], Theorem 5.12 there is a real measure v supported by dH such
that N (% v) = u, where % v is the single layer potential of v. Put u = Zv —v. If
@ € & then

Nu(p) = N (% v)(p) = Nv(p)

= / <an -Vodi,_1 —/ gonH -Vods,_1 = 0.
OH oH

Therefore u is a solution of the Neumann problem for the Laplace equation on G with
zero boundary condition. Since the single layer potential % v is continuous on H and
the double layer potential v has a nonzero jump at z (see [17], § 15), the function u
has a nonzero jump at x. Therefore the function u is not constant. Consequently,
there is a nonconstant solution of the Neumann problem for the Laplace equation
on G with zero boundary condition.

So, to ensure the uniqueness of a solution of the problem up to the addition of a
locally constant function we must suppose that the solution has no jump at slits and
we must restrict the growth of the solution at the infinity.

Notation 2.2. We denote by L 1,c(G) the class of all complex measurable func-
tions in G that are in Ly(K) for every compact subset K of G. Denote by Li(G)
the space of all functions in L joc(G) for which all generalized derivatives of order 1
are in La(G). Denote W} (G) = L(G) N La2(G). The space W3 (G) is equipped with
the norm

lullwze) = \//G(IU|2 + [Vul?) dA,.

Weak Neumann problem for the Laplace equation. Let # be a complex
distribution supported on 0G. We say that u is a solution of the weak Neumann
problem for the Laplace equation in G with the boundary condition % if u is a
complex harmonic function in G extendible to a function from L}(R™) such that
NGy =7.

If v € LL(R™) and

/ V- -Vuvdi, = F(p)
G
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for each ¢ € 2, where .7 is a distribution supported on G, then there is u € L(R™)
harmonic in G such that u(z) = v(x) for 7, almost all z € R™ (see [21], Chapter II,
Lemma 6.1 and [20], p. 162). Evidently Nu = .#. The requirement that u be
harmonic in G means only that we choose a suitable representation of a function
in LL(R™).

The point of this definition is following: Denote by I' = 9G \ 9(clG) the slits
in G. Then u is a solution of the Laplace equation in G wich has no jump on I". The
distribution .# represents on G \ I' the normal derivative of u and on I' the jump
of the normal derivative of u. (See the following example.)

Example 2.3. Let H, H C R™ be nonempty bounded domains with Ljapunov
boundary such that cl H ¢ H. Let I' be a closed subset of dH. Put G = H \ T.
Let u be a harmonic function on G, continuous on cl G such that Vu is continuously
extendible to the sets ¢l H and cl(H \ H). Denote for z € T

(Vo)) = Bm Vuy), (Vo (@)= Tm  Vul)
yeEH, y—x yEH\clH, y—=

If ¢ € 9 then Green’s formula yields

NGU(w)=[Vu-de%m+ Vu-VedH,
H H\H

:/ ) (VunH\ClH>@d%m—l+/~(vunH>S0d%m—1
O(H\H) OH

= / (Vu-n)pdst, 1 + /[(Vu)+ — (Vu)_] -nﬁtpdj‘fm_l.
OH r

Remark 2.4. Suppose that G is a bounded domain with locally Lipschitz bound-
ary. Denote by HY?(dG) the space of traces of fuctions from Wj(G) and by
H~Y2(dG) the dual space of H'/?(dG) (see [14], Chapter 3). If .F € H-Y3(G)
we say that u is a weak solution in W3 (G) of the Neumann problem for the Laplace
equation with the boundary condition .Z if u € W3 (G) and

/ Vu-Vedit, =F(p)
G

for each ¢ € W} (G) (see [14], p. 128). Now we show that u is a weak solution of the
Neumann problem for the Laplace equation in W, (G) if and only if u is a solution
of the corresponding weak Neumann problem for the Laplace equation.

Suppose first that u is a weak solution in W3 (G) of the Neumann problem for
the Laplace equation with the boundary condition .# € H~'/2(dG). The functions
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from W4 (G) are considered as the equivalence classes of functions which differ on a
set of zero Lebesgue measure. We can choose arbitrary representative from this class.
Since w is a solution of the Laplace equation in the sense of distributions in G (see [4],
Appendix A, Remark 6) we can choose a representative v which is harmonic in G
(see [20], Chapter III, §3). Since G has locally Lipschitz boundary and u € W3 (G)
the function u is extendible to a function from L1(R™) (see [8], Theorem A). Since
F € H-Y2(0G) it is well known that .Z is a distribution. (Since 2 C W3 (G) we
deduce that 2 ¢ H'/2(0G) and Z (y) is well defined for each ¢ € 2. If ¢, p; € P are
supported in a compact set K and ¢; — ¢ and Vy; — Vo uniformly then ¢; — ¢
in W} (G) and thus ¢; — ¢ in H'/2(0G) (see [14], Theorem 3.38). Since .7 is a
continuous fuctional in H'/2(0G) we have .Z(p;) — F(¢).) Since Z(p) depends
only on the restriction of ¢ to dG the distribution .# is supported on dG. Since
9 C W3 (G) the function u is a solution of the weak Neumann problem for the
Laplace equation in G with the boundary condition .#.

Suppose now that u is a solution of the weak Neumann problem for the Laplace
equation in G with the boundary condition .# where .% is a distribution supported
on G. Then u € W3(G). If we denote

H(p) = / Vo - Vudi,
el
for p € W3 (G) then Holder’s inequality yields that

[H ()| < llullwg e llellwie:

Since Z is dense in W3 (G) (see [14], Theorem 3.29) we have
|7 (@)l = [H (o) < llullwye inf IYllwie) = lullwie ez o)

VEWL(G); v]0G=¢p

for each p € 2. Since Z is dense in H'/?(dG) there is a unique continuous extension
of .Z onto H'/?(9G). Thus .# € H~'/?(0G) and

/Gw-wz Z(p)

for each ¢ € W3 (G).
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3. UNIQUENESS

Theorem 3.1. Let u, v be two solutions of the weak Neumann problem for the
Laplace equation in G with the boundary condition .%. Then w = u — v is locally
constant in G, i.e., w is constant on each component of G.

Proof. We can suppose that u and v are real. According to [21], Chapter I,
Lemma 1.1 there is a sequence of functions ¢,, € & such that

lim |Vw — Ve, |> d#, = 0.

Since the function w is a solution of the weak Neumann problem for the Laplace
equation in G with zero boundary condition we have

/|Vw|2d3‘fm: lim / Vuw -V, d#, =0.
G n—ee Ja

Since Vw = 0 in G the function w is locally constant in G. O

4. REPRESENTABILITY OF SOLUTIONS BY POTENTIALS

For z,y € R™ denote

2—m
——|z—y for = # vy,
he(y) =4 (m— 2)A| |

00 for x =y,

where A is the area of the unit sphere in R™. For a closed set F' denote by C'(F)
the space of all finite complex Borel measures with support in F. For p € C'(R™),
w = 0, denote

(4.1) Up(x) = / hely) dply), @ € R

the Newtonian potential corresponding to p. According to [12], Theorem 1.11

(4.2) U u(x) = lim (A, (Q(2))) ! U 1 dst,.

=0+ 2 (x)
For a compact set K C R™ we define the Newtonian capacity of K as
cap(K) = sup{u(R™); pe C'(K); p >0, %p <1}
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There is a positive constant ¢, depending only on m such that
cap(K) = cminf{/[Rm IVo|>d,: o€ P, >10n K}
(see [12], Chapter II and [1], p. 18). For an open G C R™ define
cap(G) = sup{cap(K); K C G, K compact}.

