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1. INTRODUCTION

The Széasz-Mirakian operator is defined by

(nx)*

(11) Sutfa) =3 sna@f (L), suate) =e
k=0

It is known that for f € Cp[0,00) (the set of continuous and bounded functions),
o(x) =z and 0 < a < 1 (cf. [4])

(1.2) 1Snf = fll = O(n™*) & wi(f,1) = O(t>*),

where w?(f,t) is Ditzian-Totik modulus. But this result can not include the case of

the classical modulus w?(f,?). In [3] Ditzian used the unified modulus w2, (f,t) =

sup ”A?w*f” (0 < X < 1) to bridge the gap between the classical moduli (A = 0)
h<t
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and the Ditzian-Totik moduli (A = 1). With wik(f, t) we have (cf. [5])

(1.3)  [Sn(f,2) — f(z)| = 0((%2”)”) S (f,1) =0 (0<a<2)

In order to obtain faster convergence, quasi-interpolants Sf,” of S, in the sense of

Sablonniére are considered (cf. [1], [2], [7]). We recall their construction. II,, denotes

the space of algebraic polynomials of degree at most n. On II,, the Szasz-Mirakian

operator S,, and its inverse S, ! can be expressed as linear differential operators

with polynomials coefficients in the form S, = Y° 7 D7 and S, ' = Y~ o7 D7 with
§=0 §=0

D = d/dz and D° = id. The left Szdsz-Mirakian quasi-interpolants of r degree are

defined by

(1.4) S (f,x) = alDIS,(f,x).

=0

Some basic properties can be found in [1], [2]:
(1) 8 = 8,, 88 =id
(2) For 0 < r < n, p €Il,, one has

(1.5) S8 = p.

(3) ag(z) =1, af(z) =0,

n n €z n €z nxj_j/

where j' = [3(j 4 1)] and C}' are constants independent of 7.
(4) For f € Cpl0,00), p(z) = Vo, n>2r—1,r €N, we have

(2r=1) ¢ _ (L
(L.7) IS2 0 F = flloe < CWZ (£, 7).

We note that there are no inverse and equivalence results in [2]. In this paper

(2r—1)

we will consider the simultaneous approxmlatlon for S f) and give an
)-

(
equivalent result with the unified modulus w () (0< A<
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Theorem 1.1. Let f*) € Cy[0,00), s € NU{0}, 0 < s < 2r — 1, p(z) = /x,
6n(z) = max{p(z),1/y/n}, n >4r, 7 €N, 0 < A< 1. Then for 0 < a < 2r — s the
following two statements are equivalent

1=X ()@
(18) (1) |DSS§“><f,x>f<s><x>|o((5n U)),
(2) W) = o).

Now we give the definitions of the unified modulus and K-functional:

(19) w:))\ (fa t) = Sup sup |A2<p>\ f($)|7
0<h<t 2— hpr €[0,00)
(1.10) Kon(ft7) = inf  {[If =gl + 7[00 |0},
gEWT(,[0,00))

(L11) Kou(fit) = it {|If = glloo + 1979 oo + /D¢ }
gew™ (,[0,00))

where

w(p,[0,00)) = {g: g € C[0,00), ¢ € ACuioc, 079 |oe < 00, g7 ]lo < 00}
It was proved in [4] that

(1.12) woa(fot) ~ KO (f,17) ~ KA (f,17).

Throughout this paper | - || denotes || - |, and C denotes a positive constant, not
necessarily the same at each occurrence.

2. PRELIMINARIES

By [4, (9.4.3)], we have for f(*) € C[0, 00)

(21) DS.(f) = Y n'sas@)y 7 (L)
k=0
= inssnk(x)/n ;f(s)<%+u1+...+us>du1... dus.
k=0 0 0
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Noting that o} € II;, from (1.4) and (2.1) we have for 0 < s < 2r — 1 and
f) € Cpl0,00)

2r—1 gAs
s Q(2r—1) . S i.n jt+s—i
22 DsE e = X3 (§) v re)
7=0 =0
2r—1 jAs s . o o
= Z i)DZa?(x)DJ_ZZnssmk(x)
j =0 k=0

