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Abstract. The extension of a lattice ordered group A by a generalized Boolean algebra B
will be denoted by Ap. In this paper we apply subdirect decompositions of A g for dealing
with a question proposed by Conrad and Darnel. Further, in the case when A is linearly
ordered we investigate (i) the completely subdirect decompositions of Ap and those of B,
and (ii) the values of elements of Ap and the radical R(Ap).
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1. INTRODUCTION

To each pair (A, B), where A is a lattice ordered group and B is a generalized
Boolean algebra, there corresponds a lattice ordered group Ap (cf. Conrad and Dar-
nel [3]); it is called a generalized Boolean algebra extension of A.

In [3], a series of results on Ap was proved. The relations between some properties
of Ap and of B were investigated in the author’s paper [10].

Let us remark that if A = Z (the additive group of all integers with the natural
linear order) then Ap is a Specker lattice ordered group (cf. Conrad and Darnel [4]
and the author [7]). Further, if A = R (the additive group of all reals with the
natural linear order) then Ap is a Carathéodory vector lattice (cf. Gofman [5], and
the author [6], [8], [9]).
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In [3] it was proved that if A is a vector lattice then Ap is a vector lattice as well;
the following open question was proposed:

(Q) If Ap is a vector lattice, then is A a vector lattice?

In Section 3 we prove that the answer to this question is ‘Yes’.

In the remaining part of the paper we assume that A is a linearly ordered group.
In [10] it was shown that each direct product decomposition of Ap is finite (in the
sense that it has only a finite number of nonzero direct factors) and that there is
a one-to-one correspondence between internal direct product decompositions of Apg
and finite internal direct product decompositions of B. We remark that internal
direct product decompositions of B need not be finite.

The notion of completely subdirect decomposition of a lattice ordered group was
introduced by Sik [11]. Analogously we can define this notion for generalized Boolean
algebras.

In Section 4 we show that the result of [9] concerning completely subdirect decom-
positions of Carathéodory vector lattices remains valid for the lattice ordered group
Ap; namely, we prove that there is a one-to-one correspondence between internal
completely subdirect decompositions of Ap and those of B. We denote by S(Ap)
the system of all internal completely subdirect decompositions of Ap and we define
in a natural way a binary relation < on the system S(Ap). We prove that under the
relation <, S(Ap) turns out to be a meet semilattice. If for each b € B, the interval
[0,0] of B is a complete lattice, then S(Ap) is a lattice.

In Section 5 we investigate the values of elements of Ap and the radical R(Ap).
We prove that R(Ap) is determined by the set B; of all atoms of B.

2. PRELIMINARIES

For lattice ordered groups we use the notation as in Birkhoff [1] and Conrad [2].

The symbol 0 can denote the zero real, the neutral element of a lattice ordered
group or the least element of a generalized Boolean algebra; the meaning of this
symbol will be clear from the context.

The generalized Boolean algebra is defined to be a lattice B with the least element
0 such that for each b € B, the interval [0,b] of B is a Boolean algebra. We always
assume that B has more than one element.

We recall some notions and the notation from [3] concerning the generalized
Boolean algebra extension of a latice ordered group.

We denote by A the set of all maximal proper filters of B. If b € B, then b will be
identified with the set A(b) of all A € A such that b € A.
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Let A be a lattice ordered group, A # {0}. Consider the direct product Gy =

IT Ax, where Ay = A for each A € A. For a € A and b € B we denote by a[b] the
A€A
element of GGy such that

a if A e€b,
afb](A) = .
0 otherwise.
We denote by Ap the set of all g € G such that either g = 0 or g # 0 and g can
be expressed in the form

(1) g=ai[a] + ...+ anfcn],

where aq,...,a, are nonzero elements of A and cy,...,c, are nonzero elements of
B such that c;1) A cj2) = 0 whenever i(1),i(2) are distinct elements of the set
{1,2,,...,n}. Then (1) is said to be a Specker representation of g.

If, moreover, a;(1y # a;(2) whenever i(1),4(2) € {1,2,...,n} and i(1) # i(2), then
(1) is called a standard Specker representation of g. Each nonzero element of g has
a uniquely determined standard Specker representation. Ap is an f-subgroup of the
lattice ordered group Gp.