Since
cap(K) = inf{cap(G); K C G, G open}

for each compact K (see [12], Theorem 2.5), we can define the exterior Newtonian
capacity
cap(F) = inf{cap(G); F C G, G open}

for arbitrary E C R™. We say that a condition A is fulfilled quasieverywhere (and
write q.e.) if it is fulfilled outside some set M with cap(M) = 0. (Note that
Hn—1(E) =0 for each E C R™ with cap(E) = 0 by [12], Theorem 3.13.)

Let f be a function defined quasieverywhere on R™. We say that f is quasicon-
tinuous if for every € > 0 there is an open set G such that cap(G) < e and the
restriction of f to R™ \ G is continuous. If € C'(R™), u > 0 and % pu # oo then
% 1 is quasicontinuous by [12], Theorem 1.4 and [2], Theorem 5.5.8.

Now we define the Bessel capacity. If K C R™ is a compact set denote

C1.2(K) :inf{/ [l + |Vel|?|dn; ¢ € 2, ¢ >1o0n K}

Rm™

For an open set G C R™ define
C12(G) =sup{C12(K); K C G, K compact}.

Since
C12(K) =inf{C12(G); K C G, G open}

for each compact K we can define the exterior Bessel capacity
C12(E) =inf{C12(G); E C G, G open}

for arbitrary E C R™. Clearly, cap(E) < ¢, C1,2(E).

We say that a condition A is fulfilled (1,2)-quasieverywhere (and write (1,2)-q.e.)
if it is fulfilled outside some set M with Cy 2(M) = 0. If A is fulfilled (1,2)-q.e. then
it is fulfilled g.e. because C1 2(M) = 0 implies cap(M) = 0.
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Let f be a function defined (1, 2)-quasieverywhere on R™. We say that f is (1, 2)-
quasicontinuous if for every € > 0 there is an open set G such that Cy 2(G) < € and
the restriction of f to R™ \ G is continuous. Remark that a (1,2)-quasicontinuous
function is quasicontinuous.

Now we define the Newtonian potential for a suitable class of distributions. Denote
by S the linear space of all f € C°°(R™) such that

lim |z|"D%f(x) =0
|| —o00
for each integer n and each multiindex «. The sequence fi is said to converge to f
in S if (14 |z|™)D* fr(x) converges uniformly to (1 + |z|"*)D*f(x) for each integer n
and each multiindex « as k — co. Denote by S* the dual space of S. If % € §* is
a real measure absolutely continuous with respect to the Lebesgue measure then we
identify its density with .%.
For f € S define the Fourier transform f of f by

f@)= [ flye v ds,(y),

Rm™

where x - y denotes the scalar product of x and y. Then the mapping f — f is an

isomorphism of S. For .# € S* denote ;\\(tp) = F(p) for each p € S. Then F € S*
is the so-called Fourier transform of .%#.
Denote by & the space of all complex distributions .% = %1 +1.%5, where %1, %5 €

S*, such that the Fourier transform F = ﬁl + 192 of .7 is absolutely continuous
with respect to the Lebesgue measure and

Z(2))2
71—y [ T ) <

Recall that ||.%|| ¢ is called the energy of %. Then & equipped with the energy ||.%|| ¢

as a norm is a complex Hilbert space with the scalar product

(7.9 = [ %dﬁmm

(Here g?(x) denotes complex conjugate of g?(ac)) If w € €'(R™) then pu € & if and
only if [ % |u|(z)d|p|(y) < oo. (Here |u| denotes the variarion of p.) The space
ENE'(R™) is dense in &.

For each .# € & there is a unique complex distribution Zz = 4 + i% with
9,9, € S* such that @(m) = ﬁx)|x|_2 The complex distribution %z is a com-
plex measure which is absolutely continuous with respect to the Lebesgue measure

1116



and %z € L3(R™) by [12], Theorem 6.4. Denote by % .% the quasicontinuous rep-
resentant of %z /(47?) (the so called Newtonian potential of .#) (see [12], p. 435 or
[3], p- 155 and [3], Chap. II, §2). According to [3], chap. II, § 2, [1], Theorem 6.2.1
and [1], Theorem 6.1.4 we can even suppose that Z % is (1, 2)-quasicontinuous and

(4.3) UF (@) = lim (Hn(Q(@))) ™! U T dH,
r—04 Q(z)

at each x € R™ for which the limit on the right-hand side exists. Then % .% is
determined quasieverywhere on R™ and the equality

(F,v)e :4n2/%§d7

holds for each v € &NE’(R™), where T denotes the complex conjugate of v (see [12],
Theorem 6.2). According to [12], Theorem 6.4,

|1l = \/ [Ivesras,.
If spt %, the support of .#, is compact then
%y = hg * ﬁ,

where hg*.% denotes the convolution of the distributions hg and .7 (see [12], p. 434)
and
U F(x) = F(hg) for x € R™\spt &F.

If # € C'(R™), F > 0 then % .7 is given by (4.1) (see (4.2), [3], p. 155 and [3],
Chap. 1L, §2).

For a closed set K denote by &(K) the space of all distributions from & supported
on K with the energy || - || as the norm. Then &(K) is a complex Hilbert space
(see [3], p. 121).

Theorem 4.1. Let u be a solution of the weak Neumann problem for the Laplace
equation in G. Then there are # € &(0G) and a complex number a such that
u=U%A+ainG.

Proof. We may suppose that u € L}(R™). According to [3], p. 155 there are
¢ € & and a complex number a such that u = Z ¥ + a almost everywhere. Since
u is continuous in G and Z ¥ fulfils (4.3) we have

Y9 (x) = lim (Hm(Qr(x)))_l/Q ( )(u(y) —a)dJ, =u(z) —a

r—04
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for each x € G. According to [3], p. 158 we have A% Y = —¥. Since ¥ is harmonic
in G we obtain spt¥ C R™ \ G.

Denote by & the orthogonal projection of ¢4 to &(clG). Then % #B = U%Y on G
by [3], Chapitre I, Théoréme 4. Since % £ is harmonic in G we deduce that spt Z C
R™ \ G. Therefore # € &(0G) and u=a + U B. O

5. THE NECESSARY CONDITION FOR THE SOLVABILITY

Since every solution of the weak Neumann problem for the Laplace equation in G
has the form % % + a where B € &(0G) and U B + a, % % are solutions of the
same problem, we shall look for a solution in the form % % with # € &(0G).

Lemma 5.1. Let % € &, p € 9. Then Ap € & and F(p) = —(F,Ap)es.

Proof. According to [12], p. 100 and [12], Theorem 6.2 we have ¢ = —% Agp
and Ay € &. Put

2 Lyt
ay = exp<|x| - 2) 44, (x),
01/ (0) "

1 \—1
— -1 2
on(x) = a, exp<|x| - ﬁ) for |z| <

Then Z * (op96,) € & NE'(R™) and F * (0 H,) — F in & as n — oo (see [12],
Lemma 6.4 and p. 34). Since g,¢,, — Jp in the sense of distributions as n — oo,
where §y is the Dirac measure, [12], Lemma 0.7 yields that .# x (0, 5%,) — % in the
sense of distributions as n — oo.

Since F * (0, 9%,) is a real measure, [12], Theorem 6.2 yields

F () = lim [F * (0n )] ()

n—oo

= lim [ @d[.F * (on)]

n—oo

=— lim | %Apd[.F * (0n7)

n—oo

= = lim (F * (0n ), Ap)s = —(F, Ap)s.

n
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Lemma 5.2. Let M C R™ be a Borel set. If % € & then there is a unique
distribution Jy;.% € & such that

/ VUG -NUF dt, = (Y, IuF)s
M

for each ¥ € &. The operator Jy: F — JyF is a bounded linear positive operator
on & with ||Ja|| < 1. Moreover, Jp (&) C &(cl M).

