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Abstract. We study the existence of nodal solutions of the m-point boundary value
problem

u’ + f(u) =0, 0<t<l,
m—2
W' (0) =0, w(l)= " aju(n)
i=1

where n; € Q (i = 1,2,...,m —2) with 0 < m < m2 < ... < Nm-2 < 1, and a; € R
(i=1,2...,m—2) with a; > 0 and 0 < Z;ZIQ a; < 1. We give conditions on the
ratio f(s)/s at infinity and zero that guarantee the existence of nodal solutions. The proofs
of the main results are based on bifurcation techniques.

Keywords: multiplicity results, eigenvalues, bifurcation methods, nodal zeros, multi-point
boundary value problems

MSC 2000: 34B10, 34G20

1. INTRODUCTION

Recently, the existence and multiplicity of positive solutions of the m-point bound-
ary value problem
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have also been studied by several authors, see Ma [4] and Webb [11] for some ref-
erences. However research for existence of nodal solutions of multi-point boundary
value problems has proceeded very slowly. To the best of our knowledge, no results
on the existence of nodal solutions have been established for multi-point boundary
value problems. The likely reason is that the spectrum structure of the linear problem

(1.1) v +Xu=0, we D(L),

(1.2) W' (0) =0, wu(l)= Z_ a;u(n;)

is not clear.
It is the purpose of this paper to study the spectrum structure of (1.1), (1.2), and
investigate the existence and multiplicity of nodal solutions of

(1.3) W+ fu)=0, 0<t<l,

(1.4) u'(0) =0, wu(l)= Z_ a;u(n;).

We make the following assumptions:
(CO) m; =pi/q: €QN(0,1) (i =1,...,m —2) with p;,¢; € N and (p;, q;) = 1;

m—2
(Cl) a; € (0,0), (i=1,2,...,m—2) with0 < > «; <1
i=1

(C2) f e CYR,R) with sf(s) > 0 for s # 0, and }O,foo € (0, 00) exist, where
fo = lim E, foo = lim @
s—0 8 s—oo0 S8

Here Q, R, N are the sets of rational, real, and natural numbers, respectively.

We give conditions on the ratio f(s)/s at infinity and zero that guarantee the
existence of nodal solutions. The main tool we use is the bifurcations theory of
Rabinowitz [7].

For the results on the existence and multiplicity of positive solutions and nodal
solutions of second-order and higher-order two-point boundary value problems, see
Ambrosetti and Hess [1], Erbe and Wang [3], Ma and Thompson [5], Naito and
Tanaka [6], Rabinowitz [7], Ruf and Srikanth [9], Rynne [10] and the references
therein. For the results on the existence of sign-changing solutions of elliptic problems
and m-point boundary value problems for ordinary differential equations, see Castro,
Drébek and Neuberger [2] and Xu [12], respectively.

For a set D C R, we denote by #D the number of elements in D.

The rest of the paper is organized as follows: In Section 2, we define an auxiliary
function I'(s) and prove some elementary properties of I'(s) which will be needed
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in the study of the spectrum of multi-point boundary value problems. Section 3
studies the linear eigenvalue problem (1.1), (1.2), and we will describe the distribu-
tion of {A,}. In Section 4, (1.1), (1.2) is reduced to an equivalent integral equation,
and there we prove a result on the algebraic multiplicity of the eigenvalue of the
corresponding integral operator. Finally in Section 5, we state and prove the main
results.

2. ELEMENTARY PROPERTIES OF I'(s)

m—2
(2.1) [(s) = cos(s) — Z v cos(1;9).

Lemma 2.1. Let (CO0) hold. Then I'(s) is a periodic function.

Proof. Let
d=q1-. Gm—2.

