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Abstract. Let G = (V, E) be a simple graph. A subset S C V is a dominating set of G,
if for any vertex u € V — S, there exists a vertex v € S such that uv € E. The domination
number, denoted by v(G), is the minimum cardinality of a dominating set. In this paper
we will prove that if G is a 5-regular graph, then v(G) < f’—4n.
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1. INTRODUCTION

Let G = (V, E) be a simple graph and v be a vertex in V. The open neighborhood
of v, denoted by N(v), is the set of vertices adjacent to v, i.e., N(v) ={u e V: wv €
E}. Let S C V, G[S] denotes the subgraph of G induced by S. For any two
disjoint vertex subsets V1, Vo C V, E[V;, V5] denotes the set of edges between V4 and
Va. 6(G) denotes the minimum degree of the vertices of G. A subset S C V is a
dominating set of G, if for any vertex u € V' — S, there exists a vertex v € S such
that uv € E. The domination number, denoted by v(G), is the minimum cardinality
of a dominating set. A dominating set of cardinality v(G) is called a 7-set of G.

Theorem 1 ([1], [2]). For any graph G,

7(G)<n{15(G)< ! )1“/5(0)}

3G+ 1

When §(G) is small, the best upper bounds on (G) have been obtained.
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Theorem 2 ([6]). If G is a graph with §(G) > 1, then v(G) < n/2.

Theorem 3 ([5]). Let G be a connected graph of order n > ¢. If §(G) > 2 and
G ¢ A, then v(G) < 2n.

[ > [ > [X>[X>
[T OO0 X0

Figure 1. Graphs in family .A.

Theorem 4 ([7]). If G is a graph with 6(G) > 3, then v(G) <

oW

n.

According to the above conclusions, Haynes et al. posed the following conjecture.

Conjecture 1 ([3]). For any graph G with6(G) > k (k > 4), v(G) < kn/(3k — 1).

By Theorem 1, Conjecture 1 is true for £ > 7. So Conjecture 1 is open only for
the graphs G with minimum degree §(G) € {4,5,6}. In [4], Liu and Sun proved
that Conjecture 1 is true for 4-regular graphs. In this paper we will prove that
Conjecture 1 is true for 5-regular graphs.

2. MAIN RESULTS

Let G be a simple graph, and let S be a y-set of G. For a vertex u € V — S,
if [N(u) N S| = k, then u is a k-neighbor of S. Define Ny(S) = {v € V — S:
u is a k-neighbor of S}. If w € N1(S) and v is the only vertex in N(u) NS, then
u is a private neighbor of v (with respect to S). For any vertex v € S, denote
Ni(v) = N(v) N Ni(S). For {vg,v1} C S, denote Ny (vg,v1) = N(vo) U Ng(v1). Let
Jo be the set of vertices in S with no private neighbors, let J; be the set of vertices
in S with one private neighbor and let J; be the set of vertices in S with at least two
private neighbors. Thus Jy, J; and Js is a partition of S. For v € Ji, let P(v) denote
the only private neighbor of the vertex v. Let i(S) denote the number of isolates
in G[S].
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Theorem 5. If G is a 5-regular graph with n vertices, then v(G) < 13n.

Proof. Without loss of generality, amongst all «-sets of G, let S be chosen so
that

(1) i(S) is maximized.
(2) Subject to (1), |[N1(S)| is minimized.
(3) Subject to (2), |[N2(S)| is minimized.

Before proceeding further, we prove the following claims.

Claim 1. Each vertex v € Jy U Jy is an isolate in G[S].

Proof. If v € Jy, then by the definition of Jy, v is an isolate in G[S]. Suppose
that there is a vertex v € Ji such that v is adjacent to a vertex of S. Let S’ =
(S —{v})U{P(v)}. Then S’ is a y-set of G such that i(S’) > i(S). This contradicts
our choice of S. O

Claim 2. For any vertex u € V — S, if v1,v2 € N(u) N Jy (v1 # va), then
|N2(1)1) ﬁNQ(v2)| 2 2.