Let G be a lattice ordered group. In view of the definition from [1], Chapter XV, G
is a vector lattice if the multiplication by scalars (= reals) in G is possible, conforming
to the usual rules of vector algebra, and also the rule that, for each r € R, r — rx
preserves the order if r > 0, and inverts it if » < 0.

By considering a vector lattice X, the multiplication of elements of X by reals is
assumed to be fixed.

Sometimes it will be convenient to distinguish between the lattice ordered group G
(where the multiplication by reals is not taken into account) and the corresponding
vector lattice, if it exists; in such case, this latter will be denoted by V(G).

3. ON THE QUESTION (Q)

For the notion of a subdirect decomposition of an algebraic structure, cf., e.g., [1],
Chapter VI.
Let Ap be as in Section 2.

Lemma 3.1. Apg is a subdirect product of the indexed system (Ax)en-

Proof. In view of the definition, Ap is an f-subgroup of the direct product

IT Ax.

AEA
Let A € A and a € A). There exists b € B with A € b. Then a[b] belongs to Ap
and (a[b])(A) = a. This completes the proof. O
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Lemma 3.2. Let G be a lattice ordered group such that the vector lattice V(G)
exists. Let X be an (-ideal of G. Then for each r € R and each x € X, the element
rz belongs to X.

Proof. It suffices to consider the case when r # 0 and x # 0.

a) First suppose that z > 0 and r» > 0. There exists a positive integer n with
n > r. Then we have 0 < rz < nz. Since nz € X, we obtain rx € X.

b) Let > 0 and r < 0. Then in view of a), the element (—r)x = —(rx) belongs
to X, whence rx € X.

c)Let v € X andr € R. Wehave z =27 — 27, 27 > 0, 2~ > 0, thus in view of
a) and b) we get rz™ € X, ra~ € X; then rx € X. O

Lemma 3.3. Let G and V(G) be as in 3.2. Let ¢ be a congruence relation on
G. Then g is a congruence relation on V(G).

Proof. There exists an ¢-ideal X of G such that for any x,y € G we have xoy
if and only if x —y € X. For verifying that o is a congruence relation on V(G) it
suffices to show that if x1, 22 € G and x10x2, then rz;orzs for each r € R.

The relation x;px5 yields 21 — z9 € X; in view of 3.2 we get r(z1 — 22) € X and
thus rxqorzs. O

Corollary 3.4. Let G and V(G) be as in 3.2. Then the system of all congruence
relations on G coincides with the system of all congruence relations on V(G).

Lemma 3.5. Let G and V(G) be as in 3.2. Let G be a congruence relation on
G. Put G = G/o. Then the vector lattice G = G/ exists.

Proof. Lety € G. There exists € G such y = 7, where 7 = {x; € G: 107}
Let r € R. We put rZT = rx; then in view of 3.2 and 3.3, the mapping T — rz is

correctly defined and in this way we obviously obtain a vector lattice V(G). (]

Proposition 3.6. Let A # {0} be a lattice ordered group. Further, let B # {0}
be a generalized Boolean algebra. Assume that G = Ap is a vector lattice. Then A
is a vector lattice as well.

Proof. Inview of 3.1, G is a subdirect product of the indexed system (Ax)xea-
Let Ao € A be fixed. In view of the well-known relation between subdirect decom-
positions and congruence relations (cf., e.g., [1], Chapter VI) we conclude that there
exists a congruence relation gp on G such that Ay, is isomorphic to G/gy. Then
according to 3.5, Ay, is a vector lattice. Since Ay, ~ A, we obtain that A is a vector
lattice as well. O
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Let Y be a nonempty subset of a vector lattice X. Assume that (i) YV is an ¢-
subgroup of the lattice ordered group X, and (ii) whenever » € R and y € Y, then
ry € Y. We call Y a vector sublattice of X.

If G; (i € I) are vector lattices and Gy = [] G; then since the corresponding
operations in Gy are performed component—wifel, for each r € R and each g =
(9i)ier € Go we have

(1) rg = (rgi)ier;

thus Gy is a vector lattice.