We show that T'(s) is a 2¢n-periodic function. Using the facts that cos(s+2n) = cos(s)
and cosn; (s + 2ng; /pi) = cos(n;s) and 1;¢ € N, we conclude that

m—2
(s + 24rn) = cos(s + 2§¢n) — Z a; cos(n;(s + 2¢mn))
i=1
m—2
cos(s) — Z a; cos(n;s + 2n;Gm))
i=1

m—2
= cos(s) — Z a; cos(n;s) = T(s).

i=1

This completes the proof of the Lemma. ]
Let

(2.2) ¢ =min{G € N : T'(s +2¢n) =T'(s), Vs € R}.
Then
(2.3) ¢ <q-Gm-2
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Lemma 2.2. Let (C0) and (C1) hold. Then
(2.4) I'(s)=0
has a solution in (0, §).

Proof. Since

m—2

I'(0) = cos0 — Z o cosn;0 >0

i=1
and

m—2
I‘(g) =0- ;aicos%<0

we see that
I'(r) =0, forsome 7€ (O, g)

This completes the proof of the lemma. ]

Set

m—2
(2.5) A= {s: s> 0, coss= Zaicosnis}.

i=1
Lemma 2.3. Let (C0) and (C1) hold. Then the set A is infinite.

Proof. This is an immediate consequence of Lemma 2.1 and 2.2. O

Lemma 2.4. Let (CO) and (C1) hold. Then there is no {s,} € A with s; # s;
(i # j), such that
lim s, =a, forsome a € R.
Proof. Suppose on the contrary that there exists {s,} C A with s; # s;
(i # j), such that

lim s, =a, forsome a€ R.
n—oo

We may assume that
S < S <. ... <5, < ... <aq.

By Rolle’s Theorem, there exist 351) C (84, 8i+1) such that
I'(st) =0
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and consequently

Similarly we have that for each n € N
r™(a) = 0.
Combining this with the Taylor Formula for I' at s = a and using the fact that
TM(s)) <2, seR

we conclude that
I'(s)=0, seR

which contradicts (2.1). This completes the proof of the lemma.

Now we can arrange the elements of the set A as follows:
(2.6) 51 <89 < ... <8, < ...
Lemma 2.5. Let (C0) and (C1) hold, and let
§1< 89 < o < 8p < .n.
be the sequence of the elements of A. Let
(2.7) I=#{t: T(t) =0, t € (0,2¢"n]}.
Then for each n =kl + j with k e NU {0} and j € {1,...,1}

(2.8) Ski+j = 2kq¢* T+ 5.

Proof. Lemma 2.4 yields that [ is finite. (2.8) can be directly deduced from

Lemma 2.1.
Lemma 2.6. Let (C0) and (C1) hold. Then

< T
S —.
13

Proof. This is an immediate consequence of Lemma 2.2.

O
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Lemma 2.7. Let (CO) and (C1) hold. Then

> T
S —.
279

Proof. Suppose on the contrary that 0 < sy < 5n. Then I'(s;) = I'(s2) =0

1
2
implies that

(2.9) I'(r) =0, for some T € (s1,52).
However -
I(s) = —sins + Zzzl a;m; sin(n;s) <0, s€ (O, g)
This contradicts (2.9). O

3. LINEAR EIGENVALUE PROBLEMS

Lemma 3.1. Let (C0) and (C1) hold. Let ¢* and I be as in (2.2) and (2.7),
respectively. Assume that the sequence of positive solutions of I'(s) = 0 is

(31) S1 <82 <. ... <85, < ...

Then
(1) The sequence of positive eigenvalues of (1.1), (1.2) is exactly given by

(3.2) Ay = 82

n?’

n=12,...;
(2) For each n € R, the eigenfunction corresponding to A, is

(3.3) on(t) = cos(mt);

(3) For eachn =kl+ j with k € N and j € {1,...,1},
(3.4) VA4 = 2kq*n + VA

Proof. Tt is easy to check that A € (0,00) is an eigenvalue of (1.1), (1.2) if and
only if

I' (V) =0.
Hence the desired results follow from Lemmas 2.1-2.7. The proof is completed. [
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Let

(3.5) Zyn ={t € (0,1): cos(VA,t) =0}
and let
(3.6) L = #H 2y

which is the number of elements in Z,,.

Lemma 3.2. Let (C0) and (C1) hold. Then for each k € N,

(3.7) i+l < Pki42-

Proof. By (3.4), we only need to show that

(3.8) w1 < po.

