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Abstract. This paper consists of two parts. In the first, we find some geometric con-
ditions derived from the local symmetry of the inverse image by the Hopf fibration of a
real hypersurface M in complex space form M, (4¢). In the second, we give a complete
classification of real hypersurfaces in My, (4¢) which satisfy the above geometric facts.
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1. INTRODUCTION

A complex m-dimensional Kaehler manifold of constant holomorphic sectional
curvature 4¢ is called a complex space form, which is denoted by My, (4¢). A complete
and simply connected complex space form is a complex projective space P, (C), a
complex Euclidean space C™ or a complex hyperbolic space H,,(C), according as
e =1, =0or e = —1. The induced almost contact metric structure of a real
hypersurface M of M,,(4e) is denoted by (p,&,7, g). From now on, unless otherwise
stated, the sign e in M,,(4¢) will be denoted 1 or —1.

There exist many studies about real hypersurfaces of M,,(4¢). The classification
of homogeneous real hypersurfaces of a complex projective space P, (C) was given
by Takagi [24], who showed that these hypersurfaces of P, (C) could be divided
into six types which are said to be of type Ay, Ay, B, C, D, and E. Moreover,
Kimura in [9] proved that they are realized as the tubes of constant radius over
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Kaehler submanifolds if the structure vector field £ is principal. Also Berndt [1]
showed recently that all real hypersurfaces with constant principal curvatures of a
complex hyperbolic space H,,(C) are realized as tubes of constant radius over certain
submanifolds when the structure vector field £ is principal. In H,,(C) they are said
to be of type Ag, A1, A, and B. Moreover, recently Berndt and the third author ([3],
[4]) have classified real hypersurfaces in complex two-plane Grassmannians G (C™+2)
satisfying certain geometric conditions, which are said to be of type A and B.

Now, let us consider the following condition for the shape operator A of M
in My, (4¢) could satisfy

(1.1) (VxA)Y = —e{n(Y)pX + g(pX,Y)E},

for any tangent vector fields X and Y of M.

Maeda, [12], investigated the condition (1.1) and used it to find a lower bound
of |V AJ| for real hypersurfaces in P, (C). In fact, it was shown that ||V A||? > (m—1)
for such hypersurfaces and the equality is attained if and only if the condition (1.1)
holds. Moreover, in this case it was known that M is locally congruent to one of
the homogeneous real hypersurfaces of type A; and As. Also Chen, Ludden and
Montiel [5] generalized this inequality to real hypersurfaces in H,,(C) and showed
that the equality (1.1) holds if and only if M is congruent to one of the types Ag, A1,
and Ay. Moreover, the present authors in [11] have also found that a lower bound
of ||[VA|? for real hypersurfaces in quaternionic hyperbolic space H,,(Q) is given
by 24(m — 1).

Let us denote by S?™1(1) (resp. H.™ ' (—1)) a (2m+ 1)-dimensional unit sphere
(resp. anti-de Sitter space) defined in such a way that

S2m+1(1) = {(207 e ,Zm) € Cm+1 : Zzizi = 1}
=0

(resp. H?>™ Y (=1) = {(20,...,2m) € C"1: —20Z0 + Y 2;Z; = —1}), which is well
i=1
known bundle space of the Hopf map

7' §2 (1) — P, (C)  (vesp. Hi™T'(~1)) — H,,(0)).

Then we say that S?™+1(1) (resp. Hi™"*(—1)) is a (resp. Lorentzian) Hopf hyper-
surface of C™*! with Hopf vector field with a distinguished (resp. time-like) unit
vector field on $?™+1(1) (resp. H:™*(—1)) tangent to the fibre of the Hopf map 7’

Given a real hypersurface of M,,(4¢), one can construct a (resp. Lorentzian) hyper-
surface M in S2™+1(1) (resp. Hi™ (1)) which is a principal S*-bundle (resp. S}-
bundle) over M with (resp. time-like) totally geodesic fibers and the projection
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7: M — M in such a way that the diagram

N —S> §2mHL (1) (H2 ™ (—1))

is commutative (¢, ¢/ being the isometric immersions). Then it is seen (Chen, Ludden
and Montiel in [5], and Okumura in [16]) that the second fundamental tensor A
of M is parallel if and only if the second fundamental tensor A of M satisfies the
condition (1.1) or (1.2). Thus M is congruent to real hypersurfaces of type A; or A
in P,,(C) or real hypersurfaces of type Ag, A; or Ay in H,,,(C).

On the hypersurface M, we consider the condition of local symmetry VR = 0,
which follows from the condition VA = 0 due to the Gauss equation. Here V and
R denote the induced Riemannian connection and the curvature tensor defined on M
respectively.