If A is a vector lattice and Ap is as above, then we consider G = Ap as a vector
sublattice of Gy with G; = A for each ¢ € I. Thus according to the definition of a[b]
(where a € A and b € B) and in view of (1), for each r € R we get

(%) r(alb]) = (ra)[b].

Let G1 be a lattice ordered group and suppose that X is a vector lattice which
has the following properties:

(i) Gy is an f-subgroup of the lattice ordered group X;

(ii) whenever X is a lattice ordered group such that G; is an ¢-subgroup of X3
and X is an f-subgroup of X with X; C X, then X; fails to be a vector
sublattice of X.

Under these assumptions we say that X is a minimal vector lattice over G;.
Again, let A and B be as above; denote G = Ap. Let b be a fixed element of B
and
Ap ={alb]: a € A}.

Then A, is an ¢-subgroup of G; moreover, the mapping a — a[b] is an isomorphism
of A onto Ay.

Proposition 3.7. Let A # {0} be a lattice ordered group and let B # {0} be
a generalized Boolean algebra. Suppose that A is a minimal vector lattice over A.
Put G = Ap and G = Ap. Then G is a minimal vector lattice over G.

Proof. Since A is a vector lattice, in view of [3] we obtain that G is a vector
lattice as well. Further, because A is an ¢-subgroup of A we conclude that G is an
(-subgroup of G.

Let X; be an f-subgroup of G such that G € X; C G. Then in view of the
definition of G there exist @ € A and b € B such that a[b] ¢ X;.
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In view of the above mentioned isomorphism between A and A, and according to
the analogous isomorphism between A and A, we obtain that A, is a minimal vector
lattice over the lattice ordered group Aj.

We denote

Xo = Ab N X;.

Then afb] ¢ Xo, whence A, C X, C Ap,. This yields that X, fails to be a vector
sublattice of the vector lattice A,. Hence there exist r € R and p € X, with rp ¢ Xo.

Since p € Ay it must have the form p = @,[b] for some a; € A,. In view of (%)
(applied for A;) we obtain rp = r(a[b]) = (ra)[b], whence rp € A,. If rp € X; then
we obtain rp € X, which is a contradiction. Thus rp ¢ X;. Since p € X; we
conclude that X fails to be a vector sublattice of G. Thus G is a minimal vector
lattice over the lattice ordered group G. 0

In connection with 3.7, cf. also the question proposed on p.306 of [3], where the
term ‘vector hull of a lattice ordered group’ has been used.

4. COMPLETELY SUBDIRECT PRODUCTS

Assume that a lattice ordered group G is a subdirect product of an indexed system
(X:):er of lattice ordered groups. For g € G and i € I we denote by g¢; the component
of g in X;.

Suppose that for each i € I and each 2° € X; there exists g € G such that g; = z°
and g; = 0if j € I, j # 9. Then we say that the mapping ¢: g — (¢i)icr is a
completely subdirect decomposition of G. (Cf. [11].)

If, moreover, for each i € I, X; is an f-subgroup of G and z; = 2' whenever
x € X;, then we call ¢ an internal completely subdirect product decomposition of
G. The lattice ordered groups X; are called internal subdirect factors of G.

The analogous terminology will be applied in the particular case when ¢ is a direct
product decomposition of G. In this case we speak about internal direct factors of G.

The case G = {0} being trivial we will assume that G # {0} and also that all
internal direct (or subdirect) factors under consideration are nonzero.

The definitions of a completely subdirect decomposition and of internal completely
subdirect decomposition of a Boolean algebra are analogous.

Let B be a generalized Boolean algebra and let C'(B) be the Carathéodory vector
lattice corresponding to B. In [9], the relations between internal completely subdirect
decompositions of B and those of C'(B) have been investigated.

Now let B be as above and let A be a linearly ordered group. In the present section
we will deal with the relations between internal completely subdirect decompositions
of B and those of Ag.
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Lemma 4.1 (Cf.[10]). Let X be an {-subgroup of a lattice ordered group G.
Then the following conditions are equivalent:

(i) X is an internal subdirect factor of G.
(ii) X is an internal direct factor of G.

