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Abstract. Bounded commutative residuated lattice ordered monoids (R¢-monoids) are
a common generalization of, e.g., BL-algebras and Heyting algebras. In the paper, the
properties of local and perfect bounded commutative R¢-monoids are investigated.
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1. INTRODUCTION

Commutative residuated lattice ordered monoids (R{-monoids) were introduced
(in the dual form) by Swamy [15] as a common generalization of Abelian lattice
ordered groups and Heyting algebras. Moreover, bounded commutative R¢-monoids
are in very close connections with algebras of fuzzy logics, i.e., with BL-algebras,
and consequently, with M V-algebras, which can be viewed as particular cases of
such R/-monoids. Many of important properties of BL-algebras are also satisfied in
all bounded commutative R¢-monoids. Therefore bounded commutative R¢-monoids
could be taken as an algebraic semantics of a more general logic than Hajek’s basic
fuzzy logic. Hence it is natural to study filters of those R/-monoids because from
the logical point of view they correspond to sets of provable formulas.

Local BL-algebras which are characterized e.g. by the property that they contain
a unique maximal filter, were studied by Turunen and Sessa [18]. In [12], we have
analogously introduced the notion of a local bounded commutative R¢-monoid. In
the present paper, we study the properties of those R¢-monoids in connection with
the properties of their filters.

The first author was supported by the Council of Czech Government, MSM 6198959214.
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For the notions and results concerning BL-algebras and MV-algebras see e.g. [3],
(4], [7], [17].

2. ADDITION IN R/{-MONOIDS

Commutative dually residuated lattice ordered monoids (D R{-monoids) were in-
troduced by Swamy in [15] as a common generalization of Abelian ¢-groups and
Brouwerian algebras. In [9], [10], [11], it was shown that also algebras of fuzzy log-
ics can be viewed as particular cases of bounded commutative D R¢-monoids. For
instance, M V-algebras coincide with bounded commutative D R{-monoids satisfying
the double negation law, and BL-algebras are exactly the duals of subdirect products
of linearly ordered bounded commutative D R{-monoids.

In this paper we deal with a generalization of local BL-algebras, hence we use the
duals of D R{-monoids that are called R¢-monoids.

A commutative RC-monoid is an algebra M = (M;®,V, A, —, 1) of type (2,2,2,
2,0) satisfying the following conditions:

(i) (M;®,1) is a commutative monoid.

(if) (M;V,A) is a lattice.
(iii) The operation ® distributes over the operations V and A.
(iv) 20y < zifand only if z < y — 2, for any z,y,z € M.
V) ((x =y)AN1)Ox=x Ay, for any z,y € M.

By [15], commutative R¢-monoids form a variety of algebras of the indicated type.
In the paper we will deal with bounded commutative R¢-monoids. It is known that
an Rf-monoid M is bounded if and only if it is lower bounded. In such a case, 1 is
the greatest element in M and identity (v) is in the form (x — y) ©z = z A y.
Let us denote by 0 the least element in a bounded R/-monoid, and consider such
R{-monoids as algebras M = (M; ®,V, A, —,0,1) of type (2,2,2,2,0,0).

It is possible to show that bounded commutative Rf-monoids are exactly the
bounded commutative integral generalized BL-algebras in the sense of [8] and [1],
and that, according to [2] and [8], condition (iii) in the definition of an R¢-monoid
is then for bounded cases superfluous. (See also [5] or [6].) Therefore we can modify
the definition of a bounded commutative R¢-monoid as follows.

A bounded commutative RC-monoid is an algebra M = (M;®,V,A,—,0,1) of
type (2,2,2,2,0,0) satisfying the following conditions:

(i) (M;®,1) is a commutative monoid.

(if) (M;V,A,0,1) is a bounded lattice.
(iii) z©y < zif and only if z < y — z, for any z,y,z € M.
(v) 0 (x—y)=x Ay, for any z,y € M.
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For example, both BL-algebras and Heyting algebras are special cases of bounded
commutative Rf-monoids, hence the class of bounded commutative R/-monoids is
essentially larger than that of BL-algebras.

In the sequel, by an R{-monoid we will mean a bounded commutative R{-monoid.

On any R{-monoid M let us define a unary operation negation ~ by = :=x — 0
for any « € M. Further, put z' := z and 2"*! := 2" ® z for each n € N.