Now let us suppose that M is a locally symmetric hypersurface in S?"*+1(1) or
in H?™*1(~1). Then we can verify that the real hypersurface M in P,,(C) or
in H,,,(C) satisfies

) pxR=0
and
(II) (V*A) @ A =0,

where * denotes an operator defined on the curvature tensor R of M as a derivation
in such a way that

9((p* R)(X,Y)Z,W) = g(R(pX,Y)Z,W) + g(R(X, pY)Z, W)
+9(R(X,Y)pZ, W)+ g(R(X,Y)Z, o).

Moreover, the tensor product ® in the formula (II) denotes the Kulkarni-Nomizu
product in End A2TM given by

(V5 A) @ AHX,Y) = (VLA X AAY — (VLAY A AX,
where (V% A)Y denotes
(VxA)Y = (VxA)Y +e{n(Y)eX + g(¢X,Y)E}
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and A denotes the wedge product defined by

for any vector fields X, Y, Z, V and W on M.
From such an expression the condition (1.1) is equivalent to

(1.2) V*A = 0.

Then we know that the formula (IT) is weaker than the condition (1.1), which gives
a lower bound of | VA|| for real hypersurfaces in M, (4¢).

Now let us consider the converse problems related to such conditions and generalize
aresult in Maeda [12] without the assumption that the structure vector £ is principal.
We assert the following;:

Theorem 1. Let M be a real hypersurface in M,,(4¢) (m > 3). If it satisfies

the formula (I), then M is locally congruent to one of the following:
(1) In case M,,(4) = P,,(C)

(A1) a tube of radius r over a hyperplane P,,_1(C), where 0 < r < %TE,

(A2) a tube of radius r over a totally geodesic P;(C) (1 < k < m — 2), where

0<r<in

(2) In case M,,(—4) = H,,(C)

(Ao) a horosphere in H,,(C), i.e., a Montiel tube,

(A1) a tube of a totally geodesic hyperplane Hy(C) (k=0 or m — 1),

(A2) a tube of a totally geodesic Hi(C) (1 < k < m — 2).

Now unless otherwise stated, we say simply that M is locally congruent to a real
hypersurface of type A when M is locally congruent to one of the real hypersurfaces
of type A; and As for € = 1 or to one of the real hypersurfaces of type Ay, A; and
Ay for e = —1 respectively. Next, let us consider the formula (II), which is more
weaker notion than the geometric condition (1.1). Then we also assert the following:

Theorem 2. Let M be a real hypersurface in M,,(4¢) (m > 3). If it satisfies
the formula (IT), then M is locally congruent to a real hypersurface of type A.

In Section 2 we recall some fundamental properties of real hypersurfaces in M, (4¢)
and find some geometric conditions derived from the locally symmetry of M
in $2m+1(1) (resp. Hi™%(—1)). In Section 3 we give a proof of Theorem 1 and in

Sections 4 and 5 we give the proof of Theorem 2.
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2. PRELIMINARIES

Let M be a real hypersurface of m-dimensional (m > 2) complex space form
M., (4¢) of constant holomorphic sectional curvature 4¢ and let C be a unit normal
vector field on a neighborhood of a point = in M. We denote by J an almost complex
structure of M,,(4¢e). For a local vector field X on a neighborhood of = in M, the
images of X and C under the linear transformation J can be represented as

JX =pX +0(X)C, JC=-¢,

where ¢ defines a skew-symmetric transformation on the tangent bundle 7'M of M,
while 17 and £ denote a 1-form and a vector field on a neighborhood of x in M,
respectively. Moreover, it is seen that g(&, X) = n(X), where g denotes the induced
Riemannian metric on M. By properties of the almost complex structure J, the set
(p,&,m, g) of tensors satisfies

PP=-T+n®& @t=0, nleX)=0, nlE =1,

where I denotes the identity transformation. Usually, the set is said to be almost
contact metric structure. Furthermore the covariant derivatives of the structure
tensor ¢ and the structure vector fields £ are given by

(2.1) (Vx@)Y =n(Y)AX —g(AX,Y)E, Vx&=pAX,

where V is the Riemannian connection of ¢ and A denotes the shape operator with
respect to the unit normal vector field C' on M.