Analogously, we have

Lemma 4.2 (Cf. [10]). LetY be an ideal of a generalized Boolean algebra. Then
the following conditions are equivalent:

(i) X is an internal subdirect factor of B.
(ii) X is an internal direct factor of B.

Now let us suppose that A # {0} is a linearly ordered group and that B # {0} is
a generalized Boolean algebra.

Let X be a convex f-subgroup of a lattice ordered group G. It is well-known
that X is an internal direct factor of G if and only if, for each 0 < g € G, the set
{0 <z € X: z < g} has a greatest element; if z; is the mentioned greatest element,
then x; is the component of g in the internal direct factor X.

An analogous result holds for generalized Boolean algebras. By a simple calcula-
tion we obtain

Lemma 4.2.1. Let X be an ideal of a generalized Boolean algebra B. Then X is
an internal direct factor of B if and only if, for each b € B, the set {x € X : x < b} has
a greatest element; if x| is the mentioned greatest element, then x, is the component
of b in the internal direct factor X.

The proof will be omitted.

Lemma 4.2.2. Let B be a generalized Boolean algebra and let (X;);cr be a
system of ideals of B which determines a completely subdirect product decomposition

of B. For b € B let b; be the component of b in X; (i € I). Then b= \/ b;.
i€l

Proof. Let b e B. In view of 4.2.1 we have b; < b for each ¢« € I. Assume

that by € B such that b; < by for each ¢ € I. Then b; = (b;); < (bo); for each i € I,
whence b < bg. Thus b is the supremum of the system (b;);er. O

Let X be an internal direct factor of G. We denote by ¢(X) the set of all b € B
such that there exists a € A with a[b] € X.
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Lemma 4.3 (Cf.[10]). ¢(X) is an internal direct factor of B.

Let Y be an internal direct factor of B. We denote by ¢(Y") the set of all g € G
such that either ¢ = 0 or g has a Specker representation g = ajlc1] + ... + an[cal,
where ¢y,...,¢c, € B.

Lemma 4.4 (Cf.[10]). ¢(Y) is an internal direct factor of Ap.

Lemma 4.5 (Cf.[10]). Let A, B be as above and let G = Ap.

(i) If X is an internal direct factor of G, then ¥(p(X)) = X.
(ii) IfY is an internal direct factor of B, then p(¢(Y)) =Y.

For each lattice ordered group G we denote by F(G) the system of all internal
direct factors of G. Similarly, for each generalized Boolean algebra B, let F'(B) be
the system of all internal direct factors of B. Both F(G) and F(B) are partially
ordered by the set-theoretical inclusion.

Again, let G = Ap. In view of the definitions of ¢ and v we have

(1) X1, X2 € F(G), Xi<Xo= ¢(X1) < p(X2);
1 ViYa € F(B), Yi< Yo 6(Yh) < (Xa).

According to (1), (1'), 4.2, 4.4 and 4.5 we obtain

Lemma 4.6. Let A, B and G be as in 4.5. Then ¢ is an isomorphism of F(G)
onto F(B); similarly, v is an isomorphism of F(B) onto F(G).

Let {X;}icr be a set of internal direct factors of a lattice ordered group G. For
g € G and i € I let g; be the component of g in X;. If the mapping p1: G — [] X;
iel
(where ¢1(g) = (2;)ier) is an internal completely subdirect decomposition of G, then
we say that the system o = {X;};c; determines an internal completely subdirect
decomposition of G.

A similar terminology will be applied for generalized Boolean algebras.

Proposition 4.7. Assume that A # {0} is a linearly ordered group and that
B is a generalized Boolean algebra. Put G = Ap. Let {X;}icr be a set of internal
direct factors of G. Then the following conditions are equivalent:

(i) The system {X,;};cr determines an internal completely subdirect decomposi-
tion of G.

(ii) The system {¢(X;)}icr determines an internal completely subdirect decom-
position of B.

Proof. This is a consequence of 4.6 and of [10]. O
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Hence there is a one-to-one correspondence between internal completely subdirect
decompositions of G and those of B, where A, B and G are as in 4.7.

Under the notation as above, let S(G) be the system of all internal completely
subdirect product decompositions of G, and let S(B) be defined analogously.

