Czechoslovak Mathematical Journal

Marek Cezary Zdun; Wei Nian Zhang
A general class of iterative equations on the unit circle
Czechoslovak Mathematical Journal, Vol. 57 (2007), No. 3, 809-829

Persistent URL: http://dml.cz/dmlcz/128208

Terms of use:

© Institute of Mathematics AS CR, 2007

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128208
http://dml.cz

Czechoslovak Mathematical Journal, 57 (132) (2007), 809—829

A GENERAL CLASS OF ITERATIVE EQUATIONS
ON THE UNIT CIRCLE

MAREK C. ZDUN, Krakow, and WEINIAN ZHANG, Sichuan

(Received March 30, 2005)

Abstract. A class of functional equations with nonlinear iterates is discussed on the
unit circle TL. By lifting maps on T! and maps on the torus T" to Euclidean spaces and
extending their restrictions to a compact interval or cube, we prove existence, uniqueness
and stability for their continuous solutions.
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1. INTRODUCTION

Let X be a topological space and let us consider a map f: X — X. The j-th
iterate f7 of f is defined by f"(z) = f(f" !(x)) and f°(x) = id, the identity map.
Founded on the problem of iterative roots, the problem of invariant curves and some
problems from dynamical systems (e.g. in [2], [8]), the iterative equation

(%) o(f(2), f2(@),.... f"(2)) = Flz), z€X,

where F' and ® are given functions and f is unknown, was investigated actively ([2],
n

[21]). When @ is linear, i.e., ®(y1,...,Yn) = > A;y;, this equation assumes the
j=1

form

(%) Y oNif(@) = F(x)
j=1
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and was discussed on X = R. For linear F' some results can be found e.g. in [6], [12],
[13], [17] and [19]. For nonlinear F results are given mainly in a compact interval
(see e.g. in [22], [23], [24]). Generalizations to R are given in [9] and [25]. The case
of nonlinear ® is considered in [11] and [15].

It is also interesting to study iteration on the unit circle X = T! (or denoted
by S1), ie., the set {z € C: 2z = >t € R}. Many results have been given for
iterative roots and iteration groups on T, seen for example in [3], [7], [10], [16], [20],
[26] and some references therein. In those works maps on T! can be lifted to the
whole real line R so that considered problems are reduced to problems of iteration on
R even in some complicated cases, for example, where rotation numbers of considered
maps are irrational. In contrast, because of the more complicated form of (x), few
published results are found for the more general form (x) of iterative equations on T1.

In this paper we discuss solutions of the equation (x) on X = T1, i.e., the equation

(1.1) O(f(2), f2(2),-- -, [(2)) = F(2), z€T,
in the class of homeomorphisms
HY(THTYH={f e CO%(T", T"): f(T') = T' homeomorphically and f(1) =1},

where C°(T?!, T!) consists of all continuous maps from T* into itself and the notation
1 indicates the point (1,0) in the complex plane C so as to distinguish it from 1 € R.
We will lift F, f from the circle T! to R and ® from the n-dimensional torus T™ to
R™. Moreover, we apply techniques of restricting and extending to those lifts so that
the reduced problem can be discussed on the compact interval I := [0,1]. We will
prove existence, uniqueness and stability for solutions of equation (1.1) in the class
HY(TLTY).

2. Maps ON T! AND INDUCED MAPS

Let h: t € R e?>™ € T! and h, := h|j0,1)- The map h. is a continuous bijection.
If v,w,z € T, then there exist unique t1,t2 € [0,1) such that wh.(t;) = z and
why(t2) =v. As in [1], [3], [4] and [20], define the cyclic order, i.e.,

v<w =<z if and only if 0 < t; < to

and
v 2w X z if and only if ¢; <5 or to = 0.

Obviously, the relations v < w < z, w < z < v and z < v < w are equivalent. More
properties of < and < can be found in [3]. Consider a nonempty set A C T*.
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A map F: A — T!is said to be increasing (strictly increasing) if F(v) < F(w) <
F(z) (F(v) < F(w) < F(z), respectively) for every v,w,z € A with v < w < z.
Obviously, if card A < 2 then every map is increasing.

If v,z € T! with v # z, there exist t,,t, € R such that ¢, < t, < t, + 1 and
v = h(ty), z = h(t,). Define the oriented arc

(0, 2) := {h(t): t € (to,1.)}.

This definition does not depend on the choice of ¢, and t,. Obviously, v < w < z
if and only if w € (v,2z). The map F is strictly increasing if w € (v,z) yields
[P —

F(w) € (F(v), F(z)). B

As in [5], [14] and [18], the continuous map F': R — R is referred to as a lift of
F e T, T if

hoF =Foh.

As shown in [5], [14] and [18], we know the following properties:

Lemma 2.1. (i) Every F € CO(T!,T') has a lift F. (ii) There exists a constant
k € Z such that every lift F' of F satisfies F(t + 1) — F(t) = k for all t € R. (iii) If
F is a lift of F then for each j € Z the map F+ j is a lift of F' and every lift of F
can be expressed in this form.