Since the ambient space is of constant holomorphic sectional curvature 4e, the
equations of Gauss and Codazzi are respectively given as follows

(22) R(X,Y)Z=¢e{g(Y,Z2)X — g(X, 2)Y + g(¢Y, Z)pX — g(X, Z)pY
= 290X, V)pZ} + g(AY, Z2)AX — g(AX, Z)AY,

(2.3) (VxA)Y — (Vy A)X = e{n(X)pY —n(Y)pX —29(pX,Y)E}

Now let M be a hypersurface mentioned in the introduction. Let us note that
T.M = Span{F} & F ", where z € M and F = Jz for a induced complex structure .J
defined on M from S?"*+'(1) or H?™*(—~1). Moreover, m,F = 0 and 7, is an
isomorphism on F". For X € T (z)M we denote by X* the horizontal lift of X to z.
Moreover, f% denotes the horizontal lift on M of the function f on M defined by
fE(z) = f(n(2)) for any point z € M. Then it can be easily seen that

g(va)L :g(XLvyL)
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for a Riemannian metric § defined on M. Moreover, the metric § on M is invariant
by the fiber compatible to S (or Si). Then by using the formula on a Riemannian
submersion given in [17] due to B. O’Neill we note that

(2.4) VxY =71 (Vxe Y1)
and
(2.5) VxitF=VzXt =Jxt = (px)F

for any tangent vector field X orthogonal to §& on M, where ¢ and V (resp. V)
denote the almost contact structure tensor and the Riemannian connection on M
(resp. on M).

Now let us give some examples of locally symmetric hypersurfaces, that is VR = 0,
in $2+1(1) or in HZ™ ! (~1) as follows:

Example 1. Let us consider a family of product hypersurfaces in the (2m + 1)-
dimensional unit sphere given by

p+1 1 2m+2 1
SP(c1) x S2MTP(¢y) = {x e §2m+1(1): = —, x; = _}
(e2) x 52" 70(c2) s Yat= o 3 b=

where ¢; and ¢ are positive constants such that 1/c¢; +1/c2 = 1. Then the second
fundamental tensor of every hypersurface of this family has two eigenvalues, say A,
equal to £+/c; — 1 and of multiplicity p, and p equal to Fv/c2 — 1 and of multiplic-
ity 2m — p. Then the distribution corresponding to each eigenvalue is parallel and
the second fundamental tensor is parallel. So its curvature tensor R is parallel. Thus
these hypersurfaces are locally symmetric hypersurfaces in S?™+1(1).

Example 2. Now let us consider an anti-de Sitter space given by
2m+-2
HIm™H(-1) = {x € Ry gt — a2 + Z P —1}.
i=3

Then we consider two families of product hypersurface in H 12m+1(—1) given by

S"(er) x B (ca)

r+3 1 2m~+2 1

I CEI ) R I S u G S}
° C1 . C2
=3 i=r+4
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Si(er) x H*™™" ()

r+1 2m—+2 1
=qze H™M(-1): —x - _ 2 _
{ e et= et 3 =)
1=r4+2
where ¢; and ¢ are constants such that 1/¢; +1/ca = —1 and ¢; > 0, and ¢z < 0.

Then in this kind of families the second fundamental tensor has two eigenvalues
A=+Ve+1, p==+vVea + 1.

Then each corresponding distribution is parallel and the second fundamental tensor
is parallel. So its curvature tensor R is parallel.

If M is locally symmetric in the diagram mentioned in the Introduction, we have
the following.

Lemma 2.1. Let M be a locally symmetric hypersurface in S*"**(1) or in
H?™%1(~1). Then a real hypersurface M = (M) in P,,(C) or in H,,(C) satisfies
the following

(I) ¢* R =0 and

(IT) (V*A)®@ A =0,
where ® denotes the Kulkarni-Nomizu product and w a fibration w: M — M com-
patible to the Hopf fibration ' defined in the Introduction.

Proof. Now let us denote by R the curvature tensor of M in S?"*1(1) or
n H?™'(—1). Then by virtue of the local symmetry of M and using (2.4) and
(2.5), we have the formula (I) for any vertical vector field F' defined on the fiber
of M

0=F(gRXE Yz, Wh)
= —g(R((pX)", Y") ZF WF) — g(R(X*, (pY) ") 25, W)
— g(R(X" Y ) (02)" Wh) — g(R(X ", YF) 25, (W)F)
= —g(R(eX,Y)Z,W)" — g(R(X,9Y)Z,W)" — g(R(X,Y)pZ, W)"
— 9(R(X,Y)Z,oW)*

for any vector fields X, Y, Z and W on M and X’ (resp. Y*, ZF and W) denoting
the horizontal lift of X (resp. Y, Z and W) to M.
On the other hand, the equation of Gauss for a hypersurface M in S?>™*! or

n Hf"”'l is given by

R(X,V)Z = {3(V. 2)X — §(X, Z)T} + §(AY, Z)AX — §(AX, Z)A¥
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for any tangent vector fields X, Y and Z on M. Then from the local symmetry of M
we have the following