Using Lemma 2.6 and 2.7, we conclude that 1 =0 and pg > 1.

Example 3.1. Let’s consider the linear three-point problem

(3.9) W+ du=0, 0<t<l,
0) — _1n
(3.10) W (0)=0, u(l)= 2u<4>.

It is easy to check that

1
I'(s) = coss — 3 cos(i)

is a 8n-periodic function, and consequently,
qF =4.
Moreover I' has exactly eight zeros in (0, 8n]. They are
51 =1.06752, s = 4.88453,
s3 =8.07192, s4 = 10.5429,

s5 = 14.5808, sg = 17.0608,
s7 = 20.2482, sg = 24.0652,
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and accordingly | = 8, and

p1 =0, pz=2,
ps =3, p4 =3,
ps =95, pe =09,
pr =06, ps=S38.

Clearly
(3.11) < po < pz,  pe < pr < ps.

I has exactly eight zeros in (8r,167. They are

s9 = 26.2003, s19 = 30.0173,
s11 = 33.2047, s12 = 35.6756,
s13 = 39.7225, s14 = 42.1935,
s15 = 45.3809, s16 = 49.1979.

Example 3.2. Let’s consider the linear three-point problem

(3.12) W+ =0, 0<t<l,
(3.13) w'(0) =0, u(l)=u(n)

where € (0,1) is given. A simple computation yields that A is a real eigenvalue
of (1.1), (1.2) if and only if

(3.14) Ne {(ff_ﬂnf: k= 0,1,...} U {(ﬁﬂn)z: k=0,1,...}

and the eigenfunction corresponding to A, is

on(t) = cos(\/xt).

If we take n = %, then

A1 = 0% ¢1(t) =1 has no zero in (0, 1);

Ao = (%n)2, ©2(t) = cos gnt has 1 zero 2 in (0,1);
A3 = (%n)2, 3(t) = cos %nt has 3 zeros %, %, % in (0,1);
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A = (47)2, 4(t) = cos4nt has 4 zeros %, %, %,% in (0,1);

A5 = (13—67c)2, w5 (t) = cos %t has 5 zeros %, %, %, %, % in (0,1);

Ag = (%TC)Z, g (t) = cos %nt has 7 zeros %, %, %, %, %, %, % in (0,1);

A7 = (87), 7(t) = cos(8nt) has 8 zeros &, & 2 L 9 4l 13 154y (0, 1);
o= ()%, ) = cos Bt s 9 seros &, 5, 12,2 2, 2,22, 8. % in (0,1
Ag = (%—2n)2, g (t) = cos %nt has 11 zeros 6%, 69—4, é—i, g—}l, g—z, 2—2, 2—2, é—i, g—}l, Z—Z,

% in (0,1);

Clearly

(i) ¢* =2, T(s) = coss — cos +5 is a 4n-periodic function which has 3 zeros 0, %Tc,

2
%n in [0,47), and consequently [ = 3;
(ii) par+1 < pskt2 < pskrs for each k € NU {0};

(iil) \/Agk+j = 4kn+ /Aj for j € {1,2,3} and k € NU {0}.

Example 3.3. Let’s consider the linear two-point problem

(3.15) u+Au=0 0<t<l,
(3.16) w'(0) =0, wu(l)=0.

It is well-known that A\, = ((n — $)1)%, n = 1,2,..., and the corresponding eigen-

function ¢, (s) = cos(n — 3)nt has exactly n — 1 simple zeros in (0,1). In this case,
(i) T'(s) = coss is a 2n-periodic function which has only 2 zeros in [0,2r), and
consequently [ = 2;
(ii) pop < pop+1 < Mokto for each k € NU {0};

(lll) 1/>\2k+j = 2kn + 1/>\j fOI'j € {1,2} and £k e NU {0}
4. THE ALGEBRAIC MULTIPLICITY OF THE EIGENVALUE

Let Y = (0, 1] with the norm

= ma t)|.
oo = v u(t)

Let E = C'[0,1] with the norm

— t "(t)).
ol = ma. fu(®)] + max (1)
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Let G(t, s) be the Green function for the second-order boundary value problem

(4.1) —W(#) =0, te(01),
(4.2) u'(0) = u(l) =0,

1—t,
(4.3) G(t,s) = {

Define K: F — E by

(4.4) / G(t, s)u(s)ds + - Zlm_2 Z:f ai/o G(ni, s)u(s) ds.