Proof. Fix .Z# € & If 4 € & then [12], Theorem 6.4 and Holder’s inequality
yield that
’/ V%%~V—%§dﬁm‘ <IZ 151 .
M

Since

54»—>/ VU4 -NVNU ¥ dr,
M

is a bounded linear functional on the Hilbert space & there is unique Jy;.% € & such
that
/ VUG -NUF A, = (9, IuF)es
M

for each 4 € &. Since (4, JuF)e| < | F||||9]|¢ for each ¥ € & the operator Jy
is a bounded linear operator on & with ||Jp]| < 1. If .# € & then

(F,IuFe = | |V F|*ds, >0.
M

Therefore Jy; > 0.
Let now ¢ € 2, sptoNelM =0, F € &. According to Lemma 5.1

JM}\((,D) = —(JMﬁ,A(p)g = —(Atp, JMﬁ)g = — V%(Ag@) . V%ﬁ d%m.
M

Since —% (Ayp) = ¢ = 0 on a neighbourhood of M by [12], p. 100, we obtain
Jn-F (p) = 0. Thus spt JpyF C cl M. O

Lemma 5.3. If # € &(0G) then % F € LA(R™), % ¥ is harmonic on G and
NCUYF = Jo.F € &£(0G).

Proof. %% € Ly(R™) by [12], Theorem 6.4. According to [3], p. 158 we have
AU F = —F. Since spt.F C IG we obtain that AZ % = 0in G. According to [20],
§ 16 there is a harmonic function u in G such that % .% (z) = u(x) at J4, almost all
x € G. Using (4.3) we deduce that %.% = v in G.
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Fix p € 9. Then ¢ = —% (Ayp) by [12], p. 100. According to Lemma 5.1

JaF () = —(JaF, Ap)s = /

V[—%(A@)}-V%ﬁdﬁm:/ Vo VU dHy,
G G

Thus Jg.% = N¢% .%. Using Lemma 5.2 we get spt N°%.Z C clG. Since % .F is
a harmonic function in G, [21], Chapter I, Lemma 6.1 yields that N¢% .Z (p) = 0
for each ¢ € 2 with sptp C G. This gives spt NC% .# C 0G. O

Proposition 5.4. Denote N°% : 7 +— NY% F for # € &(0G). Then N°% is
a bounded selfadjoint operator on &(0G), 0 < NS < I, where I denotes the iden-
tity operator. Moreover Ker N¢% = (NC% (£(0G)))*. (Here Ker N®% denotes
the kernel of the operator N¢%/ and (N“% (£(0G)))* is the orthogonal complement
of N¢% (£(0Q)) in £(0G).)

Proof. N%% is a bounded positive operator on &(9G) by Lemma 5.3 and
Lemma 5.2. If # € &(0G) then (F,(I — NCU)F)soc) = (F, Jom\cF)soc) =0
by Lemma 5.3 and Lemma 5.2. Therefore N°% < I. Since N®% is positive, it
is selfadjoint (see [19], p. 295). Since N9% is selfadjoint we have Ker NO% =
(NC% (£(0G)))* (see [6], Satz 70.3). O

Remark 5.5. Suppose that G is a Lipschitz domain with compact boundary.
Denote by 7 the restriction of 74, 1 to dG. Then there exists the exterior unit
normal n%(x) of G at # almost all € 0G. Let F = fH € &(0G), where
feLy(s),1<p<oo. Then the limit

g(x) = lim n%(x) - Vhy(z) f(y) dA (y)
=0+ Jag\Q. (x)

exists for 5 almost all z € 9G and NCU.F = (3 f + ) (see [24]).

Remark 5.6. Suppose that G is an open set with compact boundary and finite
perimeter. (If J4,_1(0G) < oo then G has finite perimeter.) If z € R™ and 6 is
a unit vector such that the symmetric difference of G and the half-space {x € R™;
(r — 2) - 6 < 0} has m-dimensional density zero at z then n®(z) = 6 is called the
exterior normal of G at z in Federer’s sense. If there is no exterior normal of G at z
in this sense, we denote by n%(z) the zero vector in R™. (The exterior normal of G
at z in the ordinary sense is the exterior normal of G at z in Federer’s sense.) For
x € R™ denote

@) = [ ) Vel A (o)
oG

the cyclic variation of G at x. Suppose that the cyclic variation of GG is bounded.
(This is true for G convex or for G with 0G C L; U...U Ly, where L; are
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(m — 1)-dimensional Ljapunov surfaces, i.e., of class C1+2.) If # € £(0G)NE’ (0G)
then N¢% .7 € £(0G) N €' (0G) and
NCu F(M) = /

do(z) AF (z) + / / 1S () - Vha(y) dHon 1 (y) AF (2)
M oG JOGNM

for each Borel set M (see [11]). Here

is the density of G at =x.

Theorem 5.7. Let % be a distribution supported on OG. If there is a solution
of the weak Neumann problem for the Laplace equation in G with the boundary
condition % then % € &(0G) and

/ VUF pdd, =0

for every ¢ € Li(R™) which is constant on each component of G. Namely, if # €
Ker N9 then (#,%)s = 0. If p € 9 is constant on each component of G then
F(p)=0.

Proof. According to Theorem 4.1 there is 4 € &(0G) such that ¥ is a
solution of the weak Neumann problem for the Laplace equation in G with the
boundary condition .% and therefore .# = NC% % = J;% by Lemma 5.3. Suppose
that ¢ € L3(R™) is constant on each component of G. According to [3], p. 155
there are & € & and a constant a such that ¢ = Z % + a a.e. in R™. Since % A is
constant on each component of G

NUTF -Nod#, =(F,B)s = (JcY,B)s :/ VUG -NURdA, =0.
R™ el

If # € Ker N°% then % % € Li(R™) is constant on each component of G by
Theorem 3.1. Therefore

(7, B)e = | VUT -NUBIA, =0.
[Rm,

If ¢ € 9 is constant on each component of G then

F(p) = NUYG(p) = / VUG -Nodt, =0.
G
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6. THE KERNEL OF NC%

According to Proposition 5.4 we have cl[N¢% (&(0G))] = [Ker N9%]*. In this
paragraph we shall study the kernel of N¢% .

Lemma 6.1. Let . € &(0G). Then F € Ker N9% if and only if the func-
tion % F is constant on each component of G. If # € Ker N¢% and 0G is compact
then % % = 0 on the unbounded component of G.

Proof. We have .# € Ker N9% if and only if the function % .% is constant
on each component of G by Theorem 3.1. Suppose now that .# € Ker N¢%, 0G is
compact and H is the unbounded component of G. Then there is a constant ¢ such
that % = c on H. According to [12], Theorem 6.4

— lim U F(x) d -1 (x) = 0.

An easy calculation yields

1

— lim U F(x)d A1 (x) = lim cAr™3
< r—00 GQT(O) r—00
where A is the area of the unit sphere in R”. Therefore ¢ = 0. O

Proposition 6.2. Let H C R™ be an open set such that 54, ((G\ H) U (H \
G)) = 0. Then (G U H) C 0G and Ker N9% = Ker N % = Ker NCYHy/ . If
Z € Ker N°% then % % is constant on each component of G U H.

Proof. Let z € 9(GUH). Then x ¢ GU H because GU H is open. Fix ¢ > 0.
Then there is y € GU H such that |x —y| < e. If y € H there is § € (0,¢) such that
Qs(y) C H. Since 44,(H \ G) = 0 there is z € G such that |z — y| < §. Therefore
there is z € G such that |x — z| < 2¢. Thus z € 0G.

Let .7 € Ker N9/, Then . € &(0(GUH)) C £(0G) and % .7 is constant on
each component of GU H by Lemma 6.1. Since % .% is constant on each component
of G Lemma 6.1 yields that .% € Ker N¢% .