0=g((Vx: R)(Y*", Z")VE wh)
= g(Vxe Q)25 VE)g(AYE, WE) + g(AZE, VE)g((V e A)YE, WE)
— g(Vxe A)Y* VI GAZE WE) — g(AYE, VE)g(Vxe A)ZE, W)

for any vector fields X, Y, Z, V and W on M, where X% (resp. YL, ZL' VI and

W) also denotes the horizontal lift of X (resp. Y, Z and W) to M. From this, if

we substitute the following

(Ve A)YE, Z8) = X (g(AYE, Z8) — g(AV e YE, Z8) — g(AY F, N x Z1)
= (X (9(AY, 2)))* = g(A(VxY)*, Z2") — g(AY", (Vx 2)")
—g(pX.Y)'g(AF, Z") — g(AY", F)g(X, Z)"

= g(VxA)Y, 2)" +eg(pX, V) n(2)" +eg(pX, Z)Fn(Y)*

into the above equation, we have the following
{(VXA) @ AHZ,)Y) = (VXA ZNAY — (VYAY NAZ =0
for any vector fields X, Y and Z on M. From this, together with the definition of

the wedge product A again, we have the formula (II). This completes the proof of
our Lemma. (]

3. REAL HYPERSURFACES SATISFYING THE FORMULA (I)

In this section we will give a complete classification of real hypersurfaces M
in M,,(4¢) satisfying the formula (I). Then this formula (I) can be written as

(3.1) 9(AY, Z)g((Ap — 9 A) X, W) + g(AX, W)g((Ap — pA)Y, Z)
—g(AY, W)g((Ap — pA) X, Z) — g(AX, Z)g((Ap — pA)Y, W) =0

for any vector fields X, Y, Z and W on M.

Now we assert the following
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Lemma 3.1. Let M be a real hypersurface in M,,(4¢) satisfying the formula (I).
Then the structure vector field £ is principal.

Proof. Let ussuppose that there is a point where the vector £ is not principal.
Then there exists a neighborhood Mj of this point, on which we can define a unit
vector field U orthogonal to £ in such a way that

where 3 denotes the length of the vector field A¢ —a€ and 3(x) # 0 for any point = €
M.

Let Ty be the distribution defined by the subspace Tp(z) = {X € T, M: X 1¢&,}
in the tangent subspace T, M of the real hypersurface M in M,,(4¢c). Then we can
write

AL = o + AU,

where U is a unit vector field in Ty and « and § are smooth functions on M. Then we
consider an open set My = {x € M : ((x) # 0}, on which we continue our discussion.
Putting Y = Z = £ in (3.1), we get

(32) ag((Ap — pA) X, W) = n(AW)g(ApX, &) — n(AX)g(ApW,£) = 0.
On the other hand, we calculate
n(AW) = g(A§, W) = an(W) + Bg(U, W)

and
9(ApX, &) = g(pX, AS) = Bg(pX,U).
Substituting these into (3.2), we have

ag((Ap — pA)X, W) — plan(W) + Bg(U, W)}g(pX,U)
(3.3) —B{an(X) + Bg(U, X)}g(pW,U) = 0.

Let L(&,U) be the distribution defined by the subspace L,(¢,U) in the tangent
space T, M spanned by vectors &, and U, at any point = in My. Then we consider
the following two cases:

Case I: a # 0. Then by (3.3) we know that

9((Ap —pA)X, W) =0
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for any X, W € L(¢,U)*, where L(¢,U)* denotes the orthogonal complement of the
subspace L(&,U). Of course we know the following formulas:

9((Ap — pA)U, &) = g(ApU, &) = Bg(U,U) =0,
9((Ap — pA)E,§) =0,

and
9((Ap — pA)E,U) = 0.

Replacing X and W by U in (3.3) and using a # 0, we get
9((Ap — AU, U) = 0.

Summing up the fomulas mentioned above, we have
9((Ap — pA)Y, Z) = 0

for any tangent vector fields Y and Z on M. That is, the shape operator A commutes
with the structure tensor . Now we have 9 A{ = BpU and hence SpU = ApE = 0.
Because oU # 0, we get B = 0, which makes a contradiction on M. Hence the
vector field ¢ is principal, which concludes the proof of Lemma 3.1 in Case 1.

Case II: & = 0. Then in this case from (3.2) we know that

N(AW)g(ApX, €) +n(AX)g(ApW, &) = 0.
From this, substituting A¢ = BU, we have
B {g(U, W)g(pX,U) + g(U, X)g(U, oW)} = 0.