Set

(4.5) H(t,s) = G(t,s) +

)

then (4.4) can be rewritten as

(4.6) (Ku)(t) = /O Ht, s)u(s) ds

Lemma 4.1. Let (CO) and (C1) hold. Then (1.1), (1.2) is equivalent to the
operator equation

(4.7) u=AKu.

Moreover K: E — E is completely continuous.

It follows from Lemma 4.1 that A is a characteristic value of K if and only if A is

a eigenvalue of (1.1), (1.2). This together with Lemma 3.1 implies that K has a
strictly increasing sequence of characteristic values \,, = s2, n = 1,2,..., each with
geometric multiplicity one (the geometric multiplicity of the characterlstic values A\,
is defined to be the dimension of the subspace ker(Ig — A, K)). However to apply the
global bifurcation results of [7] it is necessary that the characteristic values of K have
odd algebraic multiplicity. (The algebraic multiplicity of the characteristic values \,

is defined to be the dimension of the subspace U (ker(Ig — A\ K))". See [7, p. 490].)

r=1
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Lemma 4.2. Let (C0) and (C1) hold. Assume that the sequence of positive
solutions of T'(s) = 0 is

(4.8) 51 <852<...< 8, < ...
Then the sequence of positive characteristic values of the operator K is
(4.9) sT<si<...<s2<....

Moreover, the characteristic values s2 have algebraic multiplicity one, and the cor-
responding eigenfunction is

(4.10) ©n(t) = cos(spt).

Proof. We only need to show that
ker(I — s> K) = ker(I — s2K)?.
Obviously, it is sufficient to show that
ker(I — siK)2 C ker(I — siK).
For any y € ker(I — s2K)?, (I — s2K)y is the characteristic function of the linear
operator K corresponding to the eigenvalue s2 if (I — A, K)y # 6. Then there exists
a nonzero constant v such that

(4.11) (I —s2K)y = ycoss,t, tel0,1].

By direct computation, we have

(4.12) y"(t) + s2y = —s2ycossnt, t€[0,1],
m—2

(4.13) y(0)=0, y(1) =" aym).
i=1

m—2
Since (C1) and the fact y(1) = > a;y(n;) imply
i=1

m—2 m—2 m—2

) i N\ < ) N\ < ) )
Zl ai, _min () < Zl ay(m) < Zl ai, maxy(n;),
1= 1= 1=
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we have from the fact that y € C[0,1] that there exists 7 € [11, 7m—2] such that

m—2
i=1 CuyY\n;
() = ==L )
D1
Set
m—2
(4.14) a=>
i=1
then by (4.13), we get
(4.15) y(1) = ay(n).
Now (4.12), (4.13) yield
(4.16) y'(t) + sy = —s>ycossut, t€0,1],
(4.17) y'(0) =0, y(1)=ay(n).

It is easy to verify that the general solution of (4.16) is of the form

(4.18)  y(t) = C1cosspt + Cosin syt

+ (% cos 25nt> cos st + <f?t — % sin 25nt> sin sy, t.
That is,
(4.19) y(t) = Cq cos spt + Casin st — % COoS spt — %t sin spt.
Applying the condition y’(0) = 0 and
(4.20) y'(t) = —s,C1 sinspt + 5,Co cos st
+ % sin s, t — % sin s, t — S’%Tfyt cos s, t

we obtain that Co = 0. This together with (4.19) implies that

(4.21) y(1) = Cy cos sy, — %cos Sp — % sin s,
and
(4.22) ay(n) = aC cos s,n — Cil—ﬁy COS Sp 1) — %an sin s, 7.
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Since y(1) = ay(n) and

(4.23) COS Sy, = (XL COS TS,
we have
(4.24) sin s, = ansinns,.