<
I
o

k
f S) + U+ ...+ us) duy ... dus,

o\
Sk

0
where j A s = min{j, s}.
Observe that
2r—1 jAs s o
23 SE e = Y () Da@n S wtsu)
§=0 i=0 k=0

o\
Sk

' k
/ 9(—+U1+...+us>du1...dus
0 n

1
n
S
)

2r—1 jAs [e%s) k’
= ( )Dza?(x)Dj_lan,k(:n)g(g»
j=0 i=0 k=0

1

where g(%) =n® [ "'fo ( 4+ ur+... + us) duy ... dus. Thus we see that
(2.4) DS (f,x) = SPEH (), 2).
Since o (z) € Il (see (1.6)), it is easy to see by (2.3) that

(2.5) SEr=H(1,2) = 1.

For z € E,, = [1,00) by [4, (9.4.9)], we can deduce that

m l

Sn. k().

(2.6) D™ s 4 (2 Ci( )
=

Next we give some lemmas.
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Lemma 2.1. For o} (z) and r < j, we have
(1) z€ E; =[0,1),
2.7) la%(z)] < Cn~Y,
2.8) |D" o (z)| < Cn~7 7.
(2) z € B, =[1,00),
(2.9) o ()] < On™7/2¢7 (x),
(2.10) |D"aM ()] < Cn~ 2450077 (x).
Proof. This follows easily from (1.6). O

Lemma 2.2. The operator Sn s

(2.11)

Proof. (1) Forze€ E: =0

1532~ (g, )|

;) from (2.3), (2.1) and (2.8

(g, ) is bounded, that is,

< Cllgll

), we have

2r—1 jAs

|S(2r 1)

<o X S S (L)

Sk ().

=0 =0

Noting that |A] ‘g (B <Clgl <

152 (g, 2)

(2) For z € E,, = [,

2r—1 jA
| 27‘ 1)

(g,7)] =
7=0 i=
2r—1 jAs
>

i=0

<C
0

2r—1 gAs i
_Jyi sy
<CY N n it i(a
7=0

i=0
1

2r—1 jA

<Cllgll Y Zn

7=0 =0

00), from (2.3), (2.6), (2.10) and [4

%+%<pj i Z'Dj i

Cllgll, we have

< Cllgll-

, (9.4.14)], we have

S5 () pa )Dﬂ‘-ésn,m)g(%)\

@la(5)

> 1( )] TR el sstofal()
k=0 1=0
i (1) F bl <l

~

=0
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Now we give the estimate of the moments for Szdsz operators (cf. [4, p. 138
(9.5.10)]) which will be used later:

Cn=%, for x € ES = [O, %)

(2.12) Sp((-—2)% x) < 2 7
oL (), for z € B, = [1,00).

3. DIRECT THEOREM

In this section we give a direct approximation theorem.
Theorem 3.1. If p(z) = /z, §,(x) = max{p(z), \/Lﬁ}, 0<A<L,n=2r—1,

0 < s<2r—1, then for f*) € C[0,00), we have

(31) D80 () - 1) < O (50, B D),

Proof. By the definition of I_(iﬂ_s(f, t2r=%) for fixed n, x, A\, we can choose
g(t) = gan«(t) such that

S1-A 2r—s S1-X =55
(32) Hf(s) _ gH + < n (:E)) HSD(Q’I‘—S))\Q(QT—S)H + ( n\/E(x)> Hg(27‘—s)H

Using f) = f(®) — g + ¢, by (2.4) and (2.11), we have

(3.3)  [D*SEV(fx) — fO () = |SEV (D, x) — FO ()]
1S (fO) — g,2)| + £ () — g(2)| + [S21 7V (g, 2) — g(2)]
OIS — gl + 182V (g, ) — g()|

<o (1 (200 s - g

Therefore we only need to estimate |S (2= 1>( ,x) — g(z))|.

<
<

Since S~ 1>(f, x) is exact on Ia,. 1, we have for all 1 < j < 2r — 1
(3.4) S =D ((t —z)?, x) = 0.
Note that D*S*"~ 1>(f,:1:) = S,<127271>(f(5),x), S0
D SE((t = w)w) = (= 1) (G = s+ DSVt 2) 7).
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Therefore for 1 < j < 2r — 1 — s, we have

(3.5) SEr=H((t — z)7,2) = 0.