Let now .# € Ker N% . Since % .7 is constant on each component of G by
Lemma 6.1 we obtain V% = 0 in G. Since 4%, (GUH)\ G) = ,,(H\G) =0
the vector function V% = 0 J,-a.e. in GU H. Let V be a component of GU H.
According to [13], Lemma on page 11 there is a constant ¢ such that % .F = ¢ -
a.e. in V. Using (4.3) we obtain % = ¢ in V. Since % .% is harmonic in G U H and
AU F = —F by [3], p. 158 we deduce that spt # C G\ H C (G U H). Since
F € &O(GUH)) and % F is constant on each component of G U H, Lemma 6.1
yields that .% € Ker N¢VH 7.

Thus Ker N9% = Ker N¢“H%/. Similarly, Ker N % = Ker N?YH . O
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Corollary 6.3. Denote by H the interior of cl G. Suppose #,,(H\ G) = 0. Then
Ker N°% =Ker NH % . If F € Ker NC% then % .F is constant on each component
of H.

Proposition 6.4. Let H be a bounded open subset of G such that clH N
cl(G\ H) = 0. Then there is Fy € &(0G)NC'(0G) such that % Fy =1 on H and
UFpr=00nG\ H.

Proof. Fix ¢ € 2 such that ¢ =1 on clH and ¢ = 0 on cl(G \ H). Then
o = —UAp and Ap € & by [12], p. 100 and [12], Theorem 6.4. Denote by F#
the orthogonal projection of (—Ag) to &(clG). Since (—Ayp) € C'(R™), [3], p. 143
yields that .# € C'(0G). Moreover, % % = % (—Ayp) = ¢ on G by [3], Chapitre I,
Théoréme 4. Since % F is harmonic in G and A% F = —F by [3], p. 158 we deduce
that spt.# C R™ \ G. Therefore & € &(0G) and % = 1on H and #F =0
on G\ H. O

Definition 6.5. A set E C R™ is called a (1,2)-thin at a point € R™ if
1
/ C12(ENQ(z)r' ™™ dr < co.
0

If E is not (1,2)-thin at «, it is said to be (1, 2)-thick there. A set £ C R™ is called
a (1, 2)-fine neighbourhood of x € R™ if x € F and R™ \ E is (1, 2)-thin at z. The
collection of (1, 2)-fine neighbourhoods gives the so-called (1, 2)-fine topology.

Remark 6.6. If G is (1,2)-thin at = then

1
/ cap(E N Q,.(2))r' =™ dr < oco.
0

Using [2], Corollary 7.2.4 we get dg(z) = 0 (the density of G at z).

Proposition 6.7. Let Ch2({z € 0G; G is (1,2)-thin at z}) = 0. If F €
Ker N¢%, % % =0in G then .F = 0.

Proof. Let.Z € Kee N°%, %.% =0 in G. Since % .% is (1, 2)-quasicontinous
there is a set N with C12(N) = 0 such that % .# is (1,2)-finely continous at each
points of R™ \ N (see [1], Theorem 6.4.5). Denote M = {z € 9G; G is (1,2)-thin
atz}. Fix x € 0G \ (M UN). Since G is (1,2)-thick at z, every (1,2)-fine neigh-
bourhood of z meets G. Thus % .%(z) = 0, because Z #(xz) = 0 in G. Therefore
U F =0o0n0G\ (MUN).

According to [3], p. 143 there are measures p, € &(0G) N C'(9G) such that
tn — F in & as n — oo. Since 0 < cap(M UN) < C12(MUN) =0 and p, do
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not charge sets of zero Newtonian capacity (see [12], Chapter II, Theorem 2.2), [12],
Theorem 6.2 yields

(F,F)e = lim (F,pn)e = lim 42* | % .F da, =0,

because Z F = 0 on G\ (NUM). The fact that |7 || ¢ = 0 implies that # =0. O

Remark 6.8. According to [1], Theorem 11.5.5 and [1], Theorem 11.5.4 there is an
unbounded domain G C R™ with compact boundary such that C; 2({x € 9G; Gis
(1,2)-thin at x}) > 0.

Proposition 6.9. Suppose that G C R™ is an unbounded open set with compact
boundary such that Ci2({x € 0G; G is (1,2)-thin at x}) > 0. Then there is
F € Ker N¢%,.F # 0 such that % .% =0 in G.

Proof. According to [1], Theorem 11.5.4 there is a (1, 2)-quasicontinuous func-
tion u € Wy (R™) such that u = 0 in G and C;2({z € 0G; u(z) # 0}) > 0. Ac-
cording to [1], Corollary 9.1.8 there is a (1, 2)-quasicontinuous function v € W4 (R™)
such that v is harmonic in R™ \ ¢l G and v = u (1,2)-q.e. in ¢l G. According to [12],
Theorem 6.4 there is % € & such that v = %% a.e. Since v, % F are (1,2)-
quasicontinuous, v = %% (1,2)-q.e. by [1], Theorem 6.1.4. Using (4.3) we get
YF =0in G and .7 = v in R™ \ G. Since Z .%# is harmonic in R™ \ G and
AU F = —F by [3], p. 1568 we conclude that .F € &(0G). Since #.F = 0 in G,
Lemma 6.1 yields .# € Ker N9%. But .7 # 0 because C12({z € 0G; % F(z) #
0}) > 0. O

Corollary 6.10. Let H C R™ be an open set such that G C H and 5¢,,(H\G) =
0. Let Ch2({z € OH; H is (1,2)-thin at z}) = 0. Suppose that OH is compact
and H has finitely many components Hi,..., H,. Suppose that clH; NclH; = ()
for i # j. Denote by Hi,...,Hyj all bounded components of H. Then there are
Fi,...,Fr € E(OH)NC'(0H) such that % #; =1 on Hj and % #; =0 on H\ H;.
The real measures .Z1, . . .,.%; form a basis of Ker N¢% .

Proof. According to Proposition 6.4 there are %1,..., %, € &(OH)NC'(0H)
such that #.%; = 1 on H; and % %; = 0 on H \ H;. Lemma 6.1 shows that
Fi, ..., T, € Ker NHY . Tt is easily seen that 1, ..., % are linearly independent.
Let now % € Ker N2, By Lemma 6.1 there are constants cy,...,c; such that
UF =c,onH,i=1,....k,and % =0on H\ (H, U...UHy). Since % (F —
> ¢;#;) =0 in H, Proposition 6.7 gives .# — > ¢;.#; = 0. Hence S1,..., % form
a basis of N¥% . Since N®% = NH% by Proposition 6.2 we get that . %1, ..., %
is a basis of N%. O
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7. SOLUTION OF THE PROBLEM

As was shown in Theorem 4.1, solving the Neumann problem for an open set G
with the boundary condition Z is equivalent to solving the equation N¢% .% = 2.
For simple domains we are able to calculate N®%.% and to solve the equation
N¢% F = 2. In Example 7.1 we show that NC% = %I if G is a halfspace. In
the classical theory when G has smooth boundary and the boundary conditions are
Hoélder continuous functions, the corresponding integral operator has the form %I +K
where K is a compact operator. This is not true for N9% . (In Example 7.2 we
consider G such that 7, (R™ \ G) = 0. For such a G we have N9% = I.) The
theory, when the boundary conditions are real measures, leads to an integral op-
erator 7. Under the assumption that the essential spectral radius of (T' — 1I) is
smaller than %, a necessary and sufficient condition for the solvability of the equa-
tion Tv = p is given. (The essential spectral radius of an operator S is defined as
sup{|A|; S — AI is not Fredholm}.) If G is moreover a simply connected bounded
domain then v = > [—2(T — $1)]™p is a solution of the equation Tw = y (see [16]). If
G is an open set such that ./, (R™\G) = 0 then the essential radius of (N9% —31) is
equal to 3 and the sum > [-2(NC% — 11)]".% diverges for each nonzero .# € &(0G)
in spite of the fact that the operator N¢% (= I) is invertible and we are able to cal-
culate its inverse. If the Neumann problem is studied on Lipschitz domains and with
boundary conditions from L5 then the necessary and sufficient condition for the solv-
ability of the problem is a consequence of the fact that the corresponding integral op-
erator T is Fredholm. It is evident that N©% is not Fredholm in general. (Put G =
U{Q:(4n); n € N}. Then the dimension of Ker N®% is infinite by Proposition 6.4
and therefore the operator N9% is not Fredholm.) So, we shall study the solvability
of the Neumann problem under the milder condition that N¢% (&(9G)) is a closed
subspace of &(9G). Under this condition we shall show that # = > (N¢% — I)".%
is a solution of the equation N¢% % = .Z if this equation has a solution.

