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Abstract. In this work we prove some sharp weighted inequalities on spaces of homoge-
neous type for the higher order commutators of singular integrals introduced by R. Coif-
man, R. Rochberg and G. Weiss in Factorization theorems for Hardy spaces in several
variables, Ann. Math. 103 (1976), 611-635. As a corollary, we obtain that these operators
are bounded on L?(w) when w belongs to the Muckenhoupt’s class Ap, p > 1. In addition,
as an important tool in order to get our main result, we prove a weighted Fefferman-Stein
type inequality on spaces of homogeneous type, which we have not found previously in the
literature.
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1. INTRODUCTION AND MAIN RESULTS

The higher order commutators of singular integrals were introduced by R. Coif-
man, R. Rochberg and G. Weiss in [7]. In a formal sense they can be defined in R™
for appropriate functions b and f as follows

(11) 17 f(2) = [ (o) = b)) K (w,)f0) dy

for m =0,1,2,..., where K is a Calderén-Zygmund kernel. When m = 1, the oper-
ator T} is usually denoted by [b,T]f = bT(f) —T'(bf), with T’ a Calderén-Zygmund
operator (by the way, T" is the case m = 0 of (1.1)). The operators 7} have proved
to be of interest in many contexts and, in particular, in the theory of P.D.E. (see [8],
[9], [10]). It is well known that, in this area, many problems can be naturally seen as
problems on spaces of homogeneous type ([12], [11]). So, results concerning the op-
erators 7}" in this general setting appears as a natural request (see, for instance, [4]
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and [22] where commutators appear in connection with problems about L?-estimates
for parabolic and elliptic equations with VMO coefficients respectively).

The purpose of this work is to prove weighted inequalities between LP spaces for
the commutator 7;" on spaces of homogeneous type. In order to state them, we first
recall some basic notions about these spaces and the weights we are going to use.

Let X be a set. A function d: X x X — [0,00) is called a quasi-distance on X if
the following conditions are satisfied:

i) for every x and y in X, d(z,y) > 0, and d(z,y) = 0 if and only if © = y,

ii) for every x and y in X, d(z,y) = d(y, x),
iii) there exists a constant K such that d(z,y) < K(d(z, z) + d(z,y)) for every z, y
and z in X.

Let © be a positive measure on the o-algebra of subsets of X generated by the
d-balls B(z,r) = {y: d(x,y) < r}, with € X and r > 0. We assume that x satisfies
a doubling condition, that is, there exists a constant A such that

(1.2) 0 < u(B(z,2Kr)) < Ap(B(z,7)) < 00

holds for every ball B C X. A structure (X, d, u), with d and p as above, is called a
space of homogeneous type and it was introduced for the first time in [6] (for more
details, see [14] and [15], for instance).

We say that (X,d, ) is a space of homogeneous type regular in measure if y is
regular, that is for every measurable set F, given € > 0, there exists an open set G
such that F C G and u(G — FE) < e. In what follows we always assume that the
space (X, d, 1) is regular in measure.

We denote by D the set containing the functions f € L* with bounded support.

A nonnegative function w defined on X, will be called a weight if it is a locally
integrable function. If E is a measurable set we denote w(E) = [, wdpu.

A weight w is in the Muckenhoupt’s class Ao, respect to u (see [16]) if there are
positive constants C' and ¢ such that the inequality

wlB) _ (B
(13) w(B) C(M(B))

holds for every ball B and every measurable set £ C B. The infimum of such C will
be denoted by [w]a_. .

Finally, if w is a weight, by L?(w) we mean the measurable functions f such that
Jx [fIPw dp is finite.

With these definitions, we can introduce our main results as follows.
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1.4. Theorem. Let 1 < p < oo, w be a weight in A, and b belonging to BMO.
Then, there exists a positive constant C, depending only on the constants of the
space (X, d, 1) and the Ay constant of w, such that

/ 15" f () |Pw(z) dp(z) <C||b||§ﬁo/ (MM f (2))Pw () dp(x)
X X

holds for every function f € D. Here M™%! denotes the Hardy-Littlewood maximal
operator iterated m + 1 times.