Now using Taylor formula, we write

1 (t — :C)ZTilis (2r—1-—s)
g(t) = g(x) + (t — 2)g ($)+---+mg (z) + Rar—s(g,t, )
where R, _s(g,t,2) = T 1 ol f )2r=1=5g(2r=9)(y) du.

By (2.5) and (3.5), we have

1S (g, @) — g(@)] = ST (Rar—s(
We will estimate I.

For z € ES = [0,1), by (2.3), (2.1) and (2.8), we have

(36) |S'r<7.2,§_1> (R2T75(ga'az> IZ?>|
2r—1 jAs
k
ZZ()DZH D] lzsnk R2r s(ga ) )
7j=0 =0
2r—1 jAs k
JHe, J— z Jj—i —
CZZ’H, n ‘A RZT s(gnx> Snk( )
j=0 i=0 k=0
where
_ k
RQT—S (97 ) !E)
n
1 1
— RS " " 1
o /0 /0 T
Ftui o tus




and (cf. [4, (9.6.1)])

1 ! —1-s (2r—s
|R2T_S(g7t’:'[j)| = ’m/ (t _u)2T 1 g(2 )(u) du
|t _ .T|2T_S_1 /t o B |t _ .T|2T_S
< 67(7, T S)A(u)|g(2r s)( )| dul < Hé‘(?r s)>\ (2r— s)” ,
67(127‘75)/\(%) . 2r s))\( )

we have by [4, (1.1.3)]

07 |8 R (0.0 = (S0 (7 Y (0 £ 4 2
=0

iz j—i R RITE RS
(e L

(k:0+]zl

2r—1—s
+up ...+ us —u) g(QT*S)(u)dudul... dug

j—i 1 1
C Z n® /0 o /0 ”67(127“75))\9(27“75) H
=0

’WJrulJr...qLusfx

2r—s

duq ... dug

57(127‘—8))\ (x)
1
55127‘75)/\ (.’,E)

j—i . . - 5
k+j—i—1l+s resk+j—i-1 s
sza"{‘f:ﬂ LR }
=0
r—s r—s 1 k 2r—s S +] — 1\
< Il )WQ_I +( ) )
o) \In "

Hence we get with &, (2) ~ = for z € ES by (3.6), (3.7), (3.2) and (2.12)

vn
2r—s 1\2r—s
()]
n

< CfjafEr= g |

1 7‘75 r—S
(3.8) fgcw\wg g® )HZSnk U—CE

(2r— s))\
) g(27‘75) n7(2r75)

51 Alx)\2r—s s s _ (2r—s)x s
( 0 ) (e g e 4 5 gl
)

S1-A 2ros
) ” (2r— s))\ (2r— s)||+( \/_($))1A/2||g(2r—s):|
n

<|(%7

o (5
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For z € E, = [%,00), from (2.3), (2.6) and (2.10), we have

2r—1 jAs 1 ) oS Jj—1 n j—;‘+1 k I % %
szn(a DIk (E) Sn’k(x)‘ﬁf‘r‘ / /
7=0 =0 k=0 =0 0 0
;+u1+..,+u5 k 2r—1—s
/ (——i—ul—i—...—i—us—u) g<2r75)(u)du duy ... dus.
- n
Using [4, (9.6.1)]
¢ t—x|™
t—u mflg(m) u du‘ < | (Pm)\g(m) ,
J =0t an] < S o)
we get (cf. [4, (9.4.14)])
2r—1 jAs oo j—t
(3.9) IQCZZZ ns(—> Sk (T ’—7:17‘/ /
j=0 i=0 k=0 (=0
2r—s
b —
> ||<,0(2T s)>\ (2r— s)” |n U1 u | duy ... dug

(p(2rfs)/\ (I)

<C||<’0(2’I" S)A 2r S)||<,07(2T S)A (.’,E)
2r—1 jAs j—i

SR EE) Sl o (5

7j=0 =0 [=0
\CH(P(QT s)>\ (2r— s)||(p—(2r—s)>\(x)

2r—1 jAs j—

ST (D)

=0 =0 I=
< CQO (2r—s)(1— )\)(:E)/(\/ﬁ)%"fsHSD(ers))\g(ers)H.