Lemma 2.1 ([15], [13]). In any bounded commutative R{-monoid M we have for

any z,y € M:
1) zfy<=a—y=1.
(2) @oy) 2=y —2)=y—(r—2)
(3) (V) — 2= (2 — 2) Ay — 2)
(4) z—ynz)=@—y A —2).
B5) (zVy) O (zAy) =20y.
6) (¢t —9) Oy —2) <z — =
(1) 17— =1, 0=~ =0.
B)xa<<a ", a~ =a
9) r<y=y <z
(10) (zVy)” =z~ Ay
(11) (zAy) " =a~~ Ay~
(12) (zoy)" =y —z~ =y —L =T oY =T —Y
(13) (zoy)~ Zza " Oy~
(14) (z —y)"" =27 —y .

Remark 2.2. By Lemma 2.1 (8), x < =~ for any € M. In [9], [10] it is proved
that M satisfies the identity =~ = z if and only if M is an MV -algebra.

Lemma 2.3. If M is an R¢-monoid then © — y < (y — z) — (x — z), for any
z,y,2 € M.

Proof. From the definition of an R¢-monoid and from the fact that M is a
lattice ordered monoid we have

rO@—=y)0y—2)=@AY Ol —2)<yoly—2)=yrz<z
Thus (z — y) © (y — 2) < & — 2z, therefore t — y < (y — 2) — (z — 2). O

Corollary 2.4. Foranyx,ye M,z —y <y —xz .
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Proposition 2.5. Foranyx,y € M,z2~ -y~ =y~ ~ —=x

Proof. By Corollary 2.4 and Lemma 2.1(8), 2= — y~ <y~ — 27~ <
rTTT sy T T =T >y, O
Proposition 2.6. For any x,y e M, (2~ Oy~ )" =y —a =z —y .

Proof. Tt follows from Lemma 2.1 (12). O

In any MV -algebra there is a binary operation “®” dual to the operation “®”.
Now we will introduce an operation “®” also for arbitrary R¢-monoids and study its
properties.

If M =(M;®,V,A,—,0,1) is an R¢-monoid, then we define a binary operation
“®” on M as follows:

Ve,ye M: z@y:=(x” Oy )~

Lemma 2.7. Forany x,y € M, (x®y)” 22~ Oy .
Proof. By Lemma 2.1(8) and (12), (z®y)” =(z" @y~ )"~ =2z” 0y . O

We say that an R¢-monoid M is normal if M satisfies the identity
oy = oy

Remark 2.8. By [13, Proposition 5], every B L-algebra and every Heyting algebra
is normal, hence the variety of normal R¢-monoids is considerably wide.

Proposition 2.9. Let M be a normal R{-monoid. Then for any x,y € M,
(zdy)” =2~ Oy .

Proof. By thenormality and Lemma 2.1(8), (z®y)” = (z~ Oy~ )"~ =z~ Qy~.
(|

Proposition 2.10. If M is any R¢-monoid, then (M;®) is a semigroup.

Proof. Let z,y,z € M. Then by Proposition 2.6 and Lemma 2.1 (2),

PO YO =@l 0) =@ 0 0x) ) = = o)
—aT (T sy ) = @ sy ) = = ey)

=70y ) T 0z) =@ 0y ) @z=(rdy) D=
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Now we can put 1-a =x, (n + 1)z = nz ® x for each n € N.

Let us denote by R(M) = { € M: =~ = x} the set of all reqular elements
in M. Obviously, 0,1 € R(M). It M = (M;®,V,A,—,0,1) is any R¢-monoid, then
by [13, Proposition 4], R(M) is a subalgebra of the reduct (M;A,—,1). We will
show further properties of the set R(M).

Lemma 2.11. If M is an R{-monoid and z,y € M, then

(a) 200=2a"";
(b) (z@y) " =2 "By  =zxDy.
Proof. (a)z@ 0=zl =(x" 01 ") =@ 01) =z .
b) @@y~ =@ 0y ) T =(T 0y ) =zdy, T ®y =@ "0
y ) =@ 0y ) =zdy. O
Remark 2.12.

a) By the previous lemma and Remark 2.2, 0 is a neutral element of (M; @) if and
only if M is an MV-algebra.
b) The sum x @ y of any elements z,y € M belongs to R(M).

Proposition 2.13. If M is an R¢-monoid, then R(M) is a subsemigroup of (M ; &)
and (R(M);®,0) is a commutative monoid which, moreover, satisfies the identity
(oY)~ =" ®y.