Example 7.1. Denote 2’ = (21,...,Zm—1). Suppose that G = {(2/, xn); Tm >
0}. It is evident that % .F(2',xm) = % F (2, —xy) for each F € &(0G) and
(@, 2m) € R™. If B,F € £(0G) then we get, using the substitution (v, ym) —
W' —ym),

(B, F)s = / V%%~V%ﬁdﬁm+/ NUB-NUT dHo,
G R™\cl G

- 2/ NUB-NUF AHoy = B, Jo ),
G

because %, (0G) = 0. If F € £(0G), # € £(0G)*+ C & then
(B, Fe =0=2(B,JcF)e,
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because Jo.Z € &(0G) by Lemma 5.3. Lemma 5.3 now gives NO% 7 = Jo.F = 3.
for each .Z € &(0G) and therefore (N“%/)~! = 2I. If # € £(0G) then 2% .F + c,
where ¢ is a complex constant, is the general form of a solution of the weak Neumann
problem in G with the boundary condition .# by Theorem 4.1 and Theorem 3.1.

Example 7.2. Suppose that G C R™ is an open set such that 47, (R™ \ G) = 0.
If 7 € £(0G), B € & then

(B, F)e :/ NUB-NUTF dHoy = (B, Jo T )s.
G

According to Lemma 5.3 we have NY% F = Jo.F = . If # € &(0G) then % F +c,
where c is a complex constant, is the general form of a solution of the weak Neumann
problem in G with the boundary condition .%# (see Theorem 4.1 and Theorem 3.1).

Definition 7.3. Let X be a Banach space and let T', S be bounded linear op-
erators on X. The operator S is called a Drazin inverse of T, written S = Ty,
if

TS=ST, S=STS, TF=TkST,
for some nonnegative integer k. The least nonnegative integer k for which these
equations hold is called the Drazin index of T.

Remark 7.4. According to [9], Lemma 2.4 the Drazin inverse of an operator is
unique. Moreover, the operator T is invertible if and only if there is a Drazin inverse
of T and the Drazin index of T is equal to 0. In this case T; = T~ .

Proposition 7.5. The following statements are equivalent:
1) There is a Drazin inverse of NO% .
2) 0 is not an accumulation point of o(N“%'), the spectrum of N¢% .
3) NC%(&(0Q)) is closed.
4) N (&£(0G)) = (Ker N )*.
5) If P is the projection of &(9G) to cl(N% (£(0G))) along Ker N¢% then the
operator (I — N¢% )P is contractive, i.e., ||(I — N°%)P| < 1.
6) There is a Drazin inverse of N¢%/, the Drazin index of N¢% is at most 1 and

(7.1) (NU)q =Y (I-NCuy

7=0
where P is the projection of &(0G) to cl(NC% (£(0G))) along Ker NC% .

Proof. 1= 2: If there is a Drazin inverse of N9% then there is the so-called
generalized Drazin inverse of N®% (see [9]). Therefore 0 is not an accumulation
point of o(NY%) by [9], Theorem 4.2.

1126



2 = 3: Denote by T the restriction of N°% to clN“% (&(0G)). Then
o(T) C o(N%%) because the space &(9G) is the direct sum of cl N¢% (£(0G))
and Ker N®% by Proposition 5.4. This gives that 0 is not an accumulation point
of o(T). Since N7 is a selfadjoint operator by Proposition 5.4, the operator T
is selfadjoint and therefore hyponormal (see [19], § 11.5). Since every isolated point
of the spectrum of a hyponormal operator is an eigenvalue by [22], Theorem 2 and
Ker N¢% N cl N¢% (£(0G)) = {0} by Proposition 5.4 we deduce that 0 ¢ o(T).
Hence cl N% (£(0G)) = NC% (&(0G)).

3 = 4: Since N9% (&£(0G))*+ = Ker N°% by Proposition 5.4 and the subspace
NC¢% (£(0G)) is closed we conclude that N¢% (£(0G)) = (Ker NC#)*.

4 = 5: Denote by T the restriction of N% to X = N¢%(&(0G)). Since
NS is a selfadjoint operator and 0 < N¢% < I by Proposition 5.4 the opera-
tor T is selfadjoint and 0 < T < I, 0 < I — T < I. Therefore o(I —T) C [0,1]
by [25], Chapter XI, §8, Theorem 2. Since N¢% (&(0G)) = (Ker NY% )+, the
operator T is injective and T'(X) = X. Therefore 0 ¢ o(T) by [25], Chapter II,
§6. Since o(I —T) C [0,1), the spectral radius of T is smaller than 1 (see [25],
Chapter VIII, §2, Theorem 4). Since the operator I — T is selfadjoint it is hy-
ponormal. Since the norm of a hyponormal operator is equal to its spectral radius
(see [22], Theorem 1) we have | T'|| < 1. Since |P|| < 1 by [25], Chapter III, The-
orem 3 we obtain |[(I — N°%)P| = |TP|| < |T|||P| < 1 using [25], Chapter I,
Proposition 2.

5 = 6: The series
S=> (I-NYu)
7=0

converges. If .# € cIN9%(&(0G)) then N°%S.F = F = SNCu.F. If
F € Ker N9% then N°YSF = 0 = SNY%.Z. Since &(0G) is the direct
sum of Ker N¢% and cl N9% (&(0G)) by Proposition 5.4 we obtain that SN¢% =
NCYS. 1f F € Ker N°% then SN¢Y SF =0=SF and NSYUSNCUF =0 =
NCyF. It F € ANYY(£(0G)) then SNCY SF = SF and NS USNCyY F =
NCY Z. Since &£(0G) is the direct sum of Ker N¢% and cI N¢%(&(9G)) b,
Proposition 5.4 we have SN¢% S = S and N°%SNE% = N¢% . Hence the
Drazin index of N¢% is at most 1 and (N9% )4 =

6 = 1: This implication is trivial. O

Theorem 7.6. Suppose that N9% (&(0G)) is closed. Let .# € &(0G). Then
there is a solution of the weak Neumann problem for the Laplace equation in G with

the boundary condition .# if and only if % € (Ker N¢%)*. If (NC%), is given
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by (7.1) and

(7.2) B=(NCU)aF = (I-NCU)

Jj=0

then % % is a solution of this problem. Moreover, there is a positive constant M
dependent only on G such that

\// Vul? A, < M|l
G

for each solution u of the weak Neumann problem for the Laplace equation in G with
the boundary condition % . If G is connected then % % + ¢, where c is a constant, is
the general form of a solution of the weak Neumann problem for the Laplace equation
in G with the boundary condition .7 .

Proof. Suppose that there is a solution u of the weak Neumann problem for the
Laplace equation in G with the boundary condition .#. According to Theorem 4.1
there are € &(0G) and a constant a such that u = % % +a in G. Thus NC% % =
7 € (Ker NY%)* by Proposition 7.5.