By Lemma 2.1, the integer k is determined uniquely and independently of the
choice of lifts. It is called the degree of F' and denoted by deg F'. One can show
that |deg F'| = 1 if F is a homeomorphism, and a continuous map F: Tt — T is
strictly increasing if and only if deg F' = 1 and its lift Fis strictly increasing in R.
A homeomorphism F: T! — T! is said to be orientation preserving if it is strictly
increasing.

A map F € C°(T!, T!) is said to be Lipschitzian if its lift F satisfies

(2.1) |F(t1) — F(t2)| < K|t1 —ta], Vti,t2 € R,
for a constant K > 0. By Lemma 2.1, the constant K is independent of the choice
of lifts and is called a Lipschitz constant of F.

For F € H)(TY T1), define F, = h;'oFoh,, which is a self-map on [0, 1). Clearly,
F preserves orientation if and only if F) is strictly increasing. In order to convert

our problem from the circle T! to the compact interval I := [0, 1], we extend F, to
ﬁ*(ﬂ: tG [071)7
2.2 G(t) :=
(22) (0 { § L

For convenience we call G the induced map of F, which is a self-map on I.
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Lemma 2.2. The induced map G of an orientation-preserving F € HY(T1, T?) is
continuous and strictly increasing on I and fixes 0 and 1. It can be extended to a
lift of F', and there is a unique lift F' which fixes 0 and 1 and maps I into itself.

Proof. Obviously, G is continuous on the interval [0,1) and G(0) = h;' o F o
he(0) = hy'o F(1) = h;1(1) = 0. On the other hand, G is well defined on the closed
interval [0, 1] and G(1) = 1.

Concerning continuity at 1, we note that

lim G(t) = lim h;'oFoh.(t)= lim h;'o Foh,(l—c¢)
t—1- e—0+

t—1—
= lim hJ'o F(e?M19),

e—0*t

By continuity of F' at 1 € T! we have lirél+ F(e?M(1=9)) = F(1) = 1. More concretely,
E—

for every 0 < & < 1 there exists 0 < § < 1 such that F(e?"(172)) = ¢2m(1-9) gince
F(e™(1-9)) € T1. Let F be a lift of F such that F(1) = 1. We have F(e2r(1-¢)) =
e2riF(1=¢) 5o F(1 —¢) = 1 — 5. Hence ¢ — 0F implies that § — 0F. since F is
increasing. Then lim F(e*™(1=2)) = lim ¢?®(1=9) Thus

em0t S—0+

lim G(t) = lim hlo F(e2(1=9)) = lim hol(e2H(1-9)

t—1— e—0t §—0t

implying the continuity of G at 1.

Note that F, is strictly increasing on [0,1). For t; € (0,1) and t; = 1 we have
0 < G(t1) < 1= G(t2). Hence G is strictly increasing on [0, 1].

Givent € R, let k be the integer such that ¢ € [k, k+1). Define F(t) := G(t—k)+k.
One can check that ho F = F o h, i.e., F is a lift of F. Assume that F has another
lift £ e CO(R, R), mapping [0, 1] into itself, such that F(0) = 0 and F'(1) = 1. By
Lemma 2.1, F'(t) = F(t) + j for some integer j. Clearly, j = F(0) — F(0) = 0. So
E(t) = F(t) for all t € R. The proof is completed. O

What follows is a converse to Lemma 2.2.

Lemma 2.3. Suppose that G € C°(I, 1) is strictly increasing and satisfies G(0) =
0 and G(1) = 1. Then the map F := h, o G o h;! is in the class H)(T!,T!) and
preserves orientation. Moreover, G can be extended to a lift of F.

Proof. Clearly, F(1) = hy, oG oh;'(1) = h, o G(0) = hy(0) = 1. One can
verify that F' preserves orientation. Then we only need to show the continuity of F’
at 1 € T!. Its continuity at 1 in “clockwise” direction, i.e., continuity of the function
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F |[1_j at 1, is obvious. In “counter-clockwise” direction we shall verify continuity of
N
F |ﬂ at 1. Actually, we have
-y
lim F(e*™) = lim h, o Goh; (™) = lim h, o G(t)
t—1— t—1— t—1—

= lirln hoG(t) =hoG(1) =1.
t—1—

This implies continuity of F' at 1 in counter-clockwise direction. Hence F' is contin-
uous on T1.
Given t € R let k be the integer such that ¢ € [k, k + 1). Define

(2.3) F(t):=G(t—k)+ k.
It is easy to verify continuity of F' on R. Note that
(2.4) Foh(t)=hoG(t), Yt € [0,1].