Proof. By Lemma 2.11, it is sufficient to prove that (x ©y)” =2~ ®@y~. (It
is obvious that (z ® y)~, #~ and y~ belong to R(M).) Let x,y € R(M). Then
(zoy) =@ " Qy ) =z dy . O

Remark 2.14. Let an R{-monoid be normal. Then by [13, Theorem 7], R(M) =
(R(M); ®,VRr(my, Ny —,0,1), where yVpyz =: (yVz)~~ foranyy,z € R(M) and
the other operations are restrictions of the operations on M, is an MV-algebra. In
such a case, the operation “@®” on R(M) is the dual operation to the operation “®”.

Proposition 2.15 ([13, Proposition 2]). If M is an R¢-monoid, then the following
conditions are equivalent for any x,y € M.
(1) (vy) = vy
(2) @Ay =2~ Vy.
B) ry)” o((w—y)Vy—r)=(xAy)".

Every BL-algebra satisfies the identity (z — y) V (y — x) = 1, therefore it also
satisfies the identities (1), (2) and (3) from the previous proposition. (See also [13,
Proposition 2].)
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Proposition 2.16. If an Rf{-monoid M satisfies the identities from Proposi-
tion 2.15, then the operation “®” distributes over the operations “V” and “A”,
hence (M;®,V, ) is a lattice ordered monoid.

Proof. Ifx,y,z € M then by Lemma 2.1 (10),

@ yVvz)=(2"0yVvz)) =@ oy Az)) =2 0y )A(z” ©27))"
=@ 0y ) V@ 0z ) =@ayV(@ez),

@ YNz)= (2" OyAz)") =@ 0y vz )) =(a 0y )V ©27))
=@ 0y ) A@ 0z) =@@ay Aaz).

3. PROPERTIES OF LOCAL R/-MONOIDS

If M is an R¢-monoid and () # F C M, then F is called a filter of M if
(i) z,ye F=xz0y€EF;
(i) re F,ye M,z <y=—vy¢€F.

By [5], the filters of M are exactly all deductive systems of M, ie. F C M is a

filter of M if and only if
(1) 1€ F;
2)zeF,z—-yeF=yckF.

Furthermore, by [16], the filters of R¢-monoids coincide with the kernels of their
congruences. If F is a filter of M then F is the kernel of the unique congruence 6(F)
such that (x,y) € 0(F) if and only if (x — y)A(y — z) € F for any z,y € M. Hence
we will consider quotient R¢-monoids M/F of R¢-monoids M with respect to their
filters F.

If for a filter F' the quotient R¢-monoid is an M V-algebra, then F' is called an
MYV-filter.

An element © € M is called dense if x7— = 1. Denote by D(M) the set of all
dense elements in M. By [13, Theorem 8] and [14, Remark to Theorem 10], or
by [5, Proposition 3.3], D(M) is a proper MV-filter of M. Moreover, a filter F of
an R{-monoid M is an MV-filter if and only if D(M) C F.

Let us recall that an R¢-monoid M is called local if M contains a unique maximal
filter. (See [12].)

Let us put

AM):={x e M: 2™ #0 for every n € N}.
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Define ord(z), the order of an element x € M, as follows: ord(x) is the smallest
n € N such that " = 0; otherwise ord(z) = oo. Hence A(M) is the set of all
elements © € M such that ord(z) = co. We have 0 ¢ A(M), thus A(M) # M.

Proposition 3.1 ([12, Theorem 3.9]). If M is an R{-monoid then the following
conditions are equivalent.
(1) M is local.
(2) A(M) is a filter of M.
(3) A(M) is the unique maximal filter of M.
(4) If ™ # 0 #£ y™ for every n € N, then 2™ © y™ # 0 for all n € N.

M
M

Corollary 3.2. If M is a local R{-monoid, then for any element © € M,
ord(z) < oo or ord(z™) < 0.

Denote
AM)” :={z e M: x <y~ for some y € A(M)}.

Let us define now the notion of an ideal of an R¢-monoid M. If M is an R¢-monoid
and () £ I C M, then I is called an ideal of M if

(i) z,yel = axdyel;

(i) zel,zeM,z<x=z¢€ 1.

Proposition 3.3. If M is a local R¢-monoid then A(M)~ is an ideal of M and
AM)NAM)~ =0.

