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Abstract. The minimum orders of degree-continuous graphs with prescribed degree sets
were investigated by Gimbel and Zhang, Czechoslovak Math. J. 51 (126) (2001), 163-171.
The minimum orders were not completely determined in some cases. In this note, the exact
values of the minimum orders for these cases are obtained by giving improved upper bounds.
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A graph G is degree-continuous if the degrees of every two adjacent vertices of G
differ by at most 1.

For integers r1 < ra, let [r1, 2] denote the set {ri,r1 + 1,71 +2,...,72}. We call
[r1,72] an interval of integers. Let S be an interval of integers. We use m(S) to
denote the minimum order of a degree-continuous graph having S as its degree set.
Gimbel and Zhang [3] proved the following theorem. There is a misprint in line 9 of
page 167 in [3]; m = [1s] should be m = [£s].

Theorem 1 ([3]). Let S = [r,r + s] where r is a positive integer and s is a
nonnegative integer.
1. If s = 3m where m is a nonnegative integer, then

(m+1)<r+1+37m> <m(S)<1+(m+1)<r+1+37m>.

Moreover, if r or m is odd, then

m(S) = (m+1)(r+1+37m).
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2. If s = 3m + 1 where m is a nonnegative integer, then
3m

m(S) = (m + 1)(r+2+ 7)

3. If s = 3m + 2 where m is a nonnegative integer, then

1+(m+1)(r+3+37m> <m(S)<2+(m+1)(r+3+37m).

Moreover, if r is even or m is odd, then

3m
m(S) = 1+(m+1)(r+3+ 7)
In the above theorem, the exact value of m(.S) is not completely decided if s = 3m
and r, m are both even or s = 3m + 2 and r is odd, m is even. In this note, we will
determine m(S) for these cases. We need some lemmas for our discussions. Let us
begin with the well known result of Erdss and Gallai.

Proposition 2 (Erdss-Gallai [1], [2]). Let dy > d2 > ... > d,, be nonnegative
integers. Then dy,ds,...,d, is a degree sequence if and only if dy +ds + ...+ d, is

k n
evenand > d; < k(k—1)+ > min{k,d;} for 1 <k < n.
i=1

3 i=k+1

The following lemma follows from the above proposition.

Lemma 3. Suppose that both n and r are odd integers such that r < n — 2. Let
di=r+1landdy=ds=...=d, =r. Then dy,ds,...,d, is a degree sequence.

Proof. It isobviousthat dy +ds+...+d, is even. By Proposition 2, it suffices

k n
to show that > d; < k(k — 1)+ > min{k,d;}, k = 1,2,...,n. We distinguish
i=1 i=k+1
three cases: Case 1: 1 < k<r,Case2: r+1<k<<n—1,Case 3: k=n.

Case 1: 1 <k <r. Then

k(k—1)+ i min{k,d;} =k(k—1)+ (n—k)k=k(n—1)
i=k+1

>k(r+1)2kr+1=>) d.

Case 2: r+1<k<n-—1. Then
k(k—1)+ Z min{k,d;} > k(k — 1) + min{k,d,} = k(k— 1)+ r
i=k+1
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Case 3: k =n. Then

k(k—1)+ Z min{k,d;} =n(n—1)2n(r+1)=2nr+1
i=k+1

n k
=> di=) _d;
i=1 i=1

d

Lemma 3 can also be proved by the following direct construction. Suppose that
n=2n;+ 1, r = 2r; + 1 are odd integers with » < n — 2. Let G be the graph
with V(G) = {v;: i = 1,2,...,n} and E(G) = {vv;: i = 1,2,...,n, j =i+ 1,
i4+2,...,0+ 7 (mod n)} U{vivign,: @ = 1,2,...,n1} U {v2v,}. Then G has the
degree sequence r + 1,7, 7,...,r. The following two easy lemmas are also needed for
our discussions.

Lemma 4. For positive integers n, r with r < n — 1 and nr being even, there
exists an r-regular graph of order n.

Lemma 5. For positive integers n, r with r < n, there exists an r-regular bipartite
graph with each part of cardinality n.

For graphs Gi1,Gs,...,Gg, the Pg-path composition of G1,Gs,...,Gy is the
graph G with V(G) = V(G1)UV (G2)U. ..UV (Gy) and E(G) = E(G1)UE(G2)U. ..U
EGg)U{ay: 2 € V(G;),y € V(Git1),i =1,2,...,k —1}. The P;-path compo-
sition of G1,Ga, ..., Gy is denoted by Py[G1,Ga,...,Gg]. It is easy to see that if
H = Pk[Gh Go,..., Gk], then

degg, z + |V(G2)| if z € V(Gy),
degrax = ¢ |V(Gi—1)| +degg, z + |V (Gigr)| if 2 € V(Gy), 2<i<k—1,
|V(Gk_1)| + degGk x if x € V(Gk)

Now we prove the main result of this note.