We assume that G # {0} and B # {0}. Thus we can suppose that S(B) is the set
of all systems o = {Y;};cr, where {Y;}ics is a set of nonzero internal direct factors
of B which determine an internal completely subdirect decomposition of B.

Let 8 = {Y]}jcs be another such system. We put a < 3 if for each i € I there
exists j € J such that ¥; C Y.

Analogously we define the relation < on the set S(G).

Lemma 4.8. The relation < is a partial order on S(B).

Proof. It is obvious that the relation < is reflexive and transitive. Let «, 3 €
S(B) such that @ < 8 and 8 < a. For a and 8 we apply the notation as above.
Let ig € I. Then there is j(io) € J with Y;, C Y/, o Hjed, j# j(ig), then
Y/ N Y’( o) = = {0}. Hence the element j(ip) is uniquely determined. Similarly, for
jo)- Then Y5, € Yigjciy)),
whence Y;, = Yi((,)) yielding that Y;, = ](m) and so the mapping ig — j(ip) is a
bijection. Therefore a = (3. O

each Jo € J there exists a unique i(jo) € I with Y’ C Yy

An analogous result holds for the relation < on S(G).
In view of 4.7 we obtain
Lemma 4.8.1. The partially ordered systems S(B) and S(Ap) are isomorphic.

Let o and (3 be as above. For b € B and i € I let b(Y;) be the component of b in
Y;. The meaning of b(Y}) is analogous. Then in view of 4.2.2 we have

(1) b=\/b(¥i) = \/ b(7)
icl jeJ
We denote by ~ the system of those Y; N Yj’ which have more than one element.
Let K be the set of all pairs (i,7) with i € I, j € J such that ¥; N Y] € 7.
Lemma 4.9. The set K is nonempty.

Proof. There exists 0 < b€ B. In view of (1) we have

(2) b=bA\/b(Y:)=\/(bAb¥))=\/\ (b Y;)).

el el el jed
Fori e I and j € J, b(Y]) Ab(Y;) € Y/ NY;. If v = ), then b(Y,) Ab(Y;) = O for each
i€l and each j € J, Whence b = 0, which is a contradiction. O
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For each b € B and each (i,j) € K we put
bij = b(Y;) Ab(Y]).
Further, we set
xX(b) = (bij)ijyex-
Lemma 4.10. Let b € B and b’ € Y; for each i € I. Assume that b = \/ b'.
iel
Then b* = b(Y;) for eachi € I.
Proof. Letig e I. We have
bio = bio Ab = bio A (\/ b(m)) = \/ (6" A b(Y7)).
iel i€l
If i € I, i # ig, then b A b(Y;) = 0, whence
b = b AB(Y:,)

thus b’ < b(Y;,). By similar steps we prove the relation b(Y;,) < b. O

Lemma 4.11. Let b€ B and (i,j) € K. Then

Proof. Putb; =b(Y;), b = b(Y]). We have

bi:bi/\b:bi/\<\/bj>: \/ (b A b))

JjeJ JjeJ

Since b; A b; € Yj’ , in view of 4.10 (applied for the element b; and for the subdirect
decomposition 3) we obtain b;(Y) = b; Ab;. Analogously we get b;(Y;) = b; Ab;. [

Lemma 4.12. The mapping x is a homomorphism of B into [[ Cj;, where
(i.5) €K
Cij = YiNY]. Moreover, x is a monomorphism.

Proof. Foreachi € I, the mapping b — b(Y;) is a homomorphism of B into Y;.
Similarly, for each j € J, the mapping b — b(Y}) is a homomorphism of B into Y.
For (i,7) € K, C;; is an ideal of B. According to 4.11 we conclude that the mapping
b — b;; is a homomorphism of B into C;;. Hence x is a homomorphism of B into



It remains to verify that y is a monomorphism. Since B is a generalized Boolean
algebra it suffices to show that if b € B and x(b) = 0, then b = 0. By way of
contradiction, assume that 0 # b and x(b) = 0. Thus b;; = 0 for each (4, j) € K.