Proof. 0€ A(M)~, hence A(M)~ # 0. Let z,y € A(M)~. Then z < v~ and
y < w~ for some elements v, w € A(M). Thus by Lemma 2.1 (8) and (9),

r@y<v dw =W T ow )T <(vow),

and since A(M) is by Proposition 3.1 a filter of M, we have x @y € A(M)~.

Let x € M,y e AMM) ", z < yand y < 2z, where z € A(M). Then z < 27,
hence z € A(M).

Therefore A(M)~ is an ideal of M. O

Let M be an R{-monoid and let F' be a filter of M. Then F is called a primary
filter if it is satisfied for any z,y € M: If there is n € N such that n(z ® y) € F,
then there is m € N such that ma € F or my € F.
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Proposition 3.4. For any R{-monoid M and any MV -filter F' of M, the following
conditions are equivalent.
(1) M/F is a local R¢-monoid.
(2) F is a primary filter.

Proof. (1) = (2): Let F be a filter of M such that M/F is local. Let us
suppose that z,y € M, n € N and n(z @ y) € F, i.e, n(x ® y)/F is the greatest
element 1 in M/F. Then (x~ ©®y~)"/F is the smallest element 0 in M/F, and since
M/F is local, there exists m € N such that (x=/F)™ =0 or (y~/F)™ = 0. Since
F is an MV -filter, this implies that there is m € N such that max € F or my € F.
Therefore F' is a primary filter.

(2) = (1): Let F be a primary MV-filter. Suppose that z,y € M and that
there exists n € N such that (z/F ® y/F)® = 0. Then n(z~/F &y /F) = F,
ie, n(z~ ®y~) € F, hence there is m € N such that mz~ € F or my~ € F. This
yields (z/F)™ =0 or (y/F)™ = 0, and thus M/F is local. O

Theorem 3.5. Let M be an R{-monoid. Then the following conditions are
equivalent.
(1) Every MV -filter of M is primary.
(2) D(M) is a primary filter.
(3) M/D(M) is a local MV -algebra.

Proof. (1) = (2): It follows from the fact that D(M) is the least MV-filter
of M.

(2) < (3): By Proposition 3.4.

(3) = (1): If F is an MV-filter of M, then D(M) C F, hence by the isomorphism
theorems for algebras we get that M /F also contains a unique maximal filter, which
means F' is primary. O

Proposition 3.6. Let M be an R{-monoid.
a) If M is local then it satisfies the equivalent conditions from Theorem 3.5.
b) If {1} is a primary MV -filter then M is a local MV -algebra.

Proof. a) Let an R¢-monoid M be local, let F' be a filter of M, x,y € M,
n € N and let n(x @ y) € F. Then ord(n(z @ y)) = oo, hence ord((z~ ©y~)") < oc.
Since M is local, we get ord(z~) < oo or ord(y~) < co. That is, there is m € N such
that (z7)™ =0or (y~)™ =0.

Therefore, if F'is an M V-filter then max =1 € F or my = 1 € F for some m € N,
and thus F is a primary filter of M.

b) If {1} is an MV-filter then D(M) = {1}. Hence the assertion is a direct
consequence of Theorem 3.5. |
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Proposition 3.7. Every linearly ordered R{-monoid is a local BL-algebra.

Proof. Let M be a linearly ordered R¢-monoid. By [11], BL-algebras are
exactly all R/-monoids which are subdirect products of linearly ordered R¢-monoids.
Hence M is a BL-algebra.

Let z,y € M, n € N and let (x ® y)™ = 0. Since z < y or y < z, we have
(xOY)" = 2* or (xOy)"™ = y*", thus ord(z) < oo or ord(y) < co. Therefore by [12,
Theorem 3.9], M is local. O

Let M be a local R¢-monoid. Then M is called

a) perfect if for any x € M, ord(x) < oo implies ord(z ™) = oc;

b) singular if there exist z,y € M such that ord(z) < oo, ord(y) < oo and
ord(z @ y) = oo.

Proposition 3.8. Every local R{-monoid M is either perfect or singular and
there is no M having both properties.

Proof. (a)Let M be alocal R¢-monoid which is not singular. Then ord(y) = oo
or ord(z) = oo or ord(y @ z) < oo for every y,z € M.
If z is any element in M then

ord(z @2~ ) =ord((z~ ®2z~7)7) =ord(07) = ord(1) = oo,

hence ord(x) = oo or ord(z~) = co.

Therefore M is perfect.