Combining this with (4.23), we conclude that

1— 2,2
cos?s, = — >
1—n2

> 1,
a contradiction. Therefore (I — s2K)y = 0, and consequently

ker(I — s2K)? C ker(I — s2K).

This completes the proof of the lemma. O

5. THE MAIN RESULTS

Assume that
(03) A< >\l+1§
(C4) there exists r € {2,...,1 — 1} such that \,—1 < A < Apjq.

Remark 5.1. Combining (C3) with (3.4) and using Lemma 3.2, we conclude that
(5.1) Akl < Apig1 < Agig2, keN
Remark 5.2. From (3.11), we know that (C4) holds for either ig = 2 or ig = 7.
Theorem 5.1. Let (C0), (C1), (C2) and (C3) hold. Assume that either
Jo < Akiv1 < foo

or
foo < Ari+1 < fo

for some k € N. Then the problem (1.3), (1.4) has two solutions “;1-5-1 and ug  ,
u;jlﬂ has exactly pyi+1 zeros in (0,1) and is positive near t = 0, and Upyq has
exactly pgi1+1 zeros in (0,1) and is negative near t = 0.
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Theorem 5.2. Let (C0), (C1), (C2) and (C3) hold. Assume that either (i) or
(ii) holds for some k € N and j € {0} UN:

(1) fo < Arir1 <o < Agpgyigr < foos
(i) foo <Mkt+1 <-or < Appjygr < fo-
Then the problem (1.3), (1.4) has 2(j + 1) solutions u?;ﬁ_l)l_i_l, UGy iyiprr = 050005
uzjc_ﬂ,)H_l has exactly fu(iy4+1 zeros in (0,1) and is positive near t = 0, and Uy iyt
has exactly ji(yyiy+1 zeros in (0,1) and is negative near t = 0.

Let (,¢ € C(R) be such that

(5.2) fu) = fou+((u), f(u) = fou+E(u),
) o €

Let

(5.4) u) = pmax NOIE

then ¢ is nondecreasing and

(5.5) lim —=—= =0.
Let us consider

(5.6) u” + Afou + X(u) =

m—2
u'(0) = Z a;u(n
i=1

as a bifurcation problem from the trivial solution v = 0.
In view of (4.6), Equation (5.6) can be converted to the equivalent equation

(5.7) u(t) = /0 H(t, )\ fou(s) + AC(u(s))] ds

Further we note that

for w near 0 in E, since

IETC (I = o[lwl))
IK[C(u(-)l = max

/ H(t,s) ))ds
te[0,1]
< ClI¢(u())lloo-

+ max
te[0,1]

/Htts (s)) ds
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Let E = R x E with the product topology. Let Slj denote the set of functions in £
which have exactly k — 1 interior nodal (i.e. nondegenerate ) zeros in (0,1) and are
positive near ¢ = 0, and set S, = fS,j, and S = S,j U S, . They are disjoint and
open in E. Finally, let <I>,j€E =R x S’]:Ct and &, = R x Sj.

If (C3) holds, then we have from Remark 5.1 that for each k& € N,

Pk < Hik+1 < Uik+2-

Thus the results of Rabinowitz [7] for (5.7) can be stated as follows: For each integer
k > 1 and each v € {+, —}, there exists a continuum of solutions Cy;,; C R x E
satisfying

Cripr \{Aki1/f0,0)} € 5y,
and joining (Axi+1/fo,0) to infinity in &}, ;.

Remark 5.3. It is worth remarking that if (C3) holds, then for p € {2,...,1}
and k € N, there exists a connected set Cy,, of nontrivial solutions of (5.7) such
that Cf) U (Akip/ fo,0) is closed and connected. However we give no information
on the interesting question of which of the following cases will occur:

(i) C¥yp meets infinity in R x £
(i) Cryp N C/Zz/+p/ # () for some r’ € {2,...,1} with p’ # p and ' € {+,—}.