According to (1) there exists ¢ € I with b; > 0. Then we have b; = \/ (b;(Y)),
jes

hence there exists j € J with b;(Y/) > 0. Thus 4.11 yields b;; > 0, which is a

contradiction. O

Lemma 4.13. The system (Ci;)(; jyex determines an internal completely sub-
direct decomposition of B.

Proof. Let (4,j) € K and z € C;;. Then = € Y;, whence z; = x. Further,
r € Y], yielding r; = x. Thus in view of 4.11, x;; = (v;); = z; = z. According to
4.12, the proof is complete. ]

We denote by v the internal completely subdirect decomposition of B which is
determined by the system (Cij;) i j)ek-

Proposition 4.14. Let «, 3 and v be as above. Then in the partially ordered
set S(B) we have a A 3 = 7.

Proof. Let (¢,j) € K. Then C;; C Y; and C;; C Yj’, whence 7 < a and
v < 3. Let 71 be an element of S(B) which is generated by a system (Z,,)men of
ideals of B. Assume that v; < « and 71 < 8. Thus for each m € M there exist
i€ 1 and j € J such that Z,, CY; and Z,,, C Yj’. Then Z,, gYij’:Cij. We
have {0} # Z,,, whence C;; # {0}, thus (¢,j) € K. Therefore v; < 7. This yields
y=aAp. O

Hence we obtain

Theorem 4.15. Let B be a generalized Boolean algebra. Then the partially
ordered set S(B) is a meet-semilattice.

In view of 4.15 and 4.7 we get

Theorem 4.15.1. Let A # {0} be a linearly ordered group and let B # {0}

be a generalized Boolean algebra. Then the partially ordered set S(Ap) is a meet-
semilattice.

Let (i1, 1) and (ig, j2) be elements of K. We put (i1,71) = (ia, j2) if there exist

elements
(', 3Y), (%, 5%), ... (" 5™)
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of K such that (i!,j') = (i1, 1), (i",j") = (i2,j2) and whenever m € {1,2,...,
n — 1}, then either i™ = i™T! or j™ = j™*1. The relation = is an equivalence on
the set K; let o be the partition of the set K corresponding to the equivalence =.
For (i,j) € K let (i,j) be the class in ¢ containing the element (i, ;).

Recall that in view of 4.13 and 4.1, for each (i,j) € K the ideal C;; of B is an
internal direct factor of B. Thus for each b € B there exists a uniquely determined
component b(C;;) of b in Cj;.

For any (i,7) € K let D ;) be the set of all elements b € B such that b(Cj, j,) = 0
whenever (i1,71) ¢ (4,7). Thus in view of (1) we obtain

Lemma 4.16. Let (ig,jo) € K and b € B. Then the following conditions are

equivalent:
() b€ Dy jp)5
G) b=V b(Cy).
(4,5) € (40,Jo)

In the remaining part of the present section we assume that the following condition
is satisfied:

(¥) If 0 < b € B, then the interval [0,0] of B is a complete lattice.

We apply the notation as above. Let b € B. In view of (1) and 4.13, we have

b=\ b
(i,5)eK

Let (o, jo) € K. Then according to (x), the set {bi;}; j)e (i, has a supremum

in B; we denote it by b(io:jo)'

Lemma 4.17. For each b € B and each (io,jo) € K, b, is the greatest
element of the set
{z €Dy v < b}

Proof. Letb € B and (i, jo) € K. In view of the definition of b, -, , this
element belongs to the set D(io?jo)' Let x € D(io:jo)’ z < b.
From the first of the mentioned relations we obtain
L(ig,jo) — T+
Further, from = < b we get
x(iojjo) S b(iojjo)'
This completes the proof. O

By applying 4.2.1 we get
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Corollary 4.18. Let (i, jo) € K. Then D, -, is an internal direct factor of

B. For each b € B, the element b, -, ) is the component of b in D iy 70)-

We denote K = {(4,): (i,j) € K}. For b € B we put

In view of 4.18, x1 is a homomorphism of B into [] Djy. Similarly as in 4.12 we
kek
can verify that y; is a monomorphism. From this and from 4.17 we conclude that

x determines an internal completely subdirect decomposition of B; let us denote it
by A.

Lemma 4.19. A=aV}j.