In fact, F o h(t) = F o hy(t) = h. 0 G(z) = ho G(t) for t € [0,1) and, moreover,
Foh(l)=F(1)=1and hoG(1) = h(1) = 1. It follows that

hoF(t) = h(G(t — k) + k) = h(G(t — k)) = F o h(t — k) = F o h(t)

for all t € R. Therefore, F is a lift of F. O

3. MAPS ON T™ AND INDUCED MAPS

We also need a version similar to that of the last section for the multi-variate
function ®, but the generalization is much more complicated. For simplicity, let

Tr=T!x...xTH, 1":=(1,...,1).

For f € HY)(T!, T!), let us introduce the notation

(3.5) Hy(z) = (f(2),.., ["(2))-

Make the general assumption for the domain and range of ® that Dom® C T™ and
Ran® C T!. Then equation (1.1) can be written in the form

(3.6) doH;=F

Before defining the lift of ® and its induced map, we need to know more about
Dom ® and Ran ®.
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Remark 1. Hy maps T into (T'\{1})"U{1"}. In fact, if there exists an z € T'
such that f*(z¢) =1 for a certain k € {1,...,n}, then fi*¥(2¢) = f7(1) = 1 for all
j € Z. In particular, for j =1—k,...,n—k we get f(zg) =... = f"(x9) = 1. So
Hy(xo) = 1"

Remark 2. If equation (3.6) has a solution in HY(T1, T') and F € HY(T!, T1),
then Ran® = T! and ®(1") = 1.  The former assertion is observed from the
fact that ®(H(T')) = F(T') = T'. The latter comes from (3.6) and the fact that
Hy(1) =1".

In contrast to Remark 2, we also want to know Dom ®. For this purpose, we
first discuss degree of ® and give a result of nonexistence of solutions for (3.6) in
Corollary 3.1. Then we answer to Dom ® after Corollary 3.1. As an immediate
consequence of Lemma 2.1, we have its generalization in a multi-variate version:

Lemma 3.1. If ®: T" — T! is continuous and ®(1™) = 1, then there exists a
unique continuous function ®: R™ — R such that

(3.7) B(h(tr), ..., h(ty)) = e2F®tents) — F(0, ... 0) =0,

Moreover, for each k € {1,...,n}, there exists an my, € Z such that

(3.8)  D(ty,....tk+1,....t0) = ®(t1, ... tg, ... ty) +me,  Vii,...,t, € R.

Proof. Put
(3.9) Y(t1,...,tn) :=DP(h(t1),..., h(tn)).
Then Y: R” — T! is continuous and periodic and satisfies
(3.10) Yy, st + 1,0 tn) =T, sty tn), k=1,...,n,

and Y(0,...,0) = 1. By the continuity of T, for every x € I" there exists an open
neighborhood S, C R™ of x such that T(S;) # T!. Actually, the image Y(S;) is
an open arc in T!. Hence, for every z € I" we can define on Y(S,) the branches of
complex logarithm. Let

1

3.11 bty = —
(3.11) Szt ) 5

lnT(tl,...,tn), (t17...,tn)65$7

where In denotes one of the branches of logarithm. The function ¢, has the following
property: If S; NS, # () then there exists a constant k € Z such that

(3.12) Goltty o itn) = Gy(tey o tn) +k W(t,... tn) € SN S,.
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In fact, for (¢1,...,t,) € Sz NS, we have

eQniqr(th...,tn) _ e2m'§y(t1,...,tn) _ \I/(tl, o ;tn);
that is, e2ﬁi[§z(t1:“'7tn)_§y(t1:“'ytn)] =1. So

(313) k(th...,tn) = <aa(tla'~7tn) _Cy(t17~-~7tn) elr.

On the other hand, being a difference of two continuous functions, k(t1,...,t,) is
also continuous, implying together with (3.13) that k(¢1,...,t,) is a constant k € Z,
i.e., (3.12) is proved. The result (3.12) also implies that ¢, is determined uniquely
up to an integer.

Obviously, I" € |J S,. By the compactness of 1™,

xel™
p
(3.14) 1 Js,
j=0
for some positive integer p. Without loss of generality, we can put zo = (0,...,0)

and arrange the sequence (z;) in (3.14) such that
S, NSy, #0, j=0,...,p—1L

Now, for each x;, we exactly define ¢, by choosing an appropriate branch of loga-
rithm in (3.11) inductively, so that

(315) CIj(tl,...,tn) = <acj+1(t1w'~7tn) V(tl,...,tn) S Swj ﬁSij

for j = 0,...,p — 1. First, for 29 = (0,...,0) we choose such a branch that
Sz0(0,...,0) = 0 because Y(0,...,0) = 1. Assume that functions ¢,;, (j =0,...,¢)
are defined exactly such that (3.15) holds for j = 0,...,. — 1. Let ¢, be defined
as in (3.11) for an arbitrarily fixed branch of logarithm. By the property of (3.12),
there exists an integer k € Z such that

Czb(tl,...,tn) :&;L+l(t1,...,tn)—|—k.