In fact, for the multi-point eigenvalue problem (1.1), (1.2), Akiqp < Aki4p does

not imply
Mltp < Mki+p-

Let us recall Example 3.1. In this example, A3 < A\y. But us = uq4 = 3. So we don’t
know if C5 joins infinity or not.

Proof of Theorem 5.1. It is clear that any solution of (5.6) of the form (1, u)
yields a solutions u of (1.3), (1.4). We will show that C};,, crosses the hyperplane
{1} x E'in R x E. To do this, it is enough to show that C;,; joins (Ax141/fo,0) to
(Aki41/ foos 00). Let (rn,yn) € Cfp ., satisfy

T+ |ynl| — oo

We note that r,, > 0 for all n € N since (0,0) is the only solution of (5.6) for A = 0
and CY;, N ({0} x E) = 0.
Case 1. fo < Agi+1 < foo- In this case, we show that

(Rt A1) € () € R 30 u) € Cfaa)
foo fO

We divide the proof into two steps.
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Step 1. We show that if there exists a constant number M > 0 such that
rn, C (0, M],

then C;, ; joins (Aki+1/f0,0) to (Akit1/ foo, 00).
In this case it follows that ||y,|| — co. We divide the equation

by ||yn| and set g, = HZ¢H Since 7, is bounded in C?[0, 1], choosing a subsequence
and relabelling if necessary, we see that g, — 7 for some § € FE with ||g|| = 1.

Moreover, from (5.3) and the fact that §~ is nondecreasing, we have

(5.9) g Cad)]

n=oo |ynl

since [€(yn (t))I/ynll < EynOD/Iynll < ENynllo)/Ilynll < EYnl)/l1ynll- Thus

3(t) = / H(t, 57 foof(5) ds

where 7 := lim r,, again choosing a subsequence and relabelling if necessary. Thus

n—oo

(5.10) ¥ +7fool =0,
m—2
70)=0, g(1) =Y aign).
i=1
We claim that
(5.11) 7€ Sk

Suppose on the contrary that § ¢ S}, ;. Since 7 # 0 is a solution of (5.10), all
zeros of § in [0, 1] are non-degenerate. It follows that § € S; # Sy, for some h € N
and ¢ € {+,—}. By the openness of S}, we know that there exists a neighborhood
U(y,0) such that

U(g,9) C S,

which contradicts the facts that g, — ¢ in E and g, € C}, ;. Therefore y € S}, .
By Lemma 3.1 and 3.2, 7foo = Agi41, so that

Thus C};,, joins (Aki+1/f0,0) to (Aki+1/ foos 00)-
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Step 2. We show that there exists a constant M such that r,, € (0, M], for all n.
Suppose there is no such M. Choosing a subsequence and relabelling if necessary,
it follows that

(5.12) lim r, = co.

n—oo

Let
T(1,n) <7(2,n) < ...<7(ri+1 — 1,n)

denote the zeros of y,, in (0,1), and set
7(0,n) =0, 7(pgi+1,n) =1
for convenience. Then there exists a subsequence {7(1,n,,)} C {7(1,n)} such that

lm 7(1,n,) = 7(1, 00).

m—00

Clearly

lim 7(0,n,) = 7(0,00) = 0.
We claim that
(5.13) 7(1,00) — 7(0,00) = 0.

Suppose on the contrary that
(5.14) 7(0,00) < 7(1, 00).
Define a function p: (0,00) X R — R by

) u#o’
7 fo, u=0.

I
(5.15) p(r,u) == u

Then by (C2), there exist two positive numbers p; and g, such that

(5.16) ro1 < rfzu)

< 1o, forall u>0.