Suppose now that .# € (Ker N9%)*. Proposition 7.5 yields that the series (7.1)
converges and .# € N9 (£(0G)). Put B = (N9U)q.F. An easy calculation yields
that Z is given by (7.2). If ¢ is a constant then % % + ¢ € Li(R™) is a harmonic
function in G by Lemma 5.3. Since

NC (U B+c) = NG%Z ~NCuYF =[I-(I-NCU)|> (I-NuyF =7,
7=0

U B + c is a solution of the weak Neumann problem in G with the boundary condi-
tion .Z. Put M = ||(N9%)q||. If u is a solution of the weak Neumann problem for
the Laplace equation in G with the boundary condition .# then u — % % is constant
on each component of G by Theorem 3.1. Therefore

\/ / V2 A8, = \/ / VU B Ao < | Ble < M|F s
G G
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Theorem 7.7. Let N9% (&(0G)) be closed. Suppose that there is an open set
H C R™ such that G C H, 7,(H\ G) = 0 and C12({x € 0H; H is (1,2)-thin
at }) = 0. Suppose that OH is compact and H has finitely many components
Hy,...,H,. Suppose that clH; NclH; = () for i # j. Denote by Hy,...,Hy all
bounded components of H. Fix ¢1,...,¢r € 2 so that ¢; =1 on H; and ¢; =0
on H\ H;, j =1,...,k. Let & € &(0G). Then there is a solution of the weak
Neumann problem for the Laplace equation in G with the boundary condition % if
and only if #(p;) =0 for j=1,...,k. (We can write #(0H;) =0forj=1,...,k.)
If # is given by (7.2) then

(7.3) ?A@—FZCJ-XH]., Cly...,cp € C,

j=1

is the general form of a solution of the weak Neumann problem for the Laplace
equation in G with the boundary condition .%. (Here x s denotes the characteristic
function of a set M.)

Proof. If there is a solution of the weak Neumann problem for the Laplace
equation in G with the boundary condition .# then % (¢;) =0 for j =1,...,k by
Theorem 5.7.

Suppose now that .#(p;) = 0 for j = 1,..., k. We have p; = —% Ap; and
Ap;j € & for j = 1,...,k by [12], p. 100 and [12], Theorem 6.2. Denote by .%,
the orthogonal projection of —Ag; onto &(clH). Then % F; = U (—Ap;) = ¢;
on H by [3], Chapitre I, Théoreme 4. Since A% F#; = —%; by [3], p. 158 and
A% F; = Ap; =0 on H we obtain .%; € &(0H) C &(0G). Since % #; =1 on H;
and .%; = 0 on H \ H; the distributions %1, ..., % form a linearly independent
subset of Ker N7 . Since the dimension of Ker N9% is equal to k by Corollary 6.10,
the distributions .71, ..., .%#; form a basis of Ker NS% . Since Z#; is the orthogonal
projection of —Agp; onto &(cl H) and .# € &(cl H), Lemma 5.1 yields

(F,.Z)e = (F,—Apjle = F(p;) =0, j=1,...,k

Since .Z1,...,.% is a basis of Ker N°% we deduce that .7 € Ker NO% . If # is
given by (7.2) then the function % % is a solution of the weak Neumann problem
for the Laplace equation in G with the boundary condition .# by Theorem 7.6. If

n
Cly.-.yCn € C then Z B+ > ¢jxH, is a solution of the weak Neumann problem for
=1
the Laplace equation in G with the boundary condition .#. Let now u € L}(R™)

be a solution of the weak Neumann problem for the Laplace equation in G with the
boundary condition .. We can choose v € Li(R™) such that u(z) = v(z) for 54,
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almost all z € R™ and

. 1
(7.4) o) = lim s / PRIGLEAD)

whenever the limit exists (see [1], Theorem 1.2.3, [1], Theorem 6.2.1 and [1], Corol-
lary 5.1.14). Then v = u in G, because u is continuous in G. Thus v is a solution of
the weak Neumann problem for the Laplace equation in G with the boundary condi-
tion .# and v — % 4 is a solution of the weak Neumann problem in G for the Laplace
equation with zero boundary condition. Theorem 3.1 yields that V(v — Z %) = 0
in G. Since J4,(H \ G) = 0, the vector function V(v — % %) = 0 a.e. in H. Using
this fact, (7.4) and (4.3), [13], Lemma on page 11 yields that there are cy,...,c,

such that v — %% = ) c¢jxu, in H. This gives that u has the form (7.3) in G. O
Jj=1

8. EXTENDIBLE OPEN SETS

Definition 8.1. An open set G C R™ is said to be Wy -extendible if there is a
bounded linear operator T: W3 (G) — W3 (R™) such that Tu = u on G for each
u € Wi(G).

Definition 8.2. A domain G is said to be an (g,0) domain, € > 0, 0 < ¢ < oo,
if, whenever z,y € G and |z — y| < 4, then there is a rectifiable arc v C G with
length () joining  and y and satisfying

[z — 2|y — 2|

dist(z,0G) > c =] for all z € ~.

Remark 8.3. If G is an (£,0) domain then it is Wj-extendible (see [8], The-
orem 1). S. Jerison and C.E. Kenig studied in [7] the so called nontangentially
accessible domains. As was noticed by P. W. Jones in [8], p. 73, these domains are
precisely (g, 00) domains. Note that Lipschitz domains and polyhedral domains are
nontangentially accessible domains. If G is an (¢,d) domain then J7,(0G) = 0
(see [8], Lemma 2.3). The boundary of an (g,) domain can be highly nonrectifiable
and no regularity condition on the boundary can be inferred from the (e, §) property.
In general, (¢,d) domains are not sets of finite perimeter.
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Lemma 8.4. Let G be bounded. Then the operator T': ¥ +— 2 % is a bounded
linear operator from &(clG) to W3 (G). If G is Wj-extendible then T(&(clG)) =
W} (G) and there is a positive constant C' such that

176 < CI|% Fwi e

for each F € &(c1G) N [Ker T)+.

Proof. Because %% € L}(R™) for each .7 € &(clG), the operator T is a linear
operator from &(cl G) to W4 (G). We show that T is a closed operator. Suppose that
Fn — F in E(clG) and % F,, — g in W4 (G). According to [3], Chap. II, §2 and
[12], Theorem 3.13 we can choose a subsequence .7, ;) such that % .7,y — %7
Hp-ae. and U Fp 5y — g HAp-a.e. in G. Since % F = g Hj,-a.e., we deduce that
T.Z = g in WY2(G). Since T is a closed linear operator from the Banach space
&(cl @) to the Banach space W3 (G) which is defined on the whole space &(clG),
it is a bounded operator by the closed graph theorem (see [25], Chapter II, §6,
Theorem 1).

Suppose now that G is Wj-extendible and g € W4 (G). Since G is W3 -extendible
we can suppose that g € W4 (R™). Since G is bounded we can suppose that g has
compact support. According to [12], Chapter VI, Theorem 6.4 there is & € & such
that g = Z %. Denote by % the orthogonal projection of % to &(clG). Then % .% =
UB = g on G by [3], Chapitre I, Théoreme 4. Therefore T(&(clG)) = W3 (G).
Since T is a bounded injective linear operator from the Banach space . € &(clG)N
[Ker T)* onto the Banach space W4 (G) it is continuously invertible, i.e., there is a
positive constant C' such that

1Zle < CITF lwie
for each .Z € &(c1G) N [Ker T+ (see [25], Chapter 11, §5). O

Lemma 8.5. Let G be a bounded W-extendible open set. Then the identity
operator I is a compact linear operator from W3 (G) to La(G).

Proof. Fix R > 0 such that G C Qr(0). Since G is Wj-extendible there is
a bounded linear operator T' from Wy (G) to W3 (Qg(0)) such that Tu = u on G
for each u € W} (G). Since Qr(0) is a bounded W -extendible domain, the identity
operator I from W, (Qz(0)) to Lo(G) is a compact operator (see [13], §1.10, The-
orem 3). Since [ = IT is the composition of a compact operator and a bounded
operator, it is a compact operator (see [25], Chapter X, §2). O
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Lemma 8.6. Let G be a bounded W -extendible open set. Then G has finitely
many components and each of these components is a W, -extendible domain.