1.5. Theorem. Let 1 < p < oo, b belonging to BMO and w a weight. Then there
exists a positive constant C, depending only on the constants of the space (X, d, u),
such that

(1.6) /}(ITff(x)lpw(x)du(x)<Cllbllgﬁo/X|f(f17>|pM[(m“)p”1w(x)du(»’ﬂ)

holds for every function f € D, where [(m + 1)p| denotes the biggest number in
N U {0} Iess than or equal to (m + 1)p.

1.7. Remark. Theorem 1.4 has as an easy corollary (by applying a well known
result about boundedness of the Hardy-Littlewood maximal operator (see [16])) that
the operators T}® are bounded from LP(w) in LP(w) when w belongs to the A, class
(i.e. w(B)(w=/®P=1(B))P~1 = (u(B))? for every ball B). In this case, it is important
to note that the operator T} can be continuously extended to LP, 1 < p < oo by
using a well known density argument (see for instance [4]), and then, the theorem
holds for every f € LP.

1.8. Remark. The Euclidean case of theorems 1.4 and 1.5 (i.e. X = R™ with the
usual distance and the Lebesgue measure) were proved for the first time by C. Pérez
in [18] and in addition, this author showed there that the number of iterations of the
maximal operator needed in both theorems is optimal. On the other hand note that
the case m = 0 recovers well known results about Calderén-Zygmund operators ([5],
[25]).

1.9. Remark. As another consequence of our results we can obtain a generaliza-
tion of the un-weighted results proved by M. Bramanti and M. C. Cerutti ([3]) for
the case T;! (see [4], too).

1.10. Remark. In [18] the Euclidean versions of the above theorems are used
by C. Pérez to obtain weighted boundedness results about the following non linear

commutator

Nf=T(flogl|f|) —T(flog|Tfl]),
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where T is a Calderén-Zygmund operator and f belongs to an appropriate set of
functions. This commutator was introduced by R. Rochberg and G. Weiss in [23]
and it is related to some problems in nonlinear P.D.E. Following a similar reasoning
to that applied in [18], Theorems 1.4 and 1.5 allow to get extensions of the results
obtained there (and concerning N f) to a general setting of spaces of homogeneous
type. For instance, given p € (1,00) and w € A, we have

/X INF(@)Pu(a) du(z) < C /X (@) P(z) dpu(z).

The techniques we are going to use in the proofs of Theorems 1.4 and 1.5 are based
on those used in [18]. They require a weighted version of the well known Fefferman-
Stein inequality on spaces of homogeneous type which is proved in Section 3 and it is
interesting in itself. The structure of the paper is as follows: Section 2 contains basic
facts and some notation, Section 3 is devoted, as we said, to the Fefferman-Stein
type inequality; finally, Sections 4 and 5 contain the proofs of Theorems 1.4 and 1.5,

respectively.

2. PRELIMINARIES

Let (X,d,u) be a space of homogeneous type. It is always possible to find a
continuous quasi-distance d’ equivalent to d (see [14]) in the sense that there exist
positive constants C; and Cy such that

Old/(x7y> < d(l’,y) g CQd/(Ivy)'

With this result in mind, we will assume that the quasi-metric d is continuous.
The spaces LP and LP

e on (X, d, i) are defined as usual. The weighted versions

of LP(w) for a non negative function w in L] are obtained by taking the mea-
sure w dpu.

Given f € L] . and Q a measurable set, we denote mq(f) = M(Q)_l Jo [ dp.

We say that T is a Calderén-Zygmund operator on (X, d, u) if the following con-
ditions are satisfied (see [1] and [3], for instance):

i) T: LP(X) — LP(X) is linear and continuous for every p € (1,00);

ii) there exists a measurable function k: X x X — R such that for every f € D,

Tf(z) = /X k(. 9)f (4) duly),

for a.e. x ¢ supp f;
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iii) the kernels k and k* (defined by k*(z,y) = k(y,x)) satisfy the following point-
wise Hormander condition: There exist positive constants C, 8 and M > 1 such
that i v

o, X
ko, v) =K@ )l < O s 2d(mo, 5)) (o, 5)P
holds for every xg € X, r > 0, x € B(zo,r), y € X — B(xo, Mr);

iv) the kernel k also satisfies the inequality |k(x,y)| < C/u(B(z,2d(z,y))) for ev-
ery z, y € X.