Proof. If|No(v1)NNa(ve)| =0, then 8" = (S — {v1,v2}) U{u} is a dominating
set of G such that |S’| < |S|, a contradiction. If |[Na(v1) N Nao(va)| = 1, let S" =
(S — {v1,v2}) U (N2(v1) N Na(v2)). Then S’ is a dominating set of G such that
|S’] < |S|, a contradiction. Thus we have |Na(v1) N Na(va)| > 2. O

Claim 3. For any vertex v € Jq, if Na(v) = @ and Ny(v) U N5(v) # 0, then
N(P(v)) N (N3(5) U Na(S)) # 0.

Proof. First we prove that N(P(v)) N N1(S) = 0. Suppose, to the contrary,
that Na(v) = 0 but |[N(P(v)) N N1(S)| > 1. Let S’ = (S — {v}) U{P(v)}. Then S’
is a y-set of G such that i(S’) = i(S) and |[N1(S")| < |N1(S)|, a contradiction.

Now we prove that |[N(P(v)) N Na(S)| < 3. Suppose, to the contrary, that
IN(P(v)) N Na(S)] = 4. Let S = (S — {v}) U{P(v)}. Then S’ is a y-set of G
and i(S") = i(S). Since Na(v) = 0, |N1(S")| = |N1(S)|. Since N4(v) U N3(v) # 0,
[N2(S")] < |N2(S)], also a contradiction.

So, IN(P(v)) N (N1(S) U N2(S))| < 3. Then N(P(v)) N (N3(S)U Ny(S)) #0. O
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Claim 4. Assume vy € Jo, u1 € N(v), v1 € N(u1) N Ji, No(v1) = 0 and
Ny(v1) U Ns(vy) # 0. If for any v € Jy and v # vy, N(vg) N N(v) = @, then there
exists a vertex w € N(P(v1))N(N3(S)UN4(S)) such that N(w)N(S—{vo}) C J1UJs.

Proof. Since Nao(vy) = 0 and Ny(vi) U N5(v1) # 0, by Claim 3, N(P(v1)) N
(N3(S)U N4 (S)) # 0. Assume w € N(P(v1)) N (N3(S)U Ng(S)). Then N(w)N (S —
{vo}) C J1 U Ja. Suppose that N(w) N (Jo —{vo}) # 0. Without loss of generality,
assume b € N(w) N (Jo — {vo}). We claim that N(vg) N N(b) # (). Suppose, to the
contrary, that N(vg) N N(b) = 0. Let S" = (S — {b,vo,v1}) U {us,w}. Then S’ is a
dominating set of G such that |S’| < |S], a contradiction. Then N(vg) N N(b) # 0,
which is a contradiction with the assumption. O

In order to prove the theorem, we only need to prove that n—|S| > %|S |. To prove
that n—|S| > 2|9|, we are going to work out a function g: E[V — S, S] — [0, 1] such
that

(@) n—1[S]= >  g(e)and

c€E[V—5,5]
(b) foreachv e S, y(v) = >  g(uww) > 2.
wEN (v)—S
If such a function g exists, then n—|S| > >oooogle)= 3 ( > g(uv)) =

%:S’y(v) = %|S|. Therefore, v(G) = |S| < 15—4n.

First we define two auxiliary functions.
For any edge e = wv € E[V — S, 5], let

Fuw) = { bowe ),

=, otherwise.

For any vertex u € V — 5, let

p(u) =

S
m
z
<

It is easy to verify that
Yoo f@+ Y e =n—|9].
e€E[V—85,8] u€V -8

Now we are going to construct the function g. In each step, we will guarantee that

g(e) < > fle)+ > ¢(u)=n—1S| and for any vertex vy € S,
ecE[V—-S,5] ecE[V—-S,5] uevV—-=S

Y(vo) > 2.
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If vg € Jo, let

0, otherwise.

g(uvo) _ { f(uvo), u e Nl(vo),

Since vy has at least two private neighbors and f(uvg) = 1 for u € Ny (vg), v(vo) =

> gluvg) 22> 2.
u€EN (vg)—S

If vy € J1, by Claim 1, vy is an isolate in G[S]. For u € N(vp), let g(uvg) = f(uvo).