Now putting X = U, W = U gives 32 = 0, which makes also a contradiction. In
this case ¢ is a principal vector with zero principal curvature.

Summing up the above cases, we see that a real hypersurface M in M,,(4¢) sat-
isfying the condition (I) is a Hopf hypersurface, that is, its structure vector ¢ is
principal. O

Next we suppose that the structure vector field £ is principal with corresponding
principal curvature . Then it is seen in [1], [6] and [12] that « is constant on M
and satisfies

1
(3.4) ApA =ep+ 504(Ag0 + @A),
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and hence, by (2.1) and (2.3), we get
1
(3.5) VeA = —504(/1(,0 — @A).
If the function « vanishes, (3.4) implies
(3.6) ApAX = epX.

Moreover, by virtue of the equation of Codazzi (2.3), (3.5) implies the following for
a=0

(3.7 (VxA) = —cpX.
Putting Y = Z = ¢ in (3.1) and using that ¢ is principal, we have
(3.8) ag((Ap — @A) X, W) = 0.

So for a non-zero constant function « the shape operator A commutes with the
structure tensor ¢. Then by virtue of theorems given by Okumura [16] for ¢ = 1
and by Montiel and Romero [15] for € = —1 we know that M is locally congruent to
type Aj or As, or respectively, type Ay, A1 or As.

Now it remains only to consider the case & = 0. This means A = 0. So we
can consider an orthonormal basis of eigenvectors of Ty. Then by (3.6), we have the
following

Lemma 3.2. Let M be a real hypersurface in a complex space form M,,(4),
m > 3 satisfying the formula (I). If « = 0, then for some fixed eigenvalue A of A on
the orthogonal complement of £ and for the corresponding eigenspace V) a vector X
exist in V) such that ¢ X € V). Moreover, such an eigenvalue X\ is always nonzero.

Proof. Now let us consider the case e = 1. Then by (3.6) we know
(pX S Vl/)\

for any X € V). Here the eigenvalue A can not be vanishing on M.

In fact, if the eigenvalue A = 0 on a subset % in M, then (3.6) gives 0 = ¢ X for
e = 1, which makes a contradiction. So such a subset % should be empty.

On the other hand, contracting Y and Z in (3.1), we have

(3.9) h(Ap — pA)X — (A% — pA*)X =0,
where h denotes the trace of the shape operator A of M.
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Now let us take an orthonormal basis {e1, ea, ..., em—1,0€1,...,0em—_1,&} in such
a way that Ae; = A\;e; and Ape; = (1/A;)pei, i =1,...,m—1. Then putting X = ¢;

(E =)= ()0

Now suppose \; # 1/); for each i = 1,...,m — 1. Then it follows that

in (3.9), we have

1
h=—+M\.
)\i+

On the other hand, we know that

m—1 m—1 m—1

h = Z g(Aei, e;) + g(Ape;, pe;) = Z ()\i + /\%) = (m —1)h.

i=1 i=1 i=1

So it follows that h = 0 for m > 3, hence we have 1/\; = —)\; for at least one
1€ {1,...,m — 1}, which concludes the proof of Lemma 3.2. O

Then by Lemma 3.2 we can take a principal curvature vector X € Vj such that
(3% = 1. Moreover, putting Y = X; € Vy, in (3.1), we have

B(% - )\i){g(Xa W)g(pXi, Z) — g(X, Z)g(pXi, W)} = 0.
From this, it follows that 1/\; = A; for each i = 1,...,m — 1. So the structure
tensor ¢ commutes with the shape operator A. Thus in this case M is locally
congruent to a tube of radius 7 = $x over P,,_1(C) (see [16] and [24]).

Now it remains to check the case where ¢ = —1 and o = 0. Then for every
i=1,...,m — 1 we have

1
Ny

Thus the formula (3.1) and (3.9) for such a case ¢ = —1 imply

(3.10) h= —)\—i+/\i
for all ¢ = 1,...,m — 1. This means that every principal curvature satisfies the
quadratic equation A2 —hA—1 = 0. Moreover, by (3.10) and using the method given
in Lemma 3.2 for the definition of A, we know that h = 0.