Using (5.14), (5.16), and the fact that lim r,,, = oo, we conclude that there exists

m—00

a closed interval I1 C (7(0,00),7(1,00)) such that

lim p(rn,, ,Yn,, (t)) = oo, uniformly for ¢ € I.

m—0o0
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It follows that the solution y,,,, of the equation

y;{m () = p(Tnp Y () Yn,, (t)

must change sign on ;. However, this contradicts the fact that for all m sufficiently
large we have Iy C (7(0,7,), 7(1,nyy,)) and

Vyn,, (t) >0, t € (17(0,nm),T(1,nm)).
Therefore, (5.13) holds.
Next, we work with {(7(1, n.,), 7(2,nm))}. It is easy to see that there is a subse-

quence {7(2,nm;)} € {7(2,7m)}, such that

lim 7(2,n,,,) == 7(2, 00).

j—oo

Clearly

(5.17) Jll}rgo 7(L, ;) = 7(1, 00).
We claim that

(5.18) T(2,00) — 7(1,00) = 0.

Suppose on the contrary that 7(1,00) < 7(2,00). Then from (5.15) and (5.16) and
the fact that lim Tn,, = 00, We know that there exists a closed interval Iy C

j
(7(0,00),7(1,00)) such that
lim p(ry,, ,Yn,, ) =00, uniformly for ¢t € Is.
j—00 J J
This implies that the solution Ynm, of the equation

ygmj (t) = p(rnmj s Y, (t))ynmj (t)

must change sign on 5. However, this contradicts the fact that for all j sufficiently
large we have Iy C (7(1,7m;), 7(2,7m;)) and

Viin,n, (t) <0, te(r(1,nm,), 7(2,7m;))-

This proves that (5.18) holds.
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By a similar argument to that used to obtain (5.13) and (5.18), we can show that
for each s € {2, ..., k41 — 1}

(5.19) T(s+1,00) — 7(s,00) = 0.

Taking a subsequence and relabelling it as {(r,,y,)} if necessary, it follows that for
each s € {0,..., g1 — 1}

(5.20) lim (7(s+1,n) — 7(s,n)) = 0.

n—oo

But this is impossible since

Mik41—1
1 =7(uig+1,n) — 7(0,n) = (t(s+1,n) —7(s,n))
s=0
for all n.
Therefore
[rn| < M

for some constant number M > 0, independent of n € N.

Case 2. foo < Aii4+1 < fo.
In this case, we have

A A

R4l g Ak

fO foo
If (rn,yn) € Cf4q is such that

Tim (ry + [lga]}) = o0
and
lim r, = oo,
then A \
kl+1 Akl+1 y
(5 5) € e (0,000 (u) € G}

and consequently
({1} x B)N Cfpyy #0.
Assume that there exists M > 0, such that for all n € N,

rn € (0, M].
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Applying a similar argument to that used in Step 1 of Case 1, after taking a subse-
quence and relabelling, if necessary, it follows that

( (Aklﬂ )
Tn?yn) - f 7CXD 9 n - ij'

Again C}; | joins (Api41/f0,0) to (Arit1/foo,00) and the result follows. O

Proof of Theorem 5.2. Repeating the arguments used in the proof of Theo-
rem 1, we see that for each v € {+,—} and each i € {0,1,...,5}

Clliriyer N ({1} x B) £ 0.

The result follows. This completes the proof of Theorem 5.2. O

By using the similar method, we can establish the following results under the
condition (C4).

Theorem 5.3. Let (C0), (C1), (C2) and (C4) hold. Assume that either

fo < Auigr < foo

or

foo < Akigr < fo

for some k € N. Then the problem (1.3), (1.4) has two solutions u;,, . and u,, .,
w) ., has exactly 4, zeros in (0,1) and is positive near t = 0, and u;,,  has

El+1 Y kit kl+r
exactly pgi+1 zeros in (0,1) and is negative near t = 0.

Theorem 5.4. Let (C0), (C1), (C2) and (C4) hold. Assume that either (i) or
(ii) holds for some k € N and j € {0} UN:

(1) fo < Mitr <o < Apghigr < foos
(ii) foo < Aplgr < ... < >\(k+j)l+r < fo.

Then the problem (1.3), (1.4) has 2(j + 1) solutions ua_ﬂ,)l”, Ugriyir 8= 05003 J,
ua+i)l+r has exactly pi(pyiy4r zeros in (0,1) and is positive near t = 0, and

Uy iyt has exactly pi(yyiyi4+r zeros in (0,1) and is negative near t = 0.
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