Then we define ¢, (t1,...,tn) := G, (t1, ..., tn) + k and, therefore, the extended
sequence of functions ¢, (j = 0,...,t+1) also satisfies (3.15). Thus, the full sequence
(Sz;: j = 0,...,p) that satisfies (3.15) is well defined inductively. By (3.14) and
(3.15), it is reasonable to define

(3.16) O(t1, ... tn) =G, (t1,. .. tn) for (t1,...,tn) € Se;, 7=0,...,p.
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Obviously, ¢ is continuous on I™ and e (t1tn) = Y(t;,... t,). It follows from
(3.9) that
et tn) = B((11), .. h(t).

Let v; := (0,...,1,...,0), the vector in R” whose components except for the I-th
one being 1 are all equal to 0. Let m; := ¢(v;), [ = 1,...,n. Since

B(h(0),...,h(1),...,h(0)) = B(1") =1

as assumed, where h(1) appears at the I-th variable, we have e*™¥(*) = 1. it implies
that o(v) € Z,ie., m € Z.

We further extend function ¢ on the whole R*. Consider (t1,...,t,) € R™.
Clearly,

(tl,...,tn):(517...,Sn)+(k1,...,kn)
for some s; € [0,1) and k; € Z,j =1,...,n. Let

D(t1, ... tn) = (81, -+, 8n) + k1ma + ... + knmy,

which is obviously a continuous map on R”. One can check (3.8) by (3.10). Moreover,
we can also verify that

2HB(trtn) — 2W0(s18n) = B(R(sy), ..., h(sn)) = B(h(tr),. .., h(tn)),

i.e., (3.7) is proved.
Uniqueness of ® is obtained from the restriction ®(0,...,0) = 0. O

By this lemma, it is reasonable to call ® the lift of ® and define the degree of ®
by deg @ := (mq,...,my).

Lemma 3.2. Let F be the lift of F such that F(0) = 0 and let ® be the lift of ®
such that ®(0,...,0) = 0. Let f € HY(T', T") be a solution of (1.1) and let f be its
lift such that f(0) = 0. Then equation (1.1) is equivalent to

(3.17) S(f(t),...,f"(t)) = F(t), teR

Proof. 1In fact, f/(h(t)) = h(f(t)) for t € R. For z = e*** € T', equation
(1.1) is equivalent to

@(GQKif'(t)’ o 762nif”(t)) _ eQniﬁ(t)'
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By Lemma 3.1, 2 ®(f(), f (1) = eQT‘iﬁ(t), that is, for each t € R we have

(3.18) B(f(t),.... ") = F(t) + k(t),

where k(t) € Z. Since F(0) = 0, f(0) = 0 and ®(0,...,0) = 0, from (3.18) we get
k(0) = 0. By the continuity of F, f and ®, the function k(t) is continuous in t € R.
This implies that k(t) = 0 and the result of this lemma is proved. O

Theorem 3.1. Suppose that ®: T® — T! is continuous, ®(1") = 1, F: T! —
T! is continuous, F(1) = 1 and equation (3.6) has a solution in HY(T!, T!). Let
deg ® = (mq,...,my). Then deg F =mq + ...+ m,,.

Proof. Let F be the lift of F such that ﬁ(O) =0 and @ the lift of ® such
that ®(0,...,0) = 0. Let f € HY(T*, T!) be a solution of (3.6) and let f be its lift
such that £(0) = 0. By Lemma 3.2, equation (3.6) is equivalent to (3.17). Note that
f : R — R is an increasing homeomorphism such that

ft+1)=ft)+1, teR
As in (3.5), put H(t) := (f(t),..., f"(t)). Then equation (3.17) can be written as
(3.19) doH=F.

Since deg ® = (myq, ..., my), we have, by (3.19),

O(1,...,1)=2(0,...,0)+m1+...+mpy =m1 + ...+ my,.

Moreover, by (3.19),

(3.20) F(t+1)=®(H(t+1)) = ®(H(t) + (1,...,1))

(H(t)+mi+...+my
t)+mi+...+my.

)
F

This means that deg FF' =mq1 + ... + my,. O
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Corollary 3.1. Suppose that ®: T" — T! (n > 2) such that ®(1") = 1 and ®
is increasing with respect to each variable and nonconstant in at least two variables.
If F € HY(T', T'), then equation (3.6) has no solution in H{(T*, T1).

Proof. Since F' is a homeomorphism, we have |deg F'| = 1. Let deg® =
(mq,...,my). If ® is increasing with respect to each variable then its lift is also
increasing with respect to each variable. This follows by Theorem 1 in [4] and
formula (3.7) where all t1,...,t, except a variable t; are fixed. Hence, by (3.8),
my > 0,...,my, = 0 and my; = 0 if and only if ® is constant with respect to t.
Thus, by (3.20), deg(®o Hy) = m1 +...+m, > 2 since ® is nonconstant in at least
two variables. By (3.6) we have deg(® o Hy) = deg F'. This implies that deg F' > 2,
a contradiction. O

In view of Remark 1 and Corollary 3.1 it is natural to assume that Dom ® =
(T1\ {1})"U{1"} and it is not possible to extend it continuously on T". Therefore,
we make the following general assumptions:

(H1) ®: (T'\{1})"u{1"} — T!is continuous, ®(1") = 1, &((T*\{1})") = T '\ {1},
and
(A) there exists a constant § > 0 such that if 0 < ¢, < §, k = 1,...,n, then
—

D(hy(t1),...,he(tn)) € (1,4) and for 1 — § < ¢, < 1, k = 1,...,n, we have
ETEEES
D(hu(tr), ..., hi(tn)) € (—i,1).

