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Abstract. A lattice ordered group valued subadditive measure is extended from an algebra
of subsets of a set to a o-algebra.
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INTRODUCTION

The problems of extensions of real-valued exhausting subadditive measures has
been solved in [1], [3], [4]. In the present paper a lattice ordered group G is taken as
the range of a subadditive measure pg defined on an algebra 7 of subsets of a set X.
In order to prove an extension theorem the condition (v) below is used instead of the
exhaustion property of pp. The construction from [6] is used for the extension of pg.

Recall that a lattice ordered group G (l-group) is called conditionally complete
(o-complete), if every upper bounded (countable) subset of G has the supremum
in G.

An l-group G is weakly o-distributive, if for every bounded double sequence
(aij)i; C G such that a;; \, 0 (j — o0, i = 1,2,...) (the sequence (ai;);; is
called a regulator in G) we have

/\ \/aw(i) =0.
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1. Theorem. Let G be a conditionally o-complete l-group. Let (anij)n,i,; be
a bounded sequence of elements of G such that an;; \, 0 (j — o0, n,i =1,2,...).
Then for every a € G, a > 0 there exists a bounded sequence (a;;);; C G, a;; \, 0
(j = 00, i=1,2,...) such that

A (Z \/ anicp(iJrn)) < \/ Qi (i)
n=11i=1 i=1
for every p: N — N.

Proof. For the proof see [5], [7] and [8]. O

ASSUMPTIONS

A. A set X and an algebra o/ of subsets of X are given.

B. An [-group G, which is conditionally complete and weakly o-distributive, is
given.

C. A mapping (a subadditive measure) pg: &/ — G satisfying the following con-

ditions is given:

(i) po(@) =0.
(ii) f AC B, A,B € &, then po(A) < po(B).
(ili) po(AUB) < po(A) + po(B) for all A, B € &
(iv) If Ay € o, Ay N0 (that is A, D Ansr (n = 1,2,...), (] Ay = §), then
n=1

po(An) . 0 (chat Is io(4,) > po(Anin) (n = 1,2, and A puo(4,) =
0). "

(v) If (a;;):,; is a regulator in G, ¢ € NV and if there are nondecreasing (resp.
nonincreasing) sequences (K,), C &7, (Ly)n C & such that po(K,\ Ly) <
V @ip(i) (resp. wo(Ln \ K,) < Vaw(i)) for all n, then there exists ng € N

such that \/ (K, \ K,) < \/aw(i) (resp. V opo(Kp\ Km) < \/aw(i))
m=1 7 m=1 i
for every n > ng.
Further properties of g are obtained in the following lemma.

2. Lemma.
(vi) If A, B € o/, then 1io(B) < po(B \ A) + po(A).
(vii) If A, /A, Ap, A€ o/ (n=1,2,...), then po(Ay) /7 uo(A).
(viii) If B, \\ B, Bp,B€ & (n=1,2,...), then uo(B,) \\ to(B).
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Proof. The conditions (ii) and (iii) imply (vi). In (vii), po(A) < wo(An) +
to(A\ Ay) for all n by (vi); and hence p10(A) <V po(An)+ A po(A\ An) =V po(An)
by (iv), (ii) implies puo(A) =\ no(Ay) and (viil) can be obtained similarly. O

3. Lemma. If A,,B, € &/ (n = 1,2,...), A, /A B, /B, ACB
(An \ A, B, \, B, A C B), then

\/Mo(An) < \/Mo(Bn) (or /\Mo(An) < /\Mo(Bn))-

Proof. By (vii) (resp. (viii)) and (ii) we have

to(An) = po(An N B) = \/NO(An N Bm) < \/NO(Bm)

m

(or pio(Bn) = po(Bn U A) = /\,UO(Bn Udp) 2 /\NO(Am))

m

for all n, hence

\/NO(An) < \/NO(BM) (or /\HO(Bn) Z /\NO(AM))~

m m

EXTENSION
4. Definition. We put &+ = {B C X: 3B, € & (n = 1,2,...), B, /
B}, - ={C Cc X:3C, € & (n=1,2,...), C, \, C} and define mappings
ut: o/t — Gand p~: &/ — G by the formulas

/pL(B) = \/NO(Bn)v Ni(c) = /\NO(Cn)