Theorem 6. Let S = [r,r+ s| where r is a positive integer and s is a nonnegative
integer.
1. If s = 3m and r, m are both even, then

m(S) < (m+1)<r+1+37m>.
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2. If s =3m + 2 and r is odd, m is even, then

m(S)<1+(m+1)(r+3+37m).

Proof. 1. Suppose that s = 3m and both r and m are even.

It suffices to construct a degree-continuous graph G with degree set [r, r +3m] and
[V(G)| = (m+1)(r + 1+ 3m). We distinguish three cases:

Case 1: m=0,Case 2: m>2,r =2, and Case 3: m > 2, r > 4.

Case 1: m = 0. Take G = K,41. Then G is a degree-continuous graph with
degree set [r,r] and |V(G)| =r + 1.

Case 2: m > 2,r=2. If m =2, take G = P;[K1,K§, Ko, K1, K§, K¢, K4]. Then
G is a degree-continuous graph with degree set [2,8] and |V(G)| = 18.

If m > 4, take G = Pipnyi1 K1, Ko, K1, Ko, K3, Ko, ..., Kin—1, Ky K1, Ko,
K¢ 1, R5:3 Kopys] where R % is an (m — 3)-regular graph of order 2m (the ex-
istence of Ry~ 3 is due to Lemma 4). Then G is a degree-continuous graph with
degree set [2,2 4+ 3m] and |V (G)| = (m +1)(3 + 3m).

Case 8: m > 2, r > 4. First let G; = K,4,;—1, and let Gy be a graph with
V(Gz2) = {a1,a2,...,ar4m-1} such that degg,(a1) = r — 2 and degg, (a;) =7 — 3
for 2 < i< r+m—1 (the existence of G5 is due to Lemma 3 since both r +m — 1
and r — 3 are odd and r —3 < (r +m —1) — 2), and let G5 = Ko, 42 with V(G3) =
{b17b27 ey b2m+2}.

Next, let

Gll = P3m—l[Kl7KT7 K17 K27KT+17K27 s 7Km—17KT+m—27 Km—17Km7 Gl]

Finally let G be the graph obtained from disjoint copies of G}, G2, G3 by adding
some edges between vertices in G; and vertices in GG so that these edges induces an
m-regular bipartite graph with bipartite sets V/(G;), V(G2) (by Lemma 5, this can
be done), and also adding the edges a;b; where 1 <i<r+m—1,1<j<2m+ 2,
and (4,7) # (1,1).

Then G is a degree-continuous graph with degree set [r,7 + 3m] and |[V(G)| =
(m+1)(r+1+32m).

2. Suppose that s = 3m + 2 and r is odd, m is even.

It suffices to construct a degree-continuous graph G with degree set [r, r 4+ 3m + 2]
and [V(G)| =1+ (m+1)(r + 3+ 3m). We distinguish three cases: Case 1: m =0,
Case 2: m > 2,r=1,and Case 3: m > 2, r > 3.

Case 1: m = 0. If r = 1, take G = P4[K;, K1, K1, K3]. Then G is a degree-
continuous graph with degree set [1,3] and |V (G)| = 5.
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If » > 3, take G = P3[Ky, RT3, K3] where R.73 is an (r — 3)-regular graph
of order r. Then G is a degree-continuous graph with degree set [r,r + 2] and
[V(G)| =r+4.

Case 2: m > 2, r = 1. Take G = Psy13[K1, K1, K1, Ko, Ko, Ko, ..., Ky, Ky,
Ko, R KE 50 Kop1] where RIS is an (m — 2)-regular graph of order m + 1.
Then G is a degree-continuous graph with degree set [1,3m + 3] and |[V(G)| =
1+ (m+1)(4+2m).

Case 8: m > 2, r > 3. Take G = Py 43[K1, K, K1, Ko, K, 41, Ko, ..., K,
Krym—1, Ky Kina1, Rf;fn, Koy, 43] where R:;fn is an (r — 3)-regular graph of or-
der r +m. Then G is a degree-continuous graph with degree set [r,r + 3m + 2] and
V(@) =1+ (m+1)(r+3+3m). O

Combining Theorem 1 with Theorem 6, we have the following:

Theorem 7. Let S = [r,r+ s] where r is a positive integer and s is a nonnegative
integer.
1. If s = 3m where m is a nonnegative integer, then

m(S) = (m+1)<r+1+37m).

2. If s = 3m + 1 where m is a nonnegative integer, then

m(S) :(m+1)<r+2+ 37’”)

3. If s = 3m + 2 where m is a nonnegative integer, then

m(S)=1+(m+1)(r+3+37m).
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