(b) Let now M be a local R¢-monoid that is simultaneously perfect and singular.
Then there exist z,y € M such that ord(z) < oo, ord(y) < oo and ord(z @ y) = oo,
and hence ord(z~) = ord(y~) = oo and ord((z ®@ y)~) < oo. By Proposition 2.9,
(x®y)” =2~ Oy, hence we get, because M is local, ord(z~) < oo or ord(y~) < oo,
a contradiction. ]

Let M be an Rf-monoid and F' a filter of M. Then F' is called a perfect filter
if it is primary and if, for each x € M, there is n € N with nz € F if and only if
ma~ ¢ F for each m € N.

Theorem 3.9. Let M be an R{¢-monoid and F an MV -filter of M. Then the
following conditions are equivalent.
(1) M/F is a perfect R¢-monoid.
(2) F is a perfect filter.

Proof. (1) = (2): Let F be an MV-filter of M and let M/F be a perfect
R¢-monoid. Then M/F is local by definition, and thus, by Proposition 3.4, F' is a
primary filter.
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Let © € M, n € N and nz € F. Then nz/F =1 and (z7)"/F = 0 in M/F.
Hence ord(z~/F) < oo, and since M/F is perfect, ord(x~~ /F) = oo. Moreover,
F is an MV-filter, thus also ord(xz/F) = oo, therefore z"/F # 0 for each n € N.
This implies nz~ /F # 1, thus na~ ¢ F for each n € N.

The converse implication can be proved analogously, and therefore F' is perfect.

(2) = (1): Let F be perfect. Then F is primary, and since it is an MV-filter,
we get, by Proposition 3.4, that M/F is a local Rf-monoid. Let 2 € M and
ord(z~/F) < oo. Then there is n € N such that (z7)"/F = 0 in M/F, hence
nx/F = 1. Thus there exists n € N such that nz € F, therefore ma~— ¢ F for
every m € N. This implies mz~/F # 1 and 2™ /F # 0 for every m € N. Therefore
ord(z/F) = oo in M/F. That is, M/F is perfect. O

Theorem 3.10. Let M be a local R¢-monoid. Then the following conditions are
equivalent.
(a) M is perfect.
(b) M =A(M)UA(M)".

Proof. (a)= (b): Let M be perfect and x € M \ A(M). Then 2~ € A(M).
We have ¢ < 27~ = ()~ and 2~ € A(M), hence x € A(M)~. Therefore M =
AM)UA(M)~.

(b) = (a): Since M is local, A(M) is by [12, Theorem 3.9] a filter of M, and by
Proposition 3.3, A(M)~ is an ideal of M and A(M) N A(M)~ = 0. Thus by the
assumption, we get A(M)~ = {y € M: ord(y) < oo}. Let x € M.

If ord(x) = ord(z~) = oo, then z,z~ € A(M), thus 0 € A(M), a contradiction.

If ord(z) < oo and ord(z~) < oo, then 2,2~ € A(M)~, and hence 1 € A(M)~, a
contradiction.

Therefore ord(z) < oo if and only if ord(z~) = oo, and this means that M is
perfect. (Il

If M is an R¢-monoid and F is a proper filter of M, set (analogously as for A(M))
F~:={zeM: z <y forsome yc F}.

Obviously FNF~ = .

An R{-monoid M is called bipartite if M = F U F~ for some maximal filter of M,
and it is called strongly bipartite if M = F'U F~ for every maximal filter of M.

A filter F of M is called a Boolean filter if x V2~ € F for any x € M (or,
equivalently, if M/F is a Boolean algebra [12, Theorem 3.2]).
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Theorem 3.11. Let M be a local R¢-monoid. Then the following conditions are

equivalent.
(1) M is perfect.

(2
3
(4

) M is (strongly) bipartite.
) A(M) is a Boolean filter.
) For any element x € M, x € A(M) or x~ € A(M).

Proof. (1)< (2): By [12, Theorem 3.9], A(M) is a unique maximal filter of M,

hence the equivalence follows from Theorem 3.10.

(2) & (3): By [12, Theorem 3.8], any R¢-monoid M is strongly bipartite if and

only if every maximal filter of M is Boolean.

(3) & (4): If M is an R¢-monoid and F is a filter of M then by [12, Theorem 3.3],

F is maximal and Boolean if and only if F' is a proper filter such that x € F or

o=

1]
2]

3]

[10]
[11]
[12]
[13]

[14]

€ F for every x € M. O
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