It is well known that if T is a Calderén-Zygmund operator on (X, d, 1), then T is
of weak type (1,1) (see [15]), that is

(2.1) w({z € X: [TF() > A} < / f(@) du(e

for every f € L}(X).
For f in L{,. we consider the e-maximal function and the sharp function of f
defined, respectively, by

1 . 1/e
(2.2) M. f(x) =§gg<m /B(M)If(y)l du(y))

and

(23) M f () = sup L ) = Tl dao)

The case € = 1 of M is the classical Hardy-Littlewood maximal operator, and M;
will be denoted by M. Related to M*, we will say that f belongs to BMO if f € L}
and M*f € L>. We shall denote by || f||mo the semi-norm given by || MF f||oo-

In addition to M. and M* we consider the operator (M?*(|f]?))'/%, which will
be denoted by M(g( f), and a maximal operator related to Orlicz norms. Before

loc

introducing this operator we recall that a function ¢: [0,00) — [0,00) is called a
Young function if it is continuous, convex, increasing and satisfies ©(0) = 0 and
p(t) — oo as t — oo. We say that ¢ satisfies a doubling condition if p(2t) < Co(¢)
for every t > 0, (i.e. ¢ satisfies the Ag condition).

We define the ¢-average of a function f over a ball B by means of the Luxemburg

||f||¢,Binf{A>o: ﬁ/}gw(lf(y)l/k) <1}.

Also we have the following generalized Holder inequality

norm

(2.4) 5 | @l ant) <151,
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where ¢ is the complementary Young function associated to ¢ (for more details on
Orlicz spaces, see for instance [23]). There is a further generalization that will be
useful for our purposes (see [17]): Let 1, ¢2 and 9 be Young functions such that

o1 opt <yt

then
1 f9llw,B < Cllfller,Bl9ll0s,B-

The maximal operator M, associated to Young function ¢ is defined by

(2.5) Mo f(x) = sup || f]
B>z

»,B-

The main example of Young functions we shall consider is ¢(t) = (1 + log™ )™,
m =1,2,3,... with the corresponding maximal function denoted by M 1o 1)m. The
complementary Young function is given by @3(t) = exp(t'/™) with the corresponding
maximal function denoted by M ey, 1y1/m-

Another important result we are going to apply is the fundamental estimate due
to John and Nirenberg (see [13] and [2]) for a function b in BMO

1 b(y) — bp|
—_ exp| ——=—)d <C
W(B) =t ClTomg ) )
which is equivalent to
(2.6) 16— b2B|lexp .5 < C|lbllBMO-

In addition, concerning BMO, it was proved in [2] that there exist positive con-
stants C7 and C5 such that the following inequality

1 1/P
@.7) 01||b||BMo<(— / |b<x>bB|pdu<x>) < Calbllemio
M(B) B

holds for b € BMO and 1 < p < co. If p < 1, the second inequality in (2.7) still
holds, because of Holder’s inequality.
Finally, we remark that C' will denote a positive constant which may be different

even in a single chain of inequalities.
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3. A FEFFERMAN-STEIN TYPE INEQUALITY

The proof of our weighted version of Fefferman-Stein’s inequality on spaces of
homogeneous type is based on the ideas of Prof. H. Aimar for the un-weighted case.
We would like to thank him for sharing them with us. We need the following classical
covering lemmas on spaces of homogeneous type (both of them hold without the
condition that the measure is regular). The proof of the first of them is in [6].

3.1. Lemma. Let E be a bounded set in X, being (X,d,u) a space of homo-
geneous type. Let {B(z,r(x)): « € E} be a covering of E by balls centered at
each point of E. Then there exists a sequence of points {xz;}n C E such that
B(xi,r(z;)) N B(zj,r(z;)) =0 ifi #j and E C J Bz, 4Kr(x;)).

i=1

In the next lemma (see [1]), the hypotheses of boundedness of F is replaced by

u(E) < .

3.2. Lemma. Let (X,d,u) be a space of homogeneous type. Let B = {B,:

a € T'} be a family of balls in X such that E = |J B, is measurable and u(F) < oo.
aecl’
Then there exists a disjoint sequence {B(x;,r;)} C B, possibly finite, such that

E c U B(z;,Cr;) for some constant C' (that only depends on K, the constant of
i=1
the quasi-metric). Moreover, every B € B is contained in some B(xz;,Cr;).

Another result we need is the following extension to spaces of homogeneous type
of the well known Calderén-Zygmund decomposition. The proof can be found in [1].