Then
1, ’uENl(Uo),

f(uvg) = {

%, otherwise.

Hence we have (vo) = g(P(vo)vo) + > gluvg) =144 x £ =2
uw€N (vo)—{P(vo)}
In the following we assume vy € Jy. By Claim 1, v is an isolate in G[S]. First we

prove the following claim.

Claim 5. Assume vy € Jy, u1 € N(vg), v1 € N(up) NJy and |[N(up) N Jo| = ¢

t € {1,2}). If us € No(v1), then the edge ui1vg can gain at least L from uy without
g g 10t
9

obstructing the other vertices v of S such that v(v) > g. If there exists a vertex
w € N(P(v1)) N (N3(S) U Ny(S)) such that N(w) N (S — {vg}) C J1 U Ja, then the
edge u1vy can gain at least 2%1: from w without obstructing other vertices v of S such

that y(v) > 2.

Proof. Firstassume ugz € Na(v1). Then p(uz) = 2. Let N(v1)—{uy, uz, P(v1)}
4

= {us, us}. Since y(v1) = g(P(v1)v1)+ Y g(uw1) = 1+4x & = 2, the vertex uy has
i=1

no contribution to y(v1). First we dividle_ equally the amount ¢(usz) between the two
edges joining us to S. Thus usv; can gain %g@(ug) from uy. Then we divide equally
%gp(uz) obtained by wsv; among the edges uivi, ugv; and ugqv;. Thus ujvy can
gain %cp(uz). Finally we divide equally %CP(UQ) obtained by ujv; among the edges
joining uy to Jy. Therefore the edge ujvg can gain é(p(uQ) = %Ot from us.

Now assume w € N (P(v1))N(N3(S)UN4(S)) such that N(w)N(S—{vo}) C J1UJo.

Thus
%, iwaNg(S),
p(w) =4 ]
= if w e Ny(S).
(

Let N(v1) — {u1, P(v1)} = {u2,us,us}. Let b € N(w) N (S — {vg}), since N(w) N

(S —{w}) C J1 U Jy ~(b) = > g(ub) > 2. Thus the vertex w has no
ueN(b)—S
contribution to v(b). If w € N3(S), first we divide equally ¢(w) between the two

edges joining w to V — S. Thus the edge P(vi)w can gain 1¢(w) from w. Then
we divide equally %go(w) obtained by the edge P(v1)w among the edges ujvy, usvy,
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usv; and ugv1. Thus the edge uiv; can gain %g@(w). Finally we divide equally %(p(w)

obtained by the edge u1v; among the edges joining u; to Jy. Thus the edge ujvg

can gain écp(w) = ﬁ

the edges wiv1, usv1, usv; and ugqvi. Thus the edge uivi can gain %go(w) from w.

from w. If w € N4(5), first we divide equally ¢(w) among

Then we divide equally %(p(w) obtained by uiv; among the edges joining u; to Jy.
1

= 557 from w. O

So the edge u1vg can also gain -p(w)

For uvy € E[V — S, 5], if the edge uvg can gain the amount o without obstructing

the other vertices v of S such that y(v) > 2

&, we say that vg can gain the amount «.

Let N(vo) = {u1,ug, us, ug, us}.