In fact, for ¢ = —1 we see by (3.6) that whenever X € Vi, A # 0, then pX € V_y ;.
Summing up in (3.10) over the indices i = 1,...,m — 1, we obtain, analogously as in
the proof of Lemma 3.2, h = (m — 1)h and hence h = 0.
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So the quadratic equation reduces to A> —1 = 0. This means that M has 3 distinct
constant principal curvatures 0, 1 and —1 with multiplicities 1, m — 1, and m — 1
respectively. Thus by a theorem of Berndt [1] M is locally congruent to a real
hypersurface of type B. Then its Weingarten endomorphism A is given by

2 tanh 2r
cothr O

A= cothr
tanh r

0 | tanh r

where both principal curvatures cothr and tanh r have multiplicities m — 1. Here we

can see that Ay — 1 = 0, where A and p denote cothr and tanhr respectively. But
we know that A = 1 and p = —1, which gives a contradiction. So we conclude that
there does not exist any real hypersurface M in complex hyperbolic space H,,(C)
satisfying the formula (I) when the function « vanishes identically.

Summing up all the above situations, we complete the proof of Theorem 1. O

4. A KEY LEMMA AND A PROPOSITION

Let us consider another geometric condition derived from the local symmetry of M
given in the formula (II) of Lemma 2.1. Then the formula (II) can be written as
follows:

(V5 A) @ ANX,Y)(Z, W) = {(VEAX ANAYNZ, W) — {(V5AY AAXYZ, W)

forany X, Y, Z, V and W on M in M,,(4¢). Then by the expression of the deriv-
ative V* and using the definition of the wedge product A the above formula can be
rewritten as the following

(4.1) {9((VvA)X, Z) +eg(eV, Z)n(X) + eg(V, X)n(Z) }g(AY, W)
Hg(VvA)Y, W) +eg(eV. W)n(Y) +eg(eV, Y )n(W)}tg(AX, Z)
—{9(VvA)Y, Z) +eg(pV, Z)n(Y) + eg(¢V,Y)n(Z) }g(AX, W)
—{9(VvA)X, W) +eg(oV, W)n(X) +eg(V, X)n(W)}g(AY,Z) = 0
for any vector fields X, Y, Z, V and W on M. Putting V = ¢ into (4.1), we get
(4.2) g(VeA)Y, 2)AX — g((VeA)X, Z)AY + g(AY, Z)(VeA)X
—g(AX, Z)(VeA)Y =0.
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Then from (4.2), also putting Z = £ and taking X,Y € T, we have

(4.3) 9((VeA)E, Y)AX — g((VeA)S, X)AY
+B{g(Y,U)(VeA) X — g(X,U)(VeA)Y} =0,

where we have put A§ = a€ + BU and U € Tj is a certain vector field defined on
My ={x e M: p(z) #0}.
Next putting Y = Z = ¢ and taking X € Tj in (4.2), we have

(4.4) a(VeA)X = g((VeA)§, X)AL + Bg(X,U)(VeA) — da(§) AX,

where da(€) = g((VeA)E, €). Multiplying (4.3) by « and taking account of (4.4), we
have

(4.5) {ag((VeA)S,Y) — Bda(§)g(Y,U)}AX
—{ag((VeA)S, X) — Bda(§)g(X, U) LAY
+8{g(Y,U)g((VeA)§, X) — g(X,U)g((VeA)S, V) FAE = 0.

From this, on the open subset My = {x € M: ((z) # 0} we get
Lemma 4.1. Let M be a real hypersurface in M,,(4e) (m > 3) satisfying the

formula (IT). Then the function o = g( A€, €) identically vanishes.

Proof. Let us consider the open set M; in My defined by {z € My: a(z) # 0}.
Of course on such an open subset My the structure vector £ is not principal and the
function @ is non-vanishing. Putting Y = £ in (4.5), we get

(4.6) da(§)AX = g((VeA)E, X)AS

for any X € Tp. So if we suppose da(§) # 0, which is equivalent to g((VeA)E, §) # 0,
then for any X € T)

AX =yg((VeA)E, X)AL = f(X)E+ g(X)U,

where we have put v = da(¢)™! and f(X) (resp. g(X)) denotes ayg((VeA)E, X)
(resp. Bv9((VeA)E, X)). From this, together with A = a€ + BU, we know that
rank A < 2. Then for the case where € = 1 by a theorem of the third author in [22]
we see that M is congruent to a ruled real hypersurface in P, (C). For ¢ = —1 by
theorems of Ortega, Sohn and two last named authors in [18] and [21] we know that

898



M is also congruent to a ruled real hypersurface in H,,(C). Then from the expression
of the shape operator of ruled real hypersurfaces it follows that

AU = ¢, B #0.

