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Abstract. In this paper we consider the energy of a simple graph with respect to its
Laplacian eigenvalues, and prove some basic properties of this energy. In particular, we
find the minimal value of this energy in the class of all connected graphs on n vertices
(n = 1,2,...). Besides, we consider the class of all connected graphs whose Laplacian
energy is uniformly bounded by a constant o > 4, and completely describe this class in the
case a = 40.
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1. INTRODUCTION

First we will repeat in short some elementary facts about the Laplacian spectrum
of a simple finite graph which we will use in the sequel.

Let G be a simple graph on n vertices with the vertex set V(G) = {v1,...,v,}.
Next, let A(G) = [ai;] be its (0,1) adjacency matrix, and D(G) = diag(ds,...,dy)
the diagonal matrix with the vertex degrees d1, ..., d, of its vertices vy, ..., v,. Then
L(G) = D(G) — A(G) is called the Laplacian matrix of the graph G. It is symmetric,
singular and positive semi-definite. All its eigenvalues are real and nonnegative and
form the Laplacian spectrum o (G) = {A1,..., A\n} of the graph G. We will always
assume that Ay > Ay > ... > \,. It is well known that )\, = 0 and the multiplicity
of 0 equals the number of (connected) components of G.

Theorem A. We have \1(G) < n.
Theorem B. If G has at least one edge and d = max{ds,...,d,}, then d+ 1 <

M (G) < 2d.
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Theorem C. If H is a (not necessarily induced) subgraph of a finite graph G
then
N(H) < A(G) (i=1,...,|H]).

Next, let G; = (V(G1), E(G1)) and Gy = (V(G2), E(G2)) be two finite graphs
with disjoint sets of vertices V(G1) and V(Gz). Then the direct sum G = G + G»
of these graphs is defined by V(G) = V(G1) UV (G2) and E(G) = E(G1) U E(G2).

Theorem D. If G = G + Gs is the direct sum of graphs G1, G2, then
O’L(Gl + GQ) = UL(Gl) U UL(GQ),

including the multiplicities.

A similar statement holds for any number of components G1,...,G,, (m > 2).
Theorem E. If G is the complementary graph of a finite graph G then

M(G)=n—Ai(G) (k=1,...,n—1).

If H is an arbitrary subgraph (not necessarily induced) of a graph G, we will
denote it simply by H C G. As usual, P, (n € N = {1,2,...}) is the path on
n vertices, and K, is the complete graph on n vertices.

Throughout the paper, we will often use the lists of all connected graphs with 2,
3, 4 or 5 vertices, which can be found in [1], the list of all non-isomorphic connected
graphs with 6 vertices (112 graphs, see e.g. [3]), and the list of all connected non-
isomorphic graphs with 7 vertices (824 graphs, see e.g. [2]).

2. LAPLACIAN ENERGY OF A GRAPH

If G is a simple graph on n vertices and {\ > X2 > ... > \,} is its Laplacian
spectrum, then by the Laplacian energy of G we mean the invariant

n

E(G) =Y 0@ = Y R(@).

=1

It is obvious that Er(G) > 0 for every graph G, and E1,(G) > 0 for every connected
graph on n > 2 vertices. Since \1(G) > 2 for any connected graph, we also have that
EL(G)=24ifn>2.

By Theorem C we immediately get the following statement.
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Theorem 1. If H is an arbitrary subgraph of a graph G, then Er(H) < EL(G).

By Theorem D we also have the next statement.

Theorem 2. If G is a disconnected graph whose components are G1,...,Gn,
then
EL(G) =) EL(G:)
i=1

Theorem 3. For any graph G on n vertices (n € N) whose vertex-degrees are

di,...,dy,, we have

n

(1) EL(G) =) (& +dy).

i=1

Proof. By the Viete rules we easily find that

(2) Z Ai = Zdh
(3) DONN =D didy =Y al.

i<j i<j i<j
Since a?j = a;; for every i < j, we also find that
n
DN =2 NN =D didy =D ay =) did;— Y di.
i i<j i#j i#j i#j i=1

Therefore

EL(G) = i A2 = (i )\i>2 =D A

i#j
n 2 n
(£ [gea- £
i=1 i£] i=1

n n

=3 d+> di= i(d? +dy).
i=1 i=1

i=1
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Corollary 1. For any graph G, its Laplacian energy Er(G) is an even integer
(including zero).
Proof. Since all numbers dy,...,d, > 0 are integers, we have that all numbers
d

n
d;(d; + 1) are even. Hence, their sum > d;(d; + 1) is also an even integer. O
i=1

<.

Corollary 2. If H is a proper subgraph of a connected graph G (|G| > 2), then
EL(H) < EL(G)

Proof. Since G has at least one edge, we find that E(G) > 0. Next, since
H is obtained by removing at least one edge from G, using (1) we easily conclude
that EL(H) < EL(G) O

As is also almost obvious by Theorem 3, the maximal Laplacian energy in the class
of graphs with n vertices is achieved for the complete graph K, when E(K,) =
(n — 1)n%. Only the graph K, has this maximal energy. Further, we will consider
connected graphs with the minimal Laplacian energy in the class of all connected
graphs with n > 2 vertices.