3.3. Lemma (Calderén Zygmund decomposition). Let (X, d,u) be a space of
homogeneous type. Let f > 0 be an integrable function on X. Then, for every
A= mx(f) (mx(f) =0 if u(X) = +00), there exists a sequence {B;} of pairwise
disjoint balls such that, if B; is a dilation of B; by the constant C of the covering
Lemma 3.2, we get

(a) m, () <A <m, (F):
(b) for every x € X — |J B; and for every ball B centered at x, holds mp(f) < A.

Now, we will prove a relation between weighted LP-norms of the operators M and
M?* (see (2.2) and (2.3)), i.e. a Fefferman-Stein type inequality.
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3.4. Proposition. Let (X,d,u) be a space of homogeneous type regular in
measure. Let f € D be a positive function and w € As.. Then, for every p, 1 < p <
0o, there exists a positive constant C' = C([w]a,) such that if | M f|| e < 400,
then

C”Muf”ip(w) if p(X) = oo,
0.

3.5 Moy < -
®5) ML) {C(w(X)(mX(f))P+IM”flip(w)) if p(X) <

Proof. We consider f >0, f € D. Let t € R be such that

t 1
§>mx(f)m/xfdu-

We define
Qf ={x € X: 3r >0 such that mp(,,(f) >t}

and
QY2 = {z € X: 37 > 0 such that mp(, . (f) > t/2}.

Then, it is obvious that Qf C Q2. For z € QF let

Ri(x) = {r>0: mpgn(f) >t}

and
RY2(z) = {r > 0: mp.(f) >t/2}.

Then R'(x) C R'?(z). On the other hand R*(z) and R'/?(z) are non empty sets
of real positive numbers bounded from above. This fact is obvious if pu(X) < co. If
u(X) = 400, since f € D, we have

t 1 p(B(z,7) Nsupp f)
3.6 0< - < —— <C
(3:6) =2 u(Blr) /B<x,r>msuppff s wB(z,r))

which tends to zero when r tends to +ooc.
Thus we can choose r'(z) € R'(x) such that Cri(z) ¢ R'(x) where C is the
constant of the Lemma 3.2. So

MB(art(z))(f) >t = MBa,cri@) (f)-

Let 7'/2(x) € R/?(x) be such that

t
M B (z,rt/2(a)) (f) > 52 MB(a,0rt/2(2)) (f)
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and
ri(z) < rt/z(ac).
It is clear that for z € Q'/? we have B(z,r"/?(z)) C {Mf >t/2}. Then

(3.7) U B@.r'@) c |J B(z.r"?@) c{Mf>1t/2}

€Nt zeQ/?

and thus, since M is of weak type (1,1) (see [6]), we obtain

u(U Berton) <uttur >z < S [ irlan <+

et

Applying Lemma 3.2 to the families
B = {B(z,rt(x)): z€ Q) and BY?={B(z,r*/*(z)): z c Q/?}

we get two collections of balls {B7: ¢ € N} with s = ¢,t/2, such that
i) B; NB; = 0,1 +#7;
ii) for every x € Q* there exists ¢ € N such that B(z, r*(x)) C B(x;, Cr®(z;)) = B;
iii) mps(f) > s> mp. (f);
iv) Q° C UB ifax ¢ UBS then f(z) <
and, in addltlon
) for every i € N there exists j € N such that B} C Bt/2
vi) for each j € Nlet I; = {i € N: B! C B;/z, but Bf 7 Bf/z, =1
Then {I;, j € N} is a disjoint partition of N.

1)

Concerning B* and B*/2, we can prove that there exists C' such that the following
inequality

(3.8) S w(Bl) < Cul{MEf > 1/A)) + o0 S w(B)?)

ieN jeN

holds for every A > 1. Indeed, let J; = {j: t/2 C {M'f > t/A}} and Jp =
{j: BY* ¢ {M*'f > t/A}}. Then

(3.9) Zw(Bf) = Z Z w(B!

iEN jeNiel;
= > > wB)+ > > wB)=I+II
jeJiicl; jedaicl;
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It is easy to check that
(3.10) I < Cw({MFf > t/A}).
On the other hand, if j € Jo there exists z € B;/Z such that M¥f(x) < t/A, and,

consequently,
1

j b

Then, by recalling that mp:(f) >t and mg/2(f) < t/2, we have
‘ i
St =t/2uB) < 3 [ (7= mp(P)dn < (/B
icl; iel; ¥ P

which implies

(3.11) w(U B) = S ued) < /s

i€l icl;