5
Case 1. ||J N(u;) N Jo| = 3.

i=1

5

Assume there are three different vertices vg, v1,v2 € |J N(u;) N Jp. By Claim 2,
i=1

N(vo) N N(v;) # 0, (i = 1,2). By Claim 2, |[Na(vo) N Na(v;)| = 2 (4 = 1,2). Thus

|N2(vo)| = 4, [Na(v1)| > 2 and |[Na(v2)| > 2. Since for u € Na(S), ¢(u) = 2. Let
a= 3 (fluo)+ge)+ > (fluv)+ze)+ 3 (fluva)+50(u).

u€N (vo) u€EN (v1) uwEN (v2)
Then o > 15x++8x3x2 = 2 =3x2. Sofori € {0,1,2}, we can define g(uv;) such
that > g(uv;) = . Then y(vo) = y(v1) = y(v2) = > gluv) = 30> 2.
uwEN (v;) u€EN (v;)

5
Case 2. ||J N(u;) N Jo| = 2.
i=1

5
Assume |J N(u;) N Jo = {vg,v1}. By Claim 2, |[N2(vo) N N2(v1)| = 2. Without
i=1
loss of generality, we assume uy,us € Na(vg) N Na(vi). Then ¢(uy) = ¢(ug) = 2

3,
Let N(v1) — {u1, u2} = {ug, ur, us}.

Case 2.1 |(N(vo) UN(v1)) N N3(S)| > 1.
With loss of generality, assume ug € N3(5). Then ¢(u3) = 2. Let

f(uivg), i =4,5,
and
fluvr) + 3o(us), i=1,2,
g(uivy) = S f(uwr) + 5¢o(us), i=6,
fuy), 1=17,8

Then y(vo) = y(v1) = Y gluivg) =5 X + +2x 3 x 2+ 3 x 2 =12
i=1
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Case 2.2. |(N(vo) UN(v1)) N N3(S)| = 0.
Case 2.2.1. |(N2(vo,v1) U Ng(vg,v1)) — {u1,us}| = 2.
Without loss of generality, assume us, ug € No(S) U Ny(S). For i € {3,4},

3w
o) =1 % if u; € No(S),
%, if u; € N4(S)

If u; € No(S), then the vertices vy and v; can gain %go(ul) = % from w;. If
u; € Ny(S), then vy and vy can gain p(u;) = % from ;. Thus vg and v; can gain at
least 2 x % from u3 and uy4. So we let

f(UiUO) + %@(ul)v 1= 1) 27

g(uvg) = < fluwg) + %, i =3,
f (o), 1=4,5,
and
fluw) + 5o(ui), i=1,2,
g(uvr) = § fluvr) + %, 1 =0,
fuv), 1=1,8

5
Then v(vo) = y(v1) = 3 gluiwg) =5x 2 +2x g x 3+ 1 =2
~

Case 2.2.2. |(Na(vg,v1) U Ny(vo,v1)) — {ur,us}| < 1.
Assume uy, us € N5(S). Then uz € Nao(S) U Ny(S) U N5(5).
Firstly, we look at u4, we will prove that vy and v, can gain at least 11—0. Denote
8
N(U4) = {Uo,vl,’L}Q,Ug,U4}. Since U N(’U,l) n JO = {’Uo,’Ul}, {’02,’03,1)4} Q Jl U JQ. If

i=1
{va,v3,v4} N Jo # 0, without loss of generality, assume vy € Jo and ', u” are two

private neighbors of vo. Then f(usv2) = £. Since y(v2) > g(w'v2) + g(uv2) = 2, the
edge u4v2 has no contribution to y(v2). Thus vy and v; can gain % from u4vs.

If {vg,v3,v4} C Jy, then we consider the following two subcases.

Case 2.2.2.1. |E[{va,v3,v4}, N2(9)]| > 1.

Without loss of generality, assume vou’ € E[{v2}, N2(S)]. By Claim 5, vy and vy
can gain % from u’.

Case 2.2.2.2. |E[{va,v3,v4}, N2(9)]| = 0.

For i € {2,3,4}, since N5(v;) # 0, by Claim 3, N(P(v;)) N (N3(S) U Ny(S)) # 0.
Let w; € N(P(v;)) N (N3(S) U N4(S)). By the definition of ¢(w;),

2 if ws
() =4 if w; € N3(9),
%, if w; € N4(S)
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4
If U N(w;)NS C Jy U Js, then, by Claim 5, vy and v; can gain 3 x 21—0 from ws,
i=2
ws and wy.