Theorem 4. For any connected graph G on n > 2 vertices, we have
(4) EL(G) = 6n—8.

Equality holds in (4) if and only if G is the path P, on n vertices.

Proof. We will prove this theorem by induction.

First, it is obviously true for n = 2. Next, let us assume that n € N is fixed, this
theorem is true for any connected graph with n — 1 vertices, and let us prove it for
an arbitrary connected graph with n vertices.

Let G be any connected graph with n vertices. Then, as is well-known, there is
an induced subgraph H C G on n — 1 vertices which is also connected. Denote
V(H) =A{v1,...,0n—1} and V(G) = V(H) U {v,}. Then v, is adjacent to at least
one vertex from vq,...,v,—1. Assume that v, is adjacent to v,_;. Denote by F
the graph with the same vertex set as GG, induced in G by H and the pendant edge
(Un—1,vn). We obviously have H C F' C G, and therefore E(G) > Er(F). Since
by the inductive hypothesis Er(H) > 6n — 14, and evidently Er(F) = EL(H) + 6,
we obtain that

EL(G)QEL(F):EL(H)+62671—14+6:67’L—8.

Hence, inequality (4) is also true for G.
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Next, equality obviously holds in (4) for the path P,. We will finally prove that
if G is a connected graph on n > 2 vertices such that Fr(G) = 6n — 8, then G must
be the path P,.

Let H have the same meaning as in the previous part of the proof. Prove that
dn, = d(v,) = 1. On the contrary, assume that d,, > 2 and let v, be adjacent not
only to v,_1 but also to some v,,_o € V(H). We know that Er(H) > 6n — 14. Since
it is easy to see that

EL(G) = EL(H) + 2dH(vn,2) + 2dH(Un71) + 10
and dy (vn—2),dg(ve—1) = 1, we get
EL(G)=6n—8 > 6n— 14+ 14 = 6n,

which is a contradiction. Hence, d,, = d(v,) = 1, so G is the same as F. However,
since by Theorem 3

EL(G) = EL(F) = EL(H) + anfl(H) +4=6n-—28,
we get that
2d,_1(H) = 6n—12 — B, (H) < 6n — 12 — (6n — 14) = 2
and consequently d,_1(H) = 1. Therefore
EL(H)=6n—8—-4—2=6n—14=6(n—1) —8.

By the inductive hypothesis this means that H = P,_1. Hence, H is the path P,_1
and v, is the end-vertex of this path. This obviously yields that G must be the
path P,. So we have proved that E.(G) = 6n — 8 if and only if G is the path P,.
This completes the proof. (Il

3. CONNECTED GRAPHS WITH UNIFORMLY BOUNDED LAPLACIAN ENERGY
In the sequel we will consider the problem of finding all connected graphs with

the property EL(G) < « for a fixed @ > 4. A similar problem for the usual energy
of connected graphs (in fact, a half of the energy) has been considered in [6].
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Theorem 5. For any « > 4, the class P(a) of all non-isomorphic connected
graphs with the property Er(G) < « is finite.

Proof. Let G be any connected graph on n vertices such that Fr(G) < a. If
its vertex-degrees are dq,...,d,, then

n

EL(G) =) (&} +di) < a,

i=1

and hence
n
n < Zdi < a.
i=1

So we obtain that n < «. Hence, the class P(«) must be finite. Also notice that

the applied inequality is very rough. O

Next, if G is any connected graph from the class P(«) (o > 4) and H is any of its
proper connected subgraphs, we have that Er(H) < EL(G) < a, so that H € P(«)
too.

So, for a particular value o > 4, it is interesting to describe the so called maximal
graphs from the class P(«) with respect to the relation “C”. We will do this for the
value o = 40.

First notice that for any connected graph G with 9 vertices we have Fr(G) >
6 x 9— 8 =46 > 40, so that all graphs from the class P(40) have at most 8 vertices.
Next, for any connected graph with 8 vertices we have E1,(G) > 6 x 8 — 8 = 40, and
Er(G) = 40 if and only if G = Ps. Hence, the class P(40) contains just one graph
of the order 8 (the graph Pg), and all other graphs have a lower order (up to 7).

Using the tables of connected graphs with respectively 2, 3, 4, 5, 6 and 7 vertices,
we can get the following general result. 0

Theorem 6. The class P(40) contains exactly 39 graphs. More exactly, it con-
tains exactly 1 graph of order 2, 2 graphs of order 3, 5 graphs of order 4, 8 graphs
of order 5, 14 graphs of order 6, 8 graphs of order 7, and 1 graph of order 8.

It also possesses exactly 19 maximal graphs whose orders run over the set
{4,5,6,7,8}, which are depicted in Fig. 1.

Corollary 3. A graph G belongs to P(40) if and only if it is a subgraph of one
of the graphs depicted in Fig. 1.
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