Since |J B! C B;/ ?, and from the fact that w satisfies the A, condition (1.3), there
i€l
exist positive constants C' and ¢ such that

(U 20) [l o) /i)

Therefore, from (3.11) we obtain

(3.12) w(U B§> /w(B;—/z) < C/A°.

icl;

But {B!};cn are disjoint, then, this inequality allows us to get

> w(B!) < Qw(BW < Qw(B'?/Q).
i€l
Thus, from the above estimate, (3.9) and (3.10) we have
(U Bt) (C/Au(BY?).
i€l
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Setting a(t) = > w(BY), the inequality (3.8) can be written as
ieN

(3.13) (1) < Cw({M] > 1/4)) + <alt/2).

Now, let 8(t) = w({Mf > t}). Since B C {Mf > t} if t > 2mx(f), we have
a(t) < B(t), t = 2mx f. On the other hand we get {Mf >t} C |J B! so it follows

ieN
that G(t) < Ca(t) for every t.
Let us observe that, if N > 0,

N N

G [ prtamdrs [ a0 d < O < 4.
2mx (f) 2mx (f)

Thus, from (3.13) we can obtain

N
/ ptPta(t) dt

2mx (f)
N

N
<0/ ptPLw({MEf > t/AY) dt + Cé/ ptPLa(t/2) dt
2mx (f) A° Jomx(p)

N C N
gc/QmX(f)ptp Lw ({Mﬂf>t/A})dt+A5 mx(f)ptpfla(t)dt.

Writing the last integral as
2mx(f) N
/ ptP~La(t) dt + / ptP~a(t) dt,
mx (f) 2mx (f)
choosing A such that C'/A% = 1/2 and taking into account (3.14) we get
1 [N
5 / ptP~a(t) dt

2mx (f)
N 1 2mx (f)
gc/ ptPlw({MAf > t/AY)dt + / ptPra(t) dt
2mx(f) 2 Jmx(f)

< c/m ptP Lw({MPf > t/AY) dt + Cw(X)(mx (f))P.
mx (f)

Finally, by using that a(t) < (t) when t > 2mx(f), and G(t) < w(X) for all ¢ > 0,
we have the estimate

2mx (f) oo
/ M fPu) dp < / Pt B(t) dt + / Pt a(t) dt
X 0

2mx (f)
< Cu(X)(mx ()P + /X M fPw(z) dp,

which proves our result (note that mx (f) = 0 when u(X) = o0). O
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4. PROOF OF THEOREM 1.4

In order to give a rigorous definition of 7", note that for the case m = 1, the
operator

(4.1) TLf = bTf - T(bf)

is well defined if b belongs to L*> and f € D. If b € BMO, by the John-Nirenberg
lemma, b € LY |1 < p < oo. Then, for f € D and b € BMO, T} f is well defined.

For the general case, it is easy to see that, in a formal sense, the operator (1.1)

loc?

satisfies the following identity

@2) =Y Gl - NI @) T - N )

for any A in R and constants C; (from the Newton’s formula). Then, for b in L*>®
and f in D, T f can be defined inductively from the case m = 1. The extension
for b in BMO and a wider set of f will be obtained by an argument of density from

the inequalities proved in our main results.

The next two lemmas are devoted to show connections between the operators T},
M, and M* and are the key points for the reasoning. The Euclidean case of the first
one is contained in [19].

4.3. Lemma. Let b € BMO, with ||b]lpmo =1 and 0 < 6 < ¢ < 1. Then, there
exists a positive constant C' = Cs such that

(1.9 MAT ) (ZM (T @)+ M)

holds for every f € D, for a.e. x € X and for eachm =0,1,2,...
4.5. Remark. When m = 0 we understand (4.4) as Mg(Tf)(:c) < CM f(x).

Proof. The proof follows the same lines as in the Euclidean case with obvious
changes (see [19]). O
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4.6. Lemma. Let f € D, b € BMO with ||bllpmo =1 and 0 < § < e < 1. Then
the following estimate for T;" holds

/X|Tbrnf|6du (Z/ |M TJ |(S ()+M(X)||f||(2(logL)m,X)

Proof. The case u(X) = oo is obvious. Let us consider u(X) < co. Using the
expression (4.2) for T;" we have

/ T, f1° dp
X

O [, o) =N @ dute) + [ 102 Dol o))
< C(/;+ B).