Proof. Letig € I. There exists jo € J with (ig, jo) € K. Then in view of the
definition of Dy for k = (ig, jo) we have Y;, C D;. Hence @ < A. Similarly we have
B <A

Let Ay € S(B) such that « < A; and f < A;. Assume that A; is determined by
a system {F}}ier of ideals of B. Let ig € I. There exists to € T with Y;, C Ey,.
Thus whenever (ig, jo) € K, then C; j, C Ey,. Analogously, if j; € J is given and
(i1,51) € K, then C;, ;, C E¢, for some t; € T. From this and from the definition of
Dy for k € K we conclude that Dy, is a subset of some F(t € T). Therefore A < A4
and thus A = a V (. O

From 4.14, 4.19 and 4.8.1 we conclude

Theorem 4.20. Let A # {0} be a linearly ordered group and let B # {0} be
a generalized Boolean algebra. Suppose that the condition (x) is satisfied. Then
S(Ap) is a lattice.

5. THE RADICAL OF Ap

In Conrad [2], there are investigated three types of radicals of a lattice ordered
group G (the radical R(G), the distributive radical D(G) and the ideal radical L(G)).
In the present section we deal with the radical R(G) for the case when G = A, when
A # {0} is a linearly ordered group and B is a generalized Boolean algebra.

We recall the corresponding definitions from [2].

Let G be a lattice ordered group and 0 # g € G. A value of g is a convex ¢-subgroup
G of G such that G, is maximal with respect to non-containing the element g. Put
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R, =\ G, where G, runs over the system of all values of g. Further, we set

R(G)= () R,
0#£9€G
Then R(G) is the radical of G.
Again, let 0 # g € G and let L, be the join of all /-ideals of G' not containing g.
Put
LG = () Ly
0#£g€G
Then L(G) is the ideal radical of G.
A lattice ordered group is called representable if it is isomorphic to a subdirect
product of linearly ordered groups.

Proposition 5.1 (Cf. [2]). Let G be a representable lattice ordered group. Then
L(G) = R(G).

Corollary 5.2. Let A # {0} be a linearly ordered group and let B # {0} be a
generalized Boolean algebra. Then L(Ap) = R(Ap).

Proof. In view of the definition of Ap we obtain that Ap is a subdirect product
of replicas of A. Hence Ap is representable and now it suffices to apply 5.1. O

The following result is easy to verify.

Lemma 5.3. Let G be a lattice ordered group and g € G. Let X be a convex
{-subgroup of G. Then g € X if and only if |g| € X.

In view of 5.3 we have

(1) R(@)= () R,

0<geG

Lemma 5.4. Let A and B be asin 5.2. Let 0 < g € Ap and suppose that g has
a Specker representation
g=aifc1] + ...+ anley].

Let X be a convex (-subgroup of G = Ap. Then g belongs to X if and only if all
aile;] (i=1,2,...,n) belong to X.

Proof. If all a;[¢;] belong to X then in view of the Specker representation we
get ¢ € X. Conversely, let g € X and ¢ € {1,2,...,n}. Since 0 < a;[¢;] < g, we
obtain a;[¢;] € X. O
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Lemma 5.5. Under the assumption as in 5.4 we have

Rg = Ral[cl] V...V Ran[cn].

Proof. a) Let X be a value of g. Hence g ¢ X. Thus in view of 5.4 there is
i1 €{1,2,...,n} such that a;[¢;] ¢ X. Then there is a value Y of a;[¢;] with X C Y.
According to the definition of R, and of R,,[.,) we obtain X C R,,,] and

Ry < Ral[cl] V...V Ran[cn].

b) Let 7 € {1,2,...,n} and let Y] be a value of a;[¢c;]. Hence a;[c;] ¢ Yi. In view
of 5.4, g ¢ Y7. Then there is a value X; of g with Y7 C X;. This yields Raiei) < Ry
Thus we obtain

Rojjeq V.-V Ry lc.] < Ry,

completing the proof. O

Lemma 5.6. Let A and B be as in 5.2; put G = Ap. Then

R(G) = (1 Rap-

0<a€A,0<bEB
Proof. Let 0<