4
If |J N(w;)NJy # 0, without loss of generality, assume b € N(wz) N Jy. If b # v,

we clza_irzn that N (vg)NN(b) # . Suppose, to the contrary, that N (vg)NN(b) = (). Let
S" = (8—{b,vp,v2})U{ug, w2}. Then S’ is a dominating set of G such that |S’| < |S|,
a contradiction. Thus b = vy. Since |N4(vo,v1)| < 1, we have |Ny(vo,v1)| = 1.
Without loss of generality, we can assume wy = ugz. If b = vy, then wy = ug also.
Since |Ny(vo,v1)| = 1, (N(ws) UN(wq)) NS C J1 U Jp. By Claim 5, vy and v; can
gain 2 x o
Therefore, we have proved that if |Ny(vo,v1)| = 1, vo and v1 can gain at least 7

= 11—0 from ws and wy.

from we, ws, wy, and if |[Ny(ve,v1)| = 0, vg and vy can gain at least % from wy, ws
and wy.

Secondly, we look at us. Similar to u4, we can prove that if |[Ny(vo,v1)| = 1, vo
and vy can gain at least 75 and if [N4(vo,v1)| = 0, vo and vy can gain at least 3.

Finally, we look at uz. If ug € Na(S), then p(us) = 2. We divide equally ¢(us)
between the two edges of E[V — S, S] incident with uz. Thus vy and v; can gain at
least 3¢ (u3) = 15 from ug. If us € Ny(S), then p(u3) = £. Thus vy and v; can gain
p(us) = % from wugz. Therefore, vo and v1 can gain at least p(ug) = % from us. If
uz € N5(S), then |N5(vo)| = 3. Similar to uy and us, vo and vy can gain 5.

Now we give a brief summary. If | Na(vg, v1) U Ny(vg,v1)| = 1, vo and v can gain

at least 1 +2 x 15 = 2. If [N2(vg, v1) U Na(vo,v1)| = 0, vo and vy can gain at least
3 % % = 29—0 > % Therefore, vy and v can gain at least % So let
f(UiUO) + %@(ul)v 1= 1) 27
g(uive) = ¢ f(uivo) + 3, i=3,
f(uivo)v 1= 4) 57
and
f(uivl) + %@(ul)v ? 1) 27
g(uvr) = § fluwr) + %, i =6,
f(uivl), 1= 7,8
o 1 1.,3,1_9
Then’y('[}o):’y(’Ul):;g(UiUO):5Xg+2X§Xg+g:g.
5
Case 3. ||J N(u;) N Jo| = 1.
i=1

5 5
In this case, we have |J N(u;) N Jy = {vo}. Thus |J N(u;) — {vo} C J1 U Jo.
i=1 i=1

1=
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Case 3.1. |Na(vo)| > 3.

Without loss of generality, assume wuy, u2,us € Na(vg). Then ¢(u1) = p(uz) =
¢(u3) = 2. For each u; (i € {1,2,3}), we divide equally ¢(u;) between the two edges
of E[V — S, 5] incident with w;. Then the edge u;vy gains %go(ul) = 13—0 from wu;. So

let
fluivo) + 3o(ui), i=1,2,3,
g(uzvo) =

f(uwvo), i =4,5.

>

==
O|<O
o

5
Then v(vo) = > g(uivo) =5 X £ +3x 3 x 2 =
i=1

Case 3.2. |Na(vo)| = 2.
Assume Na(vg) = {u1,uz}. Then ¢(u1) = p(ug) = 2.

Case 3.2.1. |N3(Uo) U N4(Uo)| 2 1.
Assume ug € N3(vg) U Na(vg). Then

%7 if U3€N3(S),
1
5

Plus) = if uz € Na(S).

Thus the edge usvg can gain at least % from ug. So let

fluivo) + 5o(ui), i=1,2,

Then y(vo) = Z gluivg) =5 x + +2x g x 3+ 1 =

[$2{Ne)

Case 3.2.2. |N5('U0)| =3.