Let us first estimate B. If we take A = by, since T is of weak type (1.1), then
Kolmogorov’s inequality, (2.4) and (2.6) allow us to get

/X (b~ A) f><z>|5du<x><u<x>(—) /X Ib(z) — bx| f(x)du(x))

u(X)| (o
M(X)HbHBMoHfHL(logL)m X
n(X)

5 5
- bX)mH exp L1/m XHfHL(logL)m,X

NN

C
Cu(X ||f||L(logL)m X

In order to estimate A we select r such that 1 < r < £/§ we use Holder’s inequality
and the equivalence between norms in BMO to obtain

> [ e bl ) o
j=0 X

mzlﬂ ( /Ib ) = by |(m=D" g ())/T,

j=0

<.

L [ s ae)
< Cp(x mz( s |

< Cu(X) (Mg(Tg H))’

for almost every z € X.
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Then, from the estimates for A and B, we get

[ s < cnx (Z|M @ f) |5+||f||i<logm,x).

Finally, integrating on X we obtain the desired result. g

Now we are in position to proceed with the proof of Theorem 1.4.

Proof of Theorem 1.4. Assuming ||b||pmo = 1, we proceed by induction.

Let us prove the case m = 0 for X satisfying pu(X) = co. Since w € A, there
exists r > 1 such that w € A,. We can select 0 < & < 1 such that 0 < & < p/r,
and choose ¢ < ¢ small enough such that p/d > r and w € A, /5. Then, we have
that the Hardy Littlewood maximal operator is bounded from L?/%(w) into LP/%(w)
(see [16]). Consequently, since ||T"f|| 1r(w) < 00, We get

1/6 1/6
15T Dl oty = IMATFN sy < TIN50y < CIT o) < oo
From Lebesgue’s Differentiation theorem, Proposition 3.4 and Lemma 4.3 we have
1T 1l oy < IMs(T )| Loy < IMET ) Loy < ClIIM F Loy
Let us now consider the case 1(X) < co. Proposition 3.4 yields

1T £l o (w) T )| L w)
YWPmx (ITFIP)Y + IMET F) o))

[ Ms

<
< C(w
=1+

(
(X
II.

We estimate I as in the previous case. For I we use Kolmogorov’s inequality to
obtain
1/5

le
I=c Xl/é(/ ITf|5du> <w(X 1/‘” /Ifldu

<(/X<m/xlf|du)wdu> (/ IMflpwdu> ,

which completes the case m = 0.

Now, suppose the result holds for 0,1,...,m—1. Let X be such that u(X) = +o0.
Reasoning as in the case m = 0 we get that || Ms(T}"f)| r(w) < c0. Then, we can
apply Proposition 3.4 and Lemma 4.3 to get

IT3" fll oy < IMs(TE )| oy < IME T ) o)

m—1
C(Z V(T )l oy + ||Mm+1f||m<w>).

Jj=0
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Since w € A, ,. and from the inductive hypothesis, we have that the last expression
p/e

in the above inequality is bounded by

m—1
C(Z VT3 F 1y + ||Mm+1f||m<w>)

Jj=0

m—1
C(Z 1M+ £y + |Mm+1f|m<w>)

=0
< CIIM™ fll Lo,

as we wanted to prove.

Let us now consider the case u(X) < oco. By Proposition 3.4 for this case we have

T Fll oy < 1Mo (T2 )| 2o
< C(w(X) (mx (1T F1)P/ + IMETT DI )"
< C((w(X) (max ([T F19)P/ )17 4 |\M“<Tﬁf>||Lp<w>)
= C(A+B).

An estimate for B can be obtained following similar lines as in the previous case.
In order to get the estimate of A, we first apply Lemma 4.6 to obtain

w(X) 1/p ; 5 5 1/6
@7 A<” oS IM (T £)(@)° du(@) + wXON | L og Lym,x | -

Let ¢ and ¢ be as before. Then, since w € A,,/. we have that
5/p
J @@l < ([ 0z R @reue )

1-4/p
—&/(p—9)
<(foe)
s/ 1-8/
C(/ |Tsz|pw(x)du(x)) p(/ wl/(p/51)> P
X X

So, from (4.7) we obtain

w(X)!/P —1 - o
4. AL<Cl /(p/6-1)
(48) w(X)1/0 /xw
m—1 1/6
« S |Tig >||<zp(w>+u<X>|f||i<logL)m,X) .