By putting X = U in (4.6), we know that do(§)AU = ad + 30U, 6 = g((VeA)E,U).
From this, together with the above fomula we have 3§ = 0. So it follows that § = 0.
This and (4.6) imply AU = 0, which makes a contradiction. Thus we should have
da(€) = 0. So by (4.6) on My, we know that

(4.7) 9((VeA)§, X) =0
for any X € Ty. From this, together with da(§) = g((VeA)E, &) = 0, we can deduce
(VeA)E =0,
From this, together with (4.2) we have for any Y, Z on M;
9((VeA)Y, Z)AS — g(AE, Z)(VeA)Y = 0.
Taking the inner product with ¢ and using the assumption o # 0 on M7, we have
(4.8) VeA =0.

Then by virtue of a Lemma given by Kimura and Maeda [10] we know that the
formula (4.8) implies that the structure vector & is principal. Thus such an open
subset M7 = {z € My: a(z) # 0} can not exist. Then on the open set M, we
conclude that the function « vanishes identically. O

By virtue of Lemma 4.1 we are going to prove the following Proposition.
Proposition 4.2. Let M be a real hypersurface in M,,(4¢e) (m > 3) satisfying
the formula (IT). Then the structure vector § is principal.

Proof. Now let us continue our discussion on the open set My. By Lemma 4.1
we know that the function o vanishes and the function g is non-vanishing on Mj.
Thus we may write

A& = gU.
Now from (4.2) we know that
(4.9) (Ved)§ = —g((VeA)E, U)U.
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Differentiating A¢ = U gives

(VxA)§ + ApAX = (XPB)U + BV xU,
from this putting X = &, we have

(VeA)§ + BAQU = (§B)U + BVeU.
Now if we put Y =W =V = ¢ in (4.1) and use (2.1), we get
9((VeA)E, Z)g(AX, &) + g((VeA) X, §)g(AE, Z) = 0,
from which, using (4.9) in this obtained equation, we get
By((VeA)E,U) = 0.
From this, together with (4.9), we have on M
(VeA) =0.
Then substituting this into (4.3), we have
Blg(Y,U)(VeA)X — g(X,U)(VeA)Y} =0
for any X,Y € Ty. So it follows for any X € Ty
(Ved)X = g(X,U)(VeAU.

This gives (V¢ A)X = 0 for any X € L(&,U)*, where L(¢,U)* denotes the orthogo-
nal complement of the subspace L(£,U) spanned by £ and U in T,,M at any point z
in Mg.
Now we want to show that VA = 0. In order to do this it suffices to show that
(VeA)U = 0.
Since we know thatg((VeA)U, &) = g((VeA)E,U) = 0, we can put
(VeA)U = AU = g((VeA)U, U)U.
Thus by the equation of Codazzi (2.3), we have
(4.10) (VuA)E = NU —epU.
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In order to prove the result it remains to show that A = 0. Now let us put V =U
and X = ¢ in (4.1). Then we have

{9((Vu A, Z) +eg(oU., Z)}g(AY, W)
Hg(VoA)Y, W) +eg(pU, W)n(Y) +eg(U. Y)n(W)}g(AE, Z)
—{9((VuA)Y. Z) +eg(oU, Z)n(Y) +eg(eU, Y )n(Z) }g(AE, W)
—{9((VuA)§, W) + eg(pU, W)}g(AY, Z) = 0.

Substituting (4.9) into this equation, we have

Ag(U, Z)g(AY, W) + {g((Vu A)Y, W) + eg(oU, W)n(Y')
+eg(pU, Y )n(W)}g(AE, Z) — {g(Vu A)Y, Z) + eg(U, Z)n(Y)
eg(pU, Y )n(Z)}g(AE, W) — Ag(U, W)g(AY, Z) = 0.

From this, taking skew symmetric Y and Z, and putting W = U and replacing Z
by W in the obtained equation, we get

g((vUA)Y7 U)g(A§7 W) + Ag(Uv W)g(AY7 U)
—9(Vu AW, U)g(AS,Y) — Ag(U,Y)g(AW,U) = 0.

From this, putting ¥ = £ and using Lemma 4.1 and the fact that the function f is
non-vanishing on My, we have for any tangent vector W on M

g(UWHg((VuA)E,U) + A} =0,

from this, using (4.10), we have A = 0. Then from (2.3) and (4.10) it follows that
(VeA)U = 0. From this, together with the above fact, we conclude that VA = 0.
So by a theorem of Kimura and Maeda [10], the structure vector £ is principal. This
proves our assertion. O

5. REAL HYPERSURFACES SATISFYING THE FORMULA (II)

By Proposition 4.2 we know that the structure vector ¢ of any real hypersurface
in M,,(4¢) satisfying the condition (II) is principal. So in this section by virtue
of this Proposition we will completely determine all real hypersurfaces in P,,(C) or
in H,,,(C) satisfying the formula (II).
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Putting Y =W = ¢ in (4.1) and using (3.5), we have

(5.1) ag((VvA)X,Z) = a{ag(pAV, Z) — g(ApAV, Z)}n(X)
+ a{ag(pAV, X) — g(ApAV, X)}n(Z).