Proof. PutTi(u) = [u,Vu]. Then T} is a bounded linear operator from W3 (G)

o [La(G)]™*L. Since ||[Tyul| = |ull for each u € WH(G) and W3 (G) is a Ba-
nach space, we obtain that 71 (W3 (G)) is a closed subspace of [Lo(G)]™* L. Denote
Ty ([u, Vu]) = [u,0,...,0] for [u, Vu] € Ty (W3(G)). Then T is a compact linear op-
erator from 71 (W3 (G)) to [L2(G)]™+! by Lemma 8.5. Denote by T3 the orthogonal
projection of [L2(G)]™*! onto Ty (W4 (G)). Then T2T5 is a compact linear operator
on [L2(G)]™*! as a composition of a compact linear operator and a bounded linear
operator (see [25], Chapter X, §2). Since 7275 is a compact operator, the dimension
of Ker(I — T5T5) is finite (see [25], Chapter X, §4, Theorem 2). If H is a component
of G then (xg, Vxm) € Ker(I —TT5). Since the dimension of Ker(I —75T3) is finite
G has finitely many components. Let Ty be a continuous linear extension operator
from W3 (G) to W3 (R™). If H is a component of G define Tsu = u on H, Tsu = 0 on
G\ H for u € W} (H). Then T} is a continuous linear operator from W3 (H) to W} (G)
and TyT5 is a continuous linear extension operator from Wy (H) to W3 (R™). O

Lemma 8.7. Let G be a bounded Wj-extendible open set, P be a seminorm
on W3 (G) such that u € W} (G), Vu = 0 and P(u) = 0 imply u = 0. Then the norm

fulp = |P(u)| + / Vul? 4.,
G

is equivalent to the norm in W (G).

Proof. Clearly, |-|p is a norm. G has finitely many components G, ..., G, by
Lemma 8.6. According to [13], §3.1.1, Lemma there is a positive constant ¢; such

that
udj‘fm’ + \// |V u? dj‘fm] < \// [luf2 4 |Vu|2] d77,
G G

il
/GfUd%m’Jr\/W}

J

<01[

for each u € W3(G,), j =1,...,n. Therefore

L“ udﬁ‘fm‘+ + / ud%’ \// |Vu|2dff \// [[uf? + [Vu|?]
ncy G,
<ncl{/ udj‘fm'—i— +/ udff‘ \/ |Vu|2dﬂf]
G1 Gn
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for each u € W} (G). Denote

[ull = [P(u)] +

/ udffm’—k /|Vu|2djfm
Gn \/ G

\/ / [uf? + |Vul?] dy < nexlul
G

/ udjfm‘—k...—k
G1

which is a norm on W3 (G). Since

for each u € W} (G), the identity operator is a continuous operator from W3 (G)
equipped with the norm || - || to W3 (G). According to [19], Theorem 3.8 the inverse
operator is continuous. Thus there is a strictly positive constant ¢y such that

eallul) < \/ / [uf? + |Vul?] d.,
G

for each u € W3 (G). Denote

Y:{uEWQ(G); / uds#, =0 for jzl,...,n}.
G

J

Then Y is a closed subspace of W3 (G) and

colulp = callul| < \// [[ul? + [Vul?] do, < neillul| = nerlulp
G

for each u € Y. According to [25], Chapter I, § 10 there is a Banach space X with
norm | - |x such that W} (G) C X and |- |p = |- |x on W4 (G). Then Y is a closed
subspace of X . Since W3 (G) is the sum of the closed space Y and a finite-dimensional
space it is a closed subspace of X. Thus W, (G) equipped with the norm | - |p is
a Banach space. Since the identity operator is a continuous operator from Wi (G)
equipped with the norm | - || to W3 (G) equipped with the norm |- |p, the inverse of
this operator is continuous by [19], Theorem 3.8. Hence there is a positive constant cs
such that ||u|| < cs|u|p for each u € W} (G). This gives

CQ|U|p < \// [|u|2 —+ |V’LL|2] d74,, < n8163|u|p
G

for each u € W3 (G). O
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Theorem 8.8. If G is a bounded W-extendible open set then N7 (&(0G)) is
closed.

Proof. The operator T: % +— % .% is a bounded linear operator from &(cl G)
to W3 (G) by Lemma 8.4. Denote Y = &(cl G)N[Ker T]*. Denote by T the restriction
of T to Y. Then T is a bounded continuously invertible operator from ¥ onto W3 (G)
by Lemma 8.4. According to Lemma 8.6 the set G has finitely many components
G1,...,G,. Denote

Fi=T""x¢g,, j=1,....,n
Define on W3 (G) the seminorm

n

P(u) = [(T""u. F))sl.

Jj=1

According to Lemma 8.7 there is a strictly positive constant ¢ such that

c- \// [Ju]?2 + |Vu|?] ds7, < P(u) + / |Vu|?ds,.
G \ Je

We now show that KerT C Ker N9%. Let % € KerT. Since AZ.% =0 in G and
AU F = —%F by [3], Chapitre 1, Théoreme 4 we deduce that & € &(9G) and thus
F € Ker NC .

Let now .Z# € &(0G) N [Ker N¢% |4, | Z|le = 1. Since KerT C Ker N9% we
have .# € Y. Since # € [Ker N°%|* and #1,...,%, € [Ker N°%] we obtain
P(% %) = 0. Therefore

1

WV

(F,NCUF)s = / U F|?dA,
G
> c2/ % F 2+ |\Vu Z|2) Ay, > AT~ 2.
G

Since the restriction of N¢% to &(0G) N [Ker N¢% ]+ is a selfadjoint operator
by Proposition 5.4, its spectrum is a subset of the interval [¢2||T~|~2,1] (see [6],
Satz 70.8). Let 0 < |\ < ¢2||T~1||~2. Since N¢% — A is a continuously invertible
operator on &(0G) N [Ker N6+ and on Ker N®% it is continuously invertible
on &(0G). This gives that 0 is not an accumulation point of the spectrum of N¢%
and thus N¢% (£(0Q)) is closed by Proposition 7.5. O
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9. DOMAINS WITH SLITS

Theorem 9.1. Let G, H be open subsets of R™ such that 7, ((G\H)U(H\G)) =
0. Then N9% (£(0Q)) is closed if and only if NE 9/ (&(0H)) is closed.

Proof. Suppose that N9% (&(9G)) is closed. Denote V = G U H. Then V is
open, G C V and 7, (V \ G) = 0. We show that NV (&(9V)) is closed. Let
Z € &0V)N [Ker NV )+, Then F € &£(0G) N [Ker N“% ]+ by Proposition 6.2.
Since N9% (&£(0G)) is closed Proposition 7.5 gives that there is ¥ € £(0G) such
that N°%% = #. Since #,,(V\G) = 0 we have ¥ —.F = 4 — NCyG =
Jemg¥ = Jpmyy € &(R™ \'V) by Lemma 5.2 and Lemma 5.3. Since ¥ — .7 €
E(0G) N ER™ \ V) we deduce that 4 — F € &(0V). Since F € &(OV) we
have ¢ € &(0V). Thus &(0V) N [Ker NV ]+ Cc NV% (£(0V)). Proposition 5.4
gives £(OV)N[Ker NV |+ = NV % (&(0V)). Therefore NV % (&£(0V)) is closed by
Proposition 7.5.