From (3.8) and (3.9), we have

57117)\'% s r—s r—s 57117>\x 1-x/2 r—s
(3.10) I<C<<A> [CEREWE >||+< ()> 742 >|>

vn
_ 61—)\($) 2r—s
< 2r—s n )
< CR%, (f, (== )
Therefore from (3.8) and (3.10) we obtain

DS (f,x) = £ (@) = [SPLH (), 2) — £ ()]
<COIfS —g| +1S2r (g, 2) — g()|
T72r—s8 K} 6711 )\(LL') 2r=s T—S8 61 )\(LL')
<om (50, (B RP)T) < cun (10, B 22,

The proof of the theorem is complete.
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4. INVERSE THEOREM

In this section we will give an inverse result as follows.

Theorem 4.1. Let f() € Cp[0,00), 0 < s < 2r—1,n > 4r, 0 < XA < 1
0 < a<2r—s, then

DS (f,0) - 1)) = O ()"

)

implies

W) = 0.
To prove Theorem 4.1, we need the following lemma.

Lemma 4.2. For n > 4r, we have

(4.1) |SD(2T_S))\($)D2T_SS7<12;_1 ( )| < C?’L ( )Hg”,
(9 € Cp[0,00)),
(@2) @D S (g )] < Ol ),

(9 € w**(,[0,00))

Proof. First let us prove (4.1). We consider two cases: z € E and x € E,.
For z € E;;(ﬁ ~ bp(x)), from (2.1), (2.3) and (2.8), we have

(4.3) |g0(2T_S))‘(CL')D2T_SS<2T_1>(g $)|
2r—1 jAs s
(2r—s)
drrw TS (S ()
7=0 =0 =0
z+l n 2r—s—Il+j—1 — k
x D" o (z) D ank g( )
k=0
2r—1 jAs j—i
R D) B
j=0 i=0 1=0

. aon_ e qui_i [k
Pros i, (@) Ky ()

2r—s 2r—s

=gl < On = oIV (@) g

<On~
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For z € E,, (¢(x) ~ d,(x)) and A = 1, from (2.3), (2.6) and (2.10), we have

(44) [P (@) D> S (g, )]

o0

k=0
< Cllgllp?* > (x) n”EHE I ()

oo 2r—s+j—i—l

ol S T T

k=0 m=0

27‘

<Cn~T gl

Using (4.4) for 0 < A < 1, we have

(4.5) @ @) D2 S (g, )
(2T_S)(>\_1)(I)|¢2T/\(I)D2T_SS,<3§_1>(97:C)|
< Cn T 50D () g]].

By (4.3), (4.4) and (4.5), we get (4.1).

Now we prove (4.2). First of all we have (cf. [4, p. 154]) for k =1,2,...

/ / A2T 5g +u1+ +us>du1...dus

(4.6) ‘NT S— —nt

7 |2r—s—1
y——
n

< Cn? / / sup /
1<i<2r—s

‘g“r S)( +y+urt. +u>
2r

<Cn—(27‘ s)+1/ '

9@ S)( +u>‘du

0
k _2r—sy
<Cn~ (2r— s)( ) 2 ||80(2rfs))\g(2rfs)”7
n
and for k=0
2r
(47) Brgo) <o [Tt gl ) du
n 0

< OB R g

Di+l ;1( )D2r s—Il+j— 12371,]6(55)!7(%)‘

. dug
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Similarly we have for k£ # 0, m € NU {0},

2r4+m

N n k
(4.8) ‘Aarfsg(k + m)‘ < Cn—(2r—s)+1/ ‘9(27‘—8) (_ n u) ’ du
n n 0 n
k _2r=sy
<COn~ (2r— s)( ) 2 ”90(21”75))\9(27"75)”’
n
and for k=0, m # 0,
2r
A2r—s = @ —(2r—s)+1 (27‘ s) ‘
<
(4.9) ’A% g(n)’\Cn /0 ( —i—u) du