Under assumptions (H1) and (A), we define
(321)  W(ty,...,tn) :=hi (P(haltr), .. haltn))), t; €(0,1), j=1,...,n,
and

(3.22) (0,...,00=0,  U(,...,1)=1.

The function ¥ defined by (3.21) and (3.22) on (0,1)™ U {(0,...,0),(1,...,1)} is
called the induced map of ®. Let us note that

. _ . _1 _
tj_)0711}£17“m U(ty, ... ty) = tj—>0,h}21,...,n hy  (D(hi(t1),..., he(tn)) =0,
. _ : -1 _
tj—>1,th£1,...,n U(ty,... ty) = tj—>1,hj121,...,n hy (D(ha(ty), ..., ha(tn)) = 1.
Thus we get
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Lemma 3.3. Under assumptions (H1) and (A), the induced map of ® is contin-
uous.

For further considerations it is sufficient that

Dom ¥ = (0,1)" U {(0,...,0),(1,...,1)}.

In particular, if ¥ is increasing with respect to each variable, then we can extend ¥

continuously on [0, 1]™.

Remark 3. It is obvious that if ¥: [0,1]" — [0,1] is continuous, strictly in-
creasing with respect to each variable, ¥(0,...,0) = 0 and ¥(1,...,1) =1 then the
function ® defined by

B(z1,...,2n) = hW(U(h7 (21), ..., h N (20))), z € TP\{1}, i=1,...,n,

®(1,...,1):=1
satisfies assumptions (H1), (A) and @ is increasing with respect to each variable.

Remark 4. It is also obvious that if ® satisfies (H1) and is strictly increasing
with respect to each variable then ® satisfies (A).

—
A2 |
| |
| |

t2| A1 t2|

// //
— ~
(0,0) —0 31 (0,0) —0 31

Fig. 1 Plane of ¥(t1,t2) = A1t1 + Aata
with A; >0,7=1,2, \1 + X2 =1

Fig. 2 Surface of nonlinear ¥(¢,ts) for
understanding the limits at 1 € T!

One can understand the induced map ¥ at 1 in limit with the example of

(3.23)

D(z21,29) = zf‘lzg‘

(N (F2 )2 (fr () = F(2),

2 for the special form

zeT!

of equation (1.1), where n =2, A\; > 0, A2 > 0 and A\; + Ay = 1. A comparison of a
linear ¥ and a nonlinear ¥ is shown by Figures 1 and 2.

819



Besides hypothesis (H1), we need the Lipschitzian property of ®. Similar to (2.1),
such a property on the circle T! can be defined directly for the induced map ¥. Let
us introduce the following hypotheses:

(H2) There are nonnegative real constants o, 8; (j = 2,...,n) with 81 > a1 > 0,
B; = a;j = 0 such that

Za] = 85) KUty otn) = W(s,. . ,80) < DBt
Jj=1

forallt; >s;inl (j=1,...,n).
(H3) For every k € {1,...,n} there exist ag, B > 0 with 81 > a1 > 0 such that

(3.24) (tk—sk) \I/(tl,...,tk,...,tn)—\I/(tl,...,sk,...,tn)<ﬁk(tk—sk)

for all sj,¢; € (0,1), j=1,...,n and t > sy.

Remark 5. Hypotheses (H2) and (H3) are equivalent. In fact, (H2) implies (H3)
obviously since putting ¢; = s;, ¢ # k, in (H2) we get (H3). Conversely, having (H3),
observe that

\I’(tlvt27 7tn) \IJ(517327"'75H)
(\I’(tl t27..., ) \I’(Sht PIRERE ))
+(\I’(Sl7t27t37" 5 n) (317‘927t37"‘7tn))
+(\I](Sl7327t37'~ ) n) \11(51782,537..-,tn))+~-
+ (U(s1,52,..,8n—1,tn) — ¥(51,52,...,,50-1,5n)-

In view of (3.24), we obtain
Z k(tk—sk) \I’(tl,...,t ) \11(51,..., Zﬂk k_Sk
k=0 k=0

Remark 6. It is clear that if U satisfies (H2) then ¥ is increasing with respect
to each variable and strictly increasing with respect to those variables ¢; that a; is
positive. Moreover, if U(0,...,0) =0 and ¥(1,...,1) =1, then

Yoa<1<) B

k=1 k=1

Therefore, under (H1) and (H2) equation (1.1) includes (3.23) as a special case.
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Lemma 3.4. IfU: (0,1)" — R is differentiable with respect to each variable and
for every k there exist ay, O such that a1 > 0, 0 < a < 0V/0t, < Bk, then U
satisfies (H2).