Further, we put .%¥ = {D C X: 3 bounded (a;5)i; C G, ai; \\0 (j — o0, i =
1,2,...) such that for every ¢: N — N there are E¥ € &/, F¥ € &/, with E¥ C
D C F? and p(F¥\ E¥) < \/ aip;)} and we define yi: .# — G by the formula

pD) = \{u"(F): FoD, Fea}

The definitions of u™ and = are correct by virtue of Lemma 3.
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5. Lemma. Let B, € &%, C, € &/~ (n=1,2,...), B, /' B, C,, \, C. Then
Bewt, Cc o/ and

Proof. There exist By, € &7, By / Bn (m — o0). Put D, U B

Then D,, C By, D, € &, uo(Dy,) = pt(Dy) < pt(Bn) (n =1,2,...), D / B,
which implies B € &/ and

T(B) =\ 1o(Dn) < \/ 1t (By) < p*(B).

Similarly the second part can be obtained. g

6. Lemma. If A B e &%, C,D € &/, then AUB € &+, B\C € &,
C\ Be€ & and

pt(AUB) < pt(A) + pt(B),
pt(B) <put(B\CO)+pu(C),

If A C B, then p+(A) < p*(B), if C C D, then = (C) < (D), if A C C, then
uT(A) < = (C) and if C C A, then p=(C) < ut(A).

Proof. The proof is evident. (]

7. Lemma. If A,B € ., then AUB € .Y, A\ B € .7.

Proof. Let Ay,B) € &/, Ay, By € &/ with Ay C A C Ay, B C B C By be
such that

A2 \ Al \/aup(z)v BZ \Bl \/bup(z)
Then A; U B; CAUBCAQUBQ, Al\BQ CA\BCAQ\Bl and

(AQ @] Bg) \ (Al U Bl) C (AQ \ Al) U (32 \Bl),
(A2\ B1) \ (A1 \ B2) C (A2 \ A1) U (B2 \ B1).

We have
pF (A2 UB2) \ (A1 U By)) \/ Qip(i) T \/ big(iys

N+((A2 \ Bl) Al \ B2 \/ Qi (1) + \/ bzga(z
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Put ¢;; = 2(a; j + b;j) for 4,5 =1,2,... Then (¢;;);; is a regulator in G and
V @ioy + \ bigiy <V cig
for every p € NV. Hence AUB, A\ B € .. O

8. Lemma. If A € .7, then p(A) = \/{p (C): Ceo~, C C A}.

Proof. Given ¢ € NV take B € &/*, C € &/~ such that C C¢ A C B,
pH(B\ C) < Vaigs). Then

p(A) < pt(B) < pH(B\C) + p~ \/aw<>+\/{u 1 CCA Ced}

for all ¢ € NV. Hence

A) <\ aipy + \{n (C): CCA Cea}
for all ¢ € NV, By the weak o-distributivity of G we have A\ \/ a;,;) = 0 and
Y 1
A<\{p (©): CcA Cea}.

Further, u=(C) < u*(B) for every C € &/, B€ &/, C C A C B (by Lemma 6)
and hence

\V{p (C): CcA Cea } <\ (B): BOA Bed}=pn(A).

9. Theorem. If A, € &, A, /' A, then A € ¥ and u(A) =\ u(Ay).

Proof. There are bounded sequences (anij)n,i,j C G, anij \ 0 (j — 00, i,n =
1,2,...) such that for every ¢ € NV there are C¥ € &/ ~, BY € &/, C¥ C A, C BY
such that

B%’ \ CLP \/ Anip(it+n)

forn=1,2,.... Put D? = kU1 B, Ef = kU1 CY. Then

Dfewt, Efew/, EfcC|)Aw=A,cCDf
k=1
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and

T (DE\ E¥) = (OBP\UC(P) N+(£Jl B‘P\C"P>

n

<) pH(BENCE) Z\/akw(m) >V anilirn):

k=1 k=1 1 k=1 1

Therefore

M-‘F(DZ \ E;f) =aA (Z\/akw(Hk)),

k=1 i
where a = (10(X), a € G. By Theorem 1 there is a regulator (a;;); ; in G such that

al (Z \/ akw(i+k)> < \/ Qi (i)

k=1 1

Further put BY = U B¢. Then DY / B¥ and hence B¥Y € & by Lemma 5.