Now we show that N % (£(0H)) is closed. Let .# € &(OH)N[Ker N¥%/|+. Then
Niqy 7 ¢ £(0H)N[Ker N %+ by Proposition 5.4. Since 7%, (V\ H) = 0 it follows
from Lemma 5.3 that .% — Nf % . = Jem\gF = Jpm\v#. Thus F — N Yy Z ¢
&(R™ \ V) by Lemma 5.2. This forces & — N % Z € £(0V). Since Ker N7/ =
Ker NV % by Proposition 6.2, we have & — N2/ 7 € £(0V)N[Ker NV%]*. Since
NV (£(0V)) is closed Proposition 7.5 yields that there is 4 € &(0V) such that
NYy4 =F — N1 Z. Since 9V C OH by Proposition 6.2 we have ¥ € &(0H).
Since 7, (V \ H) = 0 we deduce N?*% G = NVU¥ G = % — NHy F. The result is
NHY (G+F) = F. Hence &(OH)N[Ker NEy/ |- ¢ N2/ (£(0H)). Proposition 5.4
gives &(0H) N [Ker NIy |+ = NHy/ (8(0H)). Thus NH% (&(0H)) is closed by
Proposition 7.5. O

Lemma 9.2. Suppose that there is a W3 -extendible open set H such that H C G,
H,(G\ H) =0. Then G is a Wy -extendible open set.

Proof. Let f € W3 (G). Then f € W4 (H) and there is F' € W4 (R™) such that
F=fin H. Denote F = F in R" \ G, F = f in G. Then F € WJ}(R™), because
F=Fin R™\(G\ H) and #,(G\ H) = 0. O

Theorem 9.3. Suppose that there is a bounded W3 -extendible open set H such
that 7, (G\ H)U(H\ G)) = 0. Put W = GU H. Then W has finitely many
components W1, ..., W, and there are @1, ..., p, € WS (R™) with compact support
such that ¢; = 1in W;, p; =0in W\W;, j=1,...,n. Let F € &G). Then
there is a solution of the weak Neumann problem for the Laplace equation in G with
the boundary condition % if and only if # € (Ker NC% L. If % is given by (7.2)
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then

(9.1) UB+D cixw,, c1,....cn €C,

j=1

is the general form of a solution of the weak Neumann problem for the Laplace
equation in G with the boundary condition .%. Suppose moreover that Cy 2({z €
OW; W is (1,2)-thin at }) = 0. Then there is a solution of the weak Neumann
problem for the Laplace equation in G with the boundary condition .% if and only if

(9.2) VU ¥ -Np;di, =0

RTTL
forj=1,...,n. If I W; NclW; = ) for i # j we can take ¢1,...,pn, € 2 and there
is a solution of the weak Neumann problem for the Laplace equation in G with the
boundary condition .# if and only if #(p;)=0forj=1,...,n.

Proof. The set W is Wj-extendible by Lemma 9.2. Since W, H are open sets,
H is bounded and 47, (W \ H) = 0 the set W is bounded. W has finitely many
components Wi,..., W, by Lemma 8.6. Put ¢; = 1in W, ¢; = 0in W\ W;,
j=1,...,n. Since p; € Wi (W) there is an extension of ¢; from W (R™).

Since NH %/ (£(0H)) is closed by Theorem 8.8, Theorem 9.1 yields that the space
NY% (&(0G)) is closed. According to Theorem 7.6 there is a solution of the weak
Neumann problem for the Laplace equation in G with the boundary condition % if
and only if .# € (Ker N¢%)*. If %4 is given by (7.2) then % % is a weak solution
of this problem. Since @1, ...,¢, € W3 (R™) and ¢1,..., ¢, are constant on each
component of G

%:@—FZCjXWj = %@—FZCJ-@J-
j=1 j=1

is a solution of the weak Neumann problem for the Laplace equation in G with the
boundary condition .#. Let now u € Li(R™) be a solution of the weak Neumann
problem for the Laplace equation in G with the boundary condition .%. Then v =
u— U 9P is a solution of the weak Neumann problem for the Laplace equation in G
with zero boundary condition. Since v is constant on each component of G by
Lemma 3.1, we obtain Vo = 0 in G. Since 7, (W \ G) = 0 the vector function
Vv = 0 ,-a.e. in W. According to [13], Lemma on page 11 there are constants
c1,...,Cn such that v = ¢; J,-a.e. in W; for j = 1,...,n. Since v is continuous
in G we obtain v = ¢; in G N W;. Thus u has the form (9.1).

Suppose that Cq2({x € OW; W is (1,2)-thin at }) = 0. If there is a solution
of the weak Neumann problem for the Laplace equation in G with the boundary
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condition % then (9.2) holds for j = 1,...,n by Theorem 5.7. Suppose now that
(9.2) holds for j = 1,...,n. According to [12], Chapter VI, Theorem 6.4 there are
Bi,...,Bn € & such that ¢; = % %B; almost everywhere for j = 1,...,n. Denote
by .#; the orthogonal projection of %; onto &(clW). Then % .%; = U %B; = ¢;
on W by [3], Chapitre I, Théoreme 4. Since A% F; = —%; by [3], p. 158 and
A% F; = Apj = 0 on W we obtain .%; € &(OW). Since #.%; = 1 on W; and
U F; =0 on W\W; the distributions .1, . .., %, form a linearly independent subset
of Ker N9% . Since the dimension of Ker N¢% is equal to n by Corollary 6.10, the
distributions %1, ...,.%, form a basis of Ker N°%. Since Z#; is the orthogonal
projection of %; onto &(clW) and .% € &(c1W) we obtain

(ﬁ,ﬁj)gz(ﬁ“@j)z/ V%ﬁv%dﬁmzo, j:1,,n

Since Z,...,.%, is a basis of Ker N°% we deduce that .% € Ker NC% .
If ; € 9 then p; = —% Ay by [12], p. 100. Therefore Lemma 5.1 yields

F(p)) = —(F,Ap)e = | VUT NU(—Dp)dHoy = | VUT -NgdHy.
R™ R™

Thus (9.2) is equivalent to .Z (p;) = 0. O

Corollary 9.4. Suppose that G is bounded. Suppose that for each x € OG there
is a neighbourhood U of x and a choice of a coordinate system such that U N0G is a
subset of the graph of a Lipschitz function. Then cl G has finitely many components
Hi,...,H,. Choose ¢1,...,0, € 9 such that p; =1 in Hj, p; =0 in clG \ Hj,
j=1,...,n. Let F € &(OG). Then there is a solution of the weak Neumann
problem for the Laplace equation in G with the boundary condition % if and only
if F(p;)=0forj=1,...,n. If B is given by (7.2) then

%%’—FchxHj, C1y...,cp € C,

J=1

is the general form of a solution of the weak Neumann problem for the Laplace
equation in G with the boundary condition % .

Proof. Denote by W the set of all z € R™ for which there is a neighbourhood U
of x such that 44, (U \ G) = 0. Then W is a bounded open set, G C W and
(W \ G) = 0. Moreover, for each € OW there is a neighbourhood U of z, a
Lipschitz function f on R™~! and a choice of a coordinate system such that W N
U=Un{[zt; € R"1 t > f(2)}. The set W has finitely many components
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Wi, ..., W, such that 1 W;NclW; =0 for i # j. Put H; =clW,, j=1,...,n. The
set ¢l G has components Hi,...,H,, because cIG = clW. Since W1y,...,W,, are
Lipschitz domains and c]l W; Ncl W, = () for i # j the open set W is Wi-extendible.
Further, W is (1, 2)-thick at each point of 9W by Remark 6.6. The rest follows from
Theorem 9.3. O

Remark 9.5. The set W from Theorem 9.3 is W'2-extendible by Lemma 9.2.
As has recently been shown by P. Koskela and H. Tuominen (see [10]) a W12-
extendible domain is (1,2)-thick at all points of its boundary. Thus the hypothesis
“Cio({x € OW; W is (1,2)-thin at }) = 0” can be removed from Theorem 9.3.
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