From this we can consider the following two cases.
Case 1: a # 0. Then in this case we know from (5.1) that

(Vv A)X = afn(X)pAV + g(0AV, X)E}
— {N(X)AQAV + g(ApAV, X)£}.

Now by skew-symmetry and using the equation of Codazzi, we have

e{n(V)eX —n(X)pV — 2g9(V, X)E}
= a{n(X)pAV —n(V)pAX} + a{g(pAV, X) — g(pAX, V) }¢
— {(n(X)ApAV —n(V)ApAX} — {g(ApAV, X) — g(ApAX, V) }E.

From this, putting X = ¢ and taking symmetric part, we have for any vector field V
on M
alAp — pA)V = 0.

So in this case we see that the structure tensor ¢ commutes with the second fun-
damental tensor A. Thus by a theorem of Okumura [16] for ¢ = 1, M is locally
congruent to a real hypersurface of type A; or As and by a theorem of Montiel and
Romero [15] for e = —1, M is of type Ay, A1 or As.

Case II: a = 0. Differentiating (4.1) along the vector E and then putting ¥ = ¢
in the obtained equation, we have

(5.2) {9((VEVVA)E, W) —2eg(AE, V)n(W) +en(V)g(AE, W)}g(AX, Z)
—{9(VEVVA), Z) — 2e9(AE, V)n(Z) + en(V)g(AE, Z)}g(AX, W)
—{9((VyA)X, Z)g(pE, W) + g((Vi, A) X, W)g(pE,Z)} =0

for any vector fields E, V, W, X and Z on M, where we have used (2.1) and the
formula (VxA){ = —epX in (3.7).
On the other hand, the well-known Ricci-identity gives

(53) (VxVy A) — (Vy Vx A)E = R(X,Y)(AE) — A(R(X,Y)E)
= — A(R(X,Y)E)
—e{n(Y)AX — n(X)AY}
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for any vector fields X and Y on M, where we have used the equation of Gauss (2.2)
and the fact that A = 0 in this case. So by taking skew-symmetry of (5.2) with
respect to F and V and using the Ricci-identity (5.3), we have
—9(VyA)X, Z)g(pE,W) + g(VEA)X, Z)g(oV, W)

+9(VVA) X, W)g(pE, Z) — g(VEA) X, W)g(eV, Z) = 0.
From this, putting W = ¢F, we have
(5.4) —9(VvA)X, Z)g(pE, oE) + g(VEA) X, Z)g(¢V, pE)

+9(VVA) X, oE)g(0E, Z) — g(VEA) X, ¢E)g(pV, Z) = 0.
Now we consider an orthonormal basis given by {e1,...,em—_1,€m,...,€2m—2,

€2m—1}, where & = eg—1. Then taking F = e¢; and summing up from i = 1
toi=2m —1in (5.4), we have

(5.5)  (2m—4)g(ViA)X, Z) +n(V)g(VEAX, Z) + n(2)g((Vi A) X, €)
2m—1
+ 2 (VL AX, pei)g(9V, Z) = 0.

The second term of (5.5) becomes
n(V)g(VeA) X, Z) = n(V)g((VeA) X, Z)
=n(V)g(Vx A)§ +epX, Z) =0,

where we have used (3.7). Similarly, by (3.7) the third term also vanishes.
On the other hand, by the equation of Codazzi (2.3) we have

—1

3

2m—1

Z g((vGiA)Xv 5061') =

i=1

m—1
g((Ve, A)X, pe;) Z 9(Vpe, A) X, €;)
i=1

i

3
L

9(Ve, A)pe; = (Ve Adei, X)

™

DN =

3

(m = 1)en(X),
where we have taken an orthonormal basis that e, ..., enm_1, em = @e1,...,€2m—2 =
pem—1, and & = egpy—1. So it follows that

2m—1

Z g((Vi, A) X, pei)g(pV, Z)

= ) {9((Ve, A)X, pe;) + en(X)g(ei, vei) (V. Z) = 0.
i=1
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Accordingly, substituting these formulas into (5.5), we have for m > 3

Vi A=0.

Thus for e = 1 by a theorem of Maeda [12] M is congruent to real hypersurfaces of
type A; or As. For ¢ = —1 by a theorem of Chen, Ludden and Montiel [5] M is

con,

gruent to real hypersurfaces of type Ay, A1, As. This completes the proof of

Theorem 2 in the Introduction.
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