—(2r—s)+2rz= r—s r—s
< On~@Gr=a)+7574 | p@r=s)A yC2r=s)|

Noting that for p € N and p > ?x\

(4.10) isn,k(x)(g)*z?” < (i sn,k(x)(%)Z)frzpsA

k=1 k=1

1 o0
<C (x_p Z Sn,k-i-p(w))
k=1

2r—s
2p A

< C()D—(Qr—s)k(x)7

we have by (4.6)—(4.10)

- k
2r—s+j—i—l1 (N
(4.11) D ank(ac)g<n>‘
k=0
j—i—1
o k+m
< 2r s+j—i—l1 ’ 2r—s — ’
S a3 57 (1)
Jj—i—l1 m
= Cn*rmstiT l(S o(f)‘AiT_sg(O)’vLSno(fr) Z ’Azf_s_(gﬂ
n — n
j—i—l oo k+m
A2r—s =
3 S e[S (7))
m=0 k=1
< Cn2r75+jfi7l (n7(2T75)+2T275)\ + n7(2r75)¢7(27‘75)/\(x)>
% ||SD(2T_S))\9(2T_S)”-
For x € ES, p(x) < \/_, from (2.3), (2.8) and (4.11) we have
(4.12) [pCr= N (@) D> SV (f,2)]
2r—1 jAs j—1 k
(27‘ s) ZZZDIH n D2’I" s—Il+j— lZSnk g( )
7j=0 =0 =0 k=0

< CH(P(2T_S)>\Q(2T_S) H )

800



For x € E,, by (2.6) one has

D27‘ s+j—i—l Z Sn, k ’ ‘Z{J(Dj—i—lsmk(x))n%—sﬁirsg(g>’

n

j—i—l i lm 2 B
<03 () e[| Ay ()

p(x

(4.13)

7!
—Sn,r ; k:O7
2 sr(@)

O(EY supirla), k0,

thus by (4.6) and (4.7), we have

(4.14)
9Esolt - s )
k=0
(s a0] - S () = B 3G)])

1 o gy 2r=s = "k Mg (kT I
< B () = ()

 itZr=gar=2)

N

here we have used that maxe "*z"t™ is achieved at x = ’”*Tm
It is easy to see that

(4.15)
o JenT(1=2)+ 22
ZS"””T(@(g)l T

(ank+r %)%(1»%») (anm [(k—i—r w>2m+<£>sz%
< Oz [( ) ( ) }

gCgaQT(l )\)+s>\( )( )

here we have used that Y s, k+r (w)(%)zp < C2?? (p>0).
k=1

k’m

EA

3\

()

%\ﬁ
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Combining (4.13)—(4.15) we get

(4.16)

s027“ (I)D2r—s+j—i—l i Sn)k(:z?)g(%> ‘
k=0

(2r—s))\g(2r—s) ” )

x |l

Therefore, noting that ny?(z) > 1 for x € E,,, we obtain

(4.17) @M @) D> 52N (f, @)

.

2r—1 jAs

< C”(,D(QT_S))\Q(QT_S) ||SD(27‘—S))\—27‘ Z Z n %—‘ri‘;j SDj_i—l (IE)
=0 i=0 1

j—i—l o
\/ﬁ Jmizlm s x—r—m 2r(1—X)+sA Qp(x) m
. mz_o(gp(ac)> " Ty (x)(\/ﬁ>

< Cll(p(ers))\g(ers)”.

<.

I
=)

With (4.12) and (4.17) we get (4.2). The proof of the lemma is completed. O

Proof of Theorem 4.1. Using Lemma 4.2 in a similar way as in [6, p. 145,
“<”], we can prove Theorem 4.1. Here we omit the details. g

Remark 1. If s = 0 we obtain for 0 < a < 2r

5205 - ) = O (2" e i) = 00

This relation contains the result of [2].

Remark 2. If s =0,r =1 we get for 0 < a < 2

5.(f:0) ~ 1) = O (L}f))“) & W (. 1) = O(t%).
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