I
=)

J
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Using an induction argument like in the case u(X) = oo we obtain that the last
expression is bounded by

w(X)1/P . - B 1-6/p 1/6
(49) O (I3 D ([ 07 #50) 4 OOV

U}(X)S/p 3 B 1-46/p
<C MRS, /w 1/(p/6—1)
(I3 Dl ([

1/6
+w(X>5/p|f|i<logL>m,x)
= (I+1DN)°.

Let us consider I. We recall that w € A, /5, so, since X becomes a ball,
/61
1 / ( 1 / —1/<p/6—1>)p
w w <C.
n(X) Jx w(X) Jx

(4.10) I<CIM™  F(19 0 -

Thus we have

To estimate I1 we use the fact that there exists positive constants C; and C3 such
that

(4.11) C1 My (1og 1y f(2) < M™ ! f(2) < CoMp(10g 1) f ()

(for R™ this result is due to C. Pérez ([19]). In the general setting of spaces of
homogeneous type, the left inequality was proved in [20]. The right one can be
proved by reasoning as in the Euclidean case ([19], p. 174) with minor changes.

So, using (2.5) and (4.11), we obtain

3/p
WX P11 g 1y x = ( /X A" du<z>)

3/p
< </ (ML (og Lym f(2))Pw(x) dﬂ@))
X
< OIM™ ™ £11% 0 ()-

Finally, from (4.7), (4.8), (4.9), (4.10) and the last inequality we get the desired
result.

If ||b|lmo # 1 we apply the above case with b/||b||mo to conclude the result,
taking in account that 7,7, = "f = T /116l Bvo- O
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5. PROOF OF THEOREM 1.5

In order to prove this theorem we are going to apply, like in [18], a duality ar-
gument. For this method we need the following result concerning the operator M,
defined in (2.5). The proof is in [21]. We remark that the same result is proved
by R. Wheeden and C. Pérez in [20], but under the additional hypothesis that the
annuli in (X, d, u) are nonempty.

We recall that a doubling Young function ¢ satisfies the B, condition, 1 < p < oo,
if there is a positive constant ¢ such that

0 0, 4p’ \p—1
[
e ot Jo \@(t))

5.1. Theorem. Let 1 < p < oo, ¢ be a doubling Young function and (X,d, i)
a space of homogeneous type with u(X) = oo. Then the following statements are
equivalent:
i) p € By.
ii) There exists a constant C' such that

[ oty duta) < € [ 1P ante

for all nonnegative functions f.

ili) There exists a constant C' such that

[ Ot f @)@ du@) < € [ 17@P M) duts)
for all nonnegative functions f and all weights w, where M is the Hardy-

Littlewood maximal operator.
iv) There exists a constant C' such that

» w(x) . . » Mw(x) .
62 [ ey s ) <0 [ 1r@pEE

for all nonnegative functions f and all weights w and wu.

5.3. Remark. If u(X) < oo, the implications i) = ii) = iii) = iv) still hold but
the converses results are not true (see [21]).

Proof of Theorem 1.5. The proof can be done by reasoning as in the case
X = R™ (see [18]), with minor changes. The main steps are:
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Step 1. For simplicity, we denote k(p) = [(k + 1)p] + 1. Instead of proving (1.6),
and from the fact that the adjoint operator to Tf is essentially the same, we consider
the corresponding dual inequality

(5.4) /X T £ ()P (AP w () dp(a / @) (@) duz).

Step 2. Since (M*®)w)1=" belongs to the Ao class of Muckenhoupt, from The-
orem 1.4 we have that

/ T f (@) P (MFP ) = dpa(a) <C/ (M f (@) (MFPw) = dp(e).
X X

Step 8. Then, the proof is reduced to proving the next two weighted norm in-
equalities for the maximal operator M™+t!

/ (ML f ()P (M) / @) (@) du(z).
X

This type of inequality follows as an application of Theorem 5.1. (|

Acknowledgement. The authors would like to thank Prof. Carlos Pérez for sug-
gesting to us this problem.
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