That is, there exist K € &« such that K,, C D¢, K,, /* B¥. Then B¥ \ K, \, 0,
B¢\ K, € &/*. Now

P (BY\ EY) < pt((B¥\ DE) U (Df \ EYY))
<t (B?\ DY) +ut (D EY)
ST (BP\ Ky) +u™(DE\ EY)

+ < U K, \ Kn) + \/aw(z)
m=1 i

The sequence (E¥), € o/~ is nondecreasing and hence there exists a nondecreasing
sequence (L), C & such that Ef C L,, for every n. Now

po(Kn \ Ln) < pm(DE\ EY) < \/%(z‘)

for all n. By the assumption (v) of C there is ng such that

T <3

MO(Km \ Kn) < \/ainp(i)

1

whenever n > ng. Put bj; = 2a;5, 4,5 = 1,2,.... Then (b;;);; is a regulator and for
every ¢ € NV there are BY € &+, E¥ € o/ ~, E¥ C A C B¥ such that

H(B¥ \ E¥) \/ b (-

100



Then A € . and

p(A) <t (B2) <t (BPNED) + 1 (BD) <\ biggiy + \/ 1(An)

for every p € NV. Now,
u(A) <\ bigoy + \/ 1(4n)

for every ¢ € NV and by the weak o-distributivity of G' we get u(A) < \ u(A,).

Since A,, C A (n =1,2,...), the reverse inequality holds by Lemma 6 and Lemma 8,
hence

M(A) = \/ N(An)-

10. Theorem. The mapping j1: . — G is subadditive.

Proof. Let A,B € .. Then there are regulators (a;;)i j, (bij)i; in G such
that for every o € NV there are AY,BY € &/~, AS, Bf € o/, AY C A C Af,
BY € B C By with u*(A$ \ AY) <V @iy, uT (B3 \ BY) <V bi(i)- Then

\ oy > (A5 \ AD) > 0 (AS) — ™ (AF) = p(AS) — u(A),
\ bigiy > 't (BE\ BY) = pt(BS) — = (BY) = p*(B) — w(B).

3

We get,

p(A) + u(B) + \/ @ip(i) + \_/bw) > (A9 +ut(BY) = p(AF UBS) > u(AU B).
Put ¢;; = 2(a;; + bi;) for i,7,... Then (c;;);; is a regulator in G and

\_/ Gig(i) T \/ bip(i) < \/ Cigp(i)
for every ¢ € NV. Hence

1(AUB) < u(A) + u(B) + \/ Ci(i)

for every ¢ € NV. By the weak o-distributivity we have

1(AUB) < u(A) + u(B).
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11. Theorem. The set . is a o-algebra of subsets of the set X. The mapping
w: ¥ — G is an extension of o, p satisfies the conditions (i)—(iii) and (vii), (viii).
If 1/ is an extension of po and p’ satisfies (ii), (vii) and (viii), then u' = p.

Proof. By Lemma 7 and Theorem 9 the set .¥ is a o-algebra and contains 7.
It is evident that the mapping p satisfies (i) and (ii). The subadditivity of p, i.e. (iii),
is proved in Theorem 10. The manner of the proof of (viii) is dual to the proof of
Theorem 9. We prove uniqueness. Put

N={Ade.: p(A) =i (A)}.

Then N D &/T and N D &/~. Indeed, if A, € & forn = 1,2,..., A, /A
(resp. A, \, A), then

W(A) =\ (A =\ p(An) = n(A)

(resp. w'(A) = /\ w(An) = /\ n(An) = M(A))'

Let A € .. Then there is a regulator (a;j);; in G such that for every ¢ € NV there
are DY € &/, Dy € &+, DY C A C D with p* (D35 \ DY) <\ a;,()- We have

p(A) < p' (DY) < +(D“D \ DY) + M*(D“’)
< \/ Aip(i) +u \/ Aip(i) + /L \/ Aip(i) tu (A)

for every ¢ € NV and by the weak o-distributivity,

H(A) < 4 (A).

On the other hand,

ut(DF) < pT(DE\ DY) + p (DY) <\ aipiiy + nlA),

which yields
p(A) = pt(DE) =\ aipiy = 1/ (D) = \/ @iy = 1/ (A) = \/ aipi)

for every ¢ € NV and we get u(A) > p/(A). Hence
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