Then us € N5(vg). Denote N(us) = {vo,v1,v2,v3,v4}. Then for i € {1,2,3,4},
v, € JyUJa. If v; € Jo, then the edge u;vg can gain f(usvg) = % from usv;.
Otherwise v; € Ji. If No(v;) # 0, assume v’ € Ny(v;). By Claim 5, the edge uzvg can
gain 75 from u’. If Ny(v3) = 0, by Claim 3, there exists a vertex w; € N3(S)U Ny(S5)
such that N(w;) N (S —{vo}) € J1 U Jo. By Claim 5, the edge usvg can gain 55

from w;. Hence, the edge usvg can gain at least 4 x 21—0 = % altogether. So let

f(UiUO) + %So(ul)a ? 17 2)
g(uivg) = { fluivo) + £, =3,
fuv), i1=4,5
5
Then (vg) = Zg(uivo):5x%+2x%><%+%:%

i=1
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Case 8.3. |Na(vo)| < 1.

Case 3.3.1. |N3(vo)| = 2.
Assume uy,uz € N3(vg). Then ¢(u1) = ¢(uz) = 2. Let

(uito) = fluv) + o(ug), i=1,2,
gluivg) = fuv), i=3,4,5.

5
Then v(vg) = Y g(uivg) =5 x § +2x 2 = 2.
=1

Case 3.3.2. |N3(vo)| = 1.
Case 3.3.2.1. |N2(vo) U Ny(vg)| = 2.

Since
%, u € NQ(U()),
SD(U/) = %7 U€N3(’U0),
%, u < N4(’U0),

for i € {1,2,3,4,5}, let

f(ui’Uo) —+ %cp(ul), lf Uq S NQ(U()),
g(uive) = § fluivo) +(ui),  if u; € N3(vo) U Na(vo),
f(uivo), if u; € NQ(’U()).

[S31 e

5
Then v(vo) = > g(uive) 25 x + + 2 +2x =
i=1

Case 3.3.2.2. |N2(Uo) U N4(Uo)| < 1.
Assume N3(vg) = {us} and ug,uq,us € Ns(vg). Then p(uz) = % and u; €
No(S) U Ny(S) U N5(S). Denote N(uz) NS = {vg,va1,v22} and N(ux) NS =
5

{vo,vkl,vkg,vkg,vM} (k S {3,4,5}) Then U N(uk) n (S — {’Uo}) C JiUJs.
k=2

5
For any v;; € |J N(ug) N (S —{w}) (i € {2,3,4,5}), if v;; € Jo, then the
k=2

edge w;vp can gain f(u;v;;) = % from w;v;;. Otherwise, v;; € Jy. If Na(v;;) # 0, by
Claim 5, the edge u;vg can gain 11—0. If Ny(v;;) =0, by Claim 4, there exists a vertex
Wi S N3(S) @] N4(S) such that N(w”) n (S — {’00}) Q Jl @] JQ. By Claim 5, the
5
edge u;vg can gain 55 from w;;. Since | |J N(ug) N (S —{vo})| = 14, the edges uzvo,
k=2
u3zvp, uavy and usvy can gain at least 14 x % altogether.

Next we look at ui. If uy € Na(S), then p(uy) = 2. We divide equally ¢(u)
between the two edges of E[V — S,5] incident with w;. Thus the edge ujvg can
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gain $o(u1) = &5 from wy. If uy € Ny(S5), then p(u1) = #. Denote N(uy) N
S = {vg, v11,v12,v13}. Then {v11,v12,v15} C Jy U Jo. Similarly to uzvg, ugvg and
usvg, the edge uivg can gain at least 3 x %. If uy € N5(S), denote N(u;) NS =
{vo, v11,v12, V13, v14}. Then {v11,v12,v13,v14} C Jy UJo. Similarly to ugvg, ugve and

u5vg, the edge uivg can gain at least 4 x 21—0.