Proof. Let us note that (3.24) is equivalent to the inequalities

apty — \I/(t17...,tk,...,tn) < ap Sk — \I’(tl,...,sk,...,tn),
ﬁktk—q/(t17...,tk,...,tn) Qﬁksk—\I’(tl,...,sk,...,tn)
for ¢ > s, t; € (0,1), ¢ =1,...,n. This means that the maps
ik '—>Ozktk—\I/(t17...,tk,...,tn)
are decreasing and
tk — ﬁktk — \I’(tl,...,tk,...,tn)
are increasing. This is equivalent to
OU(ty,... t
akSM\ﬁkv t17 7tn€(071)
Oty
fork=1,...,n. O

4. EXISTENCE OF SOLUTIONS

Theorem 4.1. Assume that F' € HY (T, T!) preserves orientation with a Lip-
schitz constant M > 0 and that (H1) and (H2) hold. Then equation (1.1) has
a solution f € HY(T',T!) which preserves orientation with a Lipschitz constant
M/al.

Proof. Let G and ¥ be the induced maps of F' and ®, defined as in Sections 2
and 3, respectively. Since we want to find solutions f in HY(T!, T?), let g be the
induced map of f. Similarly to Lemma 3.2, the problem of (1.1) is reduced to that
of the continuous and strictly increasing solutions g of the equation

(4.1) U(g(t),g(t),...,g"(t) = G(t), tel.

In the sequel, we use the method given in [22] and [23], applying Schauder’s fixed
point theorem, to show the existence of a solution g. Although such a procedure
was given in [15], we still need the procedure with a simpler statement to show
that the solution g found in a compact subset of C°(I), which cannot require strict
monotonicity of g, is actually strictly increasing.
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By Lemma 2.2, G € C°(I,I) is strictly increasing and G(0) = 0, G(1) = 1.
Lemma 2.2 also implies that G can be extended to a lift of F. Thus

|G($2)—G($1)|<M|$2—$1|, Vri,z9 €1,

because F' is Lipschitzian with a Lipschitz constant M. Concerning ¥, besides
(H2) we know that ¥: (0,1)" U {(0,...,0),(1,...,1)} — [0,1] is continuous. In
what follows, Lemma 3.2 in [25] is useful and its proof can be found in [23]. For
convenience, we state it as

Lemma 4.1. Let ¢ = 1,2 and suppose that g; is a self-homeomorphism of I such
that |g;(z) — g:(y)| < M|z — y| for all x,y € I, where M > 0 is a constant. Then
n—1 .
() llg? = 921l < (X M7)llgs — gell for all n =1,2..., and
i=0
(ii) flgr — g2l < Mllgr" = g5 |-
For 0 <m < M, let
(4.2) F(Iym, M) = {g € C°(I): g(0) =0, g(1) =1,
m(t—s) <g(t)—g(s) < M(t—s), Vs <tel}
As in [22] and [25], this subset is compact and convex in the Banach space C°([),

equipped with the supremum norm ||g|| = max{|g(¢)|: ¢ € I}. Define an operator
L: Z(I;0,a7 M) — C°(I) by g — L,, where

(4.3) Lg(t) := W(t,g(t),...,g" " (), tel,

where g € Z(I;0,a; ' M). Let My := > B;(a;*M)7~!. Then L, € F(I;ay, M)
j=1

because for any t > s € 1,

Ly(t) = Ly(s) = W(t, g(t),..,g" 7' (t) — U(s,9(s),--..g" " (5))

n

>an(t—s)+ > a;(g 7 () — g7 (s))

=2
> a1 (t - S)a

Lg(t) = Lg(s) = Ut g(t), .., g" (1) = U(s,9(s), .-, ¢" ' (5))
<Bit—s)+ > Bilg? (1) — ¢ (s))
Jj=2
<Pt —s)+ > Bilar My~ (t —s)
Jj=2
= MO(t - 3)7
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where (H2) is applied. In particular, L, is an orientation-preserving homeomorphism
on I since ay > 0. Thus L' € F(I; My ", a1").
Define .7 : .Z(I;0,a; "M) — C°(I) by

(4.4) Tg(t) =L, o G(t), tel
Then 7 maps .Z(I;0,a; ' M) into itself because 7 g(0) =0, Tg(1) = 1 and

(4.5) 0< Tg(t)— Tgls) =Ly o G(t) — L' 0 G(s)
<oy (G(t) = G(s)) < a7 ' M(t —s)

for all ¢, s € I with t > s. Furthermore, for any g1, g2 € #(I;0, M),

(4.6) [Tg1— Tgall =L, oG —L, oG
=1L = L, S o1t [ Lgy — L, |
<oy max (Wt gi(t), 07 (D) = Wt ga(t), -, 95 (1))]

n
_ i1 i1
<o) Billgl T -7
j=2

n j—1
<oy B> (e 'M)F|gr — gall,
j=2 k=1

where Lemma 4.1 and (H2) are applied. Hence .7 maps .Z(I;0,a; ' M) contin-
uously into itself. By Schauder’s fixed point theorem .7 has a fixed point g in
F(I;0,a7 ' M), that is, L, o g(t) = G(t). Therefore, g is a continuous solution of
equation (4.1). In consequence the map f defined by f(e?™*) = ¢?*9(*) on T! belongs
to HY(T!,T!) and is a solution of equation (1.1).