Hence, for u1 € N2(S) U Ny(S) U N5(S), the edge uivo can gain at least 5. Let

f(’u,ﬂ)o) + %, 1= 1,
g(uivg) = < f(uvg) + 2 %, 1=2,

f(ui’l}o) +4 x %, i=3,4,5.

e

Then y(vo) = Y g(uivg) =5 X £ + 17 x 55 > £.

i=1

Case 3.3.3. |N3(vo)| = 0.

Case 3.3.3.1. |N2(vg) U Ny(vg)| = 4.
For i € {1,2,3,4,5}, let

f(ugvo) + 30(us), if u; € No(vp),
g(uivo) = f(uivo) + go(ul), if u; € N3(’U0) U N4(’U0),
f(ui’l)o), if u; € N5(1}0).
5
Then y(vo) = > g(uivo) =5 x £ +4x £ = 2.
i=1
Case 3.3.3.2. |Na(vo)| =1 and |Na(vo)| < 2.
Let N (vo) = {u1} and let Ny(vo)UNs(vo) = {u2, us, us, us}. Then p(uy) = 2. Let

5
|Ng(vo)| = t. Then |N5(vg)| =4 —tand ¢t € {0,1,2}. Thus |J N(ur)N(S—{vo}) C
k=2
5
JiUJy and | U N(uk) N (S —{wve})| = 3t +4(4—1t) = 16 — ¢ > 14. For any
k=2

5
vij € kL_J2N(Uk) N (S —A{w}) (¢ € {2,3,4,5}), if v;; € Jo, then the edge u;vy can

gain f(uv;5) = % from u;v;;. Otherwise, v;; € Ji. If Na(v;;) # 0, by Claim 5,
the edge u;vp can gain %. If Na(vij) = 0, by Claim 4, there exists a vertex w;j €
N3(S) U Ny (S) such that N(w;;) N (S —{vo}) C J1 UJa. By Claim 5, the edge usvg

5
can gain & from w;;. Since there are 16 — ¢ vertices in N(ug) N (S —{vg}), the
84 20 ! k=2
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edges uavg, uzvg, ugvg and usvg can gain at least (16 — t) x % altogether. Let

f(UiUO) + %So(ul)a 1= )
9(uivg) = ) L
fluvo) + (16 —t) X 55, i =2,3,4,5.
Then ~(vg) = Zg(ulvo)fivx— +3x2+(16—1) x 55 > 2.

Case 3.3.3. 5’ |N2(v0)| =0 and |Na(vo)| < 3.

5
Let |Ny4(vg)] = t. Then |N5(vg)] =5 —t and ¢ € {0,1,2,3}. Thus |J N(ug) N
k=1

(S = {wo}) € J1 U Jy and L5J N(ug)N (S —{vo})| =3t +4(56—-t) =20—1t > 17.
k=1

5
For any v;; € U N(ux) N (S —{vo}) (i € {1,2,3,4,5}), if v;; € Jo, then the
k=1

edge w;vp can gain f(u;v;;) = 1 from w;v;;. Otherwise, v;; € Ji. If Na(v;;) # 0, by
Claim 5, the edge u;vy can galn . If Na(v;j) = 0, by Claim 4, there exists a vertex
w;; € N3(S) UN4(S) such that N(w”) (S —{w}) C U J2 By Claim 5, the edge

;v can gain 55 from w;;. Since there are 20—t vertices in U N(ug)N(S—{vo}), the
k=1

edges u1vg, U2, usvy, usvo and usvy can gain at least (20 —t) x % altogether. For
5

i€{1,2,3,4,5}, let g(uivg) = f(uivo) + £(20 — t) x 55. Then y(vg) = 3 g(usvg) =
i=1

5X 34 (20—1) X 55 > 2.
We have finished the definition of the function g, which satisfies conditions (a) and
(b). Therefore the proof of the theorem is completed. O

By a similar method, we can prove that Conjecture 1 is true for 6-regular graphs [8].
Therefore Conjecture 1 is true for all k-regular graphs, where k > 3
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