The definition of .%#(I;0,a; M) does not guarantee strict monotonicity of the
obtained g, but g actually is strictly increasing. In fact, both G and L;l are proved
to be strictly increasing. So is the function g(t) = L' o G(t) by (4.4). Thus, it
follows from (4.5) that

(4.7) 0<g(t)—g(s) < a%(t—s), Vi>sel.
1

Let

(4.8) f(2) :==h,ogoh; (z), VzeTh

By Lemma 2.3 and (4.7), f € C°(T!, T!) preserves orientation and f(1) = 1. Thus
O(f(2),...,f"(2)) = F(z) for z € T}, i.e., f is a solution of equation (1.1) in the
class H)(T*, T1).
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Further, by Lemma 2.3, g can be extended to a lift f of f. From Lemma 2.1 we
have f(t41) = f(t)+1forallt € R. For any ¢, sin R with ¢ < s there exists an integer
k and a nonnegative integer m such that ¢ € [k,k+ 1) and s € [k +m,k +m + 1).
Note that f(t) = g(t) for t € I. Tt follows from (4.7) that

m—1
<If®) = F+ D1+ D F(k+5) = Fk+1+5)| + |f(s) = Fk+m)|
j=1
<|Ft=k) = FQ)]+ (m = 1)|f(0) = FQ) + | f(s — k = m) — £(0)|
ga%l[l—(t—k)—km—l—ks—k—m]za%l(s—t)

since t — k,s — k —m € [0,1) and f(t) = f(t — k) + k. This implies that f(t)
is Lipschitzian and thus f is Lipschitzian with the Lipschitz constant M/a;. This
completes the proof. O

Remark 7. If we assume that ®: T — T! is a continuous map satisfying (H2),
F is continuous, a lift of F' is Lipschitz strictly increasing and deg F' = m1+ma+. ..+
My, where deg ® = (mq,ma, ..., m,), then we get the same result as in Theorem 4.1.
The proof is almost the same except the assumption that W(1,...,1) = 1. However
we have U(1,...,1) =mq1 + ...+ my,.

5. UNIQUENESS AND STABILITY

As in [14] (p.75), let Fy, Fy € CO(TY, T1) and Fy, F; be their lifts respectively. For
a given small constant € > 0, we say that Fy is ¢ C%-close to I if

(5.10) |Fy — Fy| :sugﬁl(t) — By(t) <e.
te

As usual, we say equation (1.1) is stable if for arbitrarly e > 0 there exists o >
0 such that, provided FF € CO(T!, T!) being o C°-close to Fy € C°(T*, T1), the
corresponding solutions f, fo are ¢ C%-close to each other.

Theorem 5.1. Suppose that the conditions in Theorem 4.1 hold and

n Jj—1
(5.11) D08y eyt <1
j=2 k=1

Then equation (1.1) has a unique solution f € HY(T!, T') which preserves orientation
with the Lipschitz constant M /ay. Moreover, equation (1.1) is stable.

824



Proof. Since (1.1) satisfies the conditions of Theorem 4.1, the existence of
solutions for equation (4.1) is given in the proof of Theorem 4.1. As in [22] and
[23], condition (5.11) guarantees that Banach’s Contraction Theorem is applicable.
Hence, equation (4.1) has a unique solution g on I. This implies uniqueness of the
solution f given in Theorem 4.1.

Suppose that Fy, F» € HY(T!, T!) both satisfy conditions in Theorem 4.1 and that
f;j are the unique solutions of equation (1.1) corresponding to the given F; and ®;,
j =1,2, where ®;’s satisfy conditions (H1) and (H2). Assume that ﬁj, f; are lifts of
F; and f;, respectively. Let f*j and f* ; be restrictions of F ; and fj on I, respectively.
Correspondingly we introduce the restrictions o, ; for the lifts of ®;. Under condition
(5. 11) by the uniqueness as proved above, the corresponding continuations G; and
gj of F.; and f.; as in (2.2) must satisfy

g9i(x) = Lyly 0 Gj(z),  j=1,2,

where ¥; is the continuation of :I;*j as in (3.21) and L, v, is defined as in (4.3)

with an emphasis on the dependence on ;. In the sequel, let || - || denote the norm

llell = I?a;(|90(t)| for p € CO(I). Since
€

O‘1_1||Lg1,‘1/1 - LQQ,‘P2”7
a; |Gy = Gall,

HLQl Uy 92 ‘1’2|

| <
HL‘JQ @, © Gi - 921‘1’2 OGQH <

similarly to (4.6) we obtain

g1 = gall = 1L, g, 0 G1 = L, g, © G

<ULy lw, 0 G =Ly, 0 Gill + 1Ly g, 0 Gi = L}y, 0 Gol

< a7 (| Ly, w, = Lgows |l + |Gy = Gal))

<o {maxeer | Vit g1(t), ., 97 (1) = Calt, g3 (1), ., g5 (1))

+[|G1 — G2}
<oy Hmaxeer[U1 (4,01 (t), -, 977 (1) = Wit g2(b), -, 957 (1))
+ maxier| Wi (t, ga(t), .-, g5 (1)) — Walt, ga(t), -, g5~ (1))
+[|G1 — Gal|}

afl{Zﬁjlg{ Y - \112||+|Gl—02|}
=
n Jj—1
{ S8 S (o MY g — gall 191 — B + Gy — Gg|}
j=2 k=1
< rllgs = gall + a7 (|91 — Wal + |G — Cal),
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where 7 := a7 ' Y 3 i( M)k=1 <1 by (5.11). Therefore,
j=2 k=1

IG1 — Ga|| + ||¥1 — Ts||
(512) ||gl _g2H < n j—l ’

- ;26]‘2 (ag ' M)k

which implies the continuous dependence of the solution g on functions G and W.
Now we partially focus at the dependence on the function F' in (1.1). Then (5.12)
implies

(5.13) | fer = feall < pl| Fix — Fio

for some constant g > 0. For ¢ € R let k be an appropriate integer such that
telk,k+1). Asin (2.3),

1F1(t) = fo(O)| = | faa(t — k) + k — fuo(t — k) — k| = | fur(t — k) — fualt — ).

Thus ||fi — fal = ||fe1 — fezll. Similarly we also have ||[Fy — Fy|| = ||[F. — Faal.
Hence by (5.13),
1fr = foll < pl Fy = B,

implying that f; is e; C%-close to fo if Fy is ¢/pu; CP-close to F,. This proves
stability in the C° sense. O

The proof of Theorem 5.1 also implies continuous dependence on .

6. EXAMPLES

Consider equation (3.23), Where F € HY{(T', T') preserves orientation with a
Lipschitz constant M > 0 and Z Aj =1, where A\; >0, A; >20,5=2,3,...,n. As

stated at the end of Section 2, the map

(6.1) D21,y 2n) = 2] 252 .20

n

satisfies (H1) and has the induced map
Uty ..., tn) = Ait1 + Aata + ... + Aty

on I = [0,1]. Obviously ¥ satisfies (H2) with a; = 8, = A\;, j = 1,2,...,n
By Theorem 4.1, equation (3.23) has a solution f € H{(T!, T!) which preserves
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orientation with the Lipschitz constant M/A;. Further, by Theorem 5.1, we can see
the results on uniqueness and stability under the additional condition

n j—1

SN o AFMR <1

J
Jj=2 k=1

For another example of no expression in (6.1), consider the equation

X ) 27t 1/2mi _ 1

62 GEPIREIE —ep(FE) e
e —

Let F(z) = exp(2ni(zY/?™ —1)/(e — 1)) and ®(21,20) = zfﬁzél/uni) 22 Clearly,

F € HY(T',T') and has a lift F(t) := (e! —1)/(e —1). It obviously is strictly

increasing on [0, 1], so F' preserves orientation. Moreover,

o b e ¢
Bt~ ol = | S - S o | S

t—s)‘ < M|t —s|, Vt, s €10,1],
where M :=e/(e — 1) > 1. Using the same arguments as in (4.9), we obtain
(6.3) |F(t)— F(s)| < M|t —s| Vit s €R,

i.e., F is Lipschitzian on T! with the Lipschitz constant M. On the other hand,
concerning ® we see that ®(1,1) = 1. Consider its induced map

U(ty,ta) = hy Y (®(ha(t1), ha(tz))) = gtl + ;tg, 0<t;<1,j=1,2

It is easy to check (H2) with constants oy = 81 = 6/7, az =0, 2 = 2/7. Moreover,
U can be extended continuously to I? so that ¥(0,0) = 0, ¥(1,1) = 1. Therefore
both (H1) and (H2) are satisfied. By Theorem 4.1, equation (6.2) has a continuous
solution f: T! — T! such that f(1) = 1. Moreover, f has a Lipschitz constant
7e/(6(e — 1)) and preserves orientation on T*.

Since a; > f2, condition (5.11) is also satisfied. By Theorem 5.1, the solution
of equation (6.2) is unique in the class of orientation-preserving maps in HY(T!, T1)
with the Lipschitz constant 7e/(6(e — 1)) and continuously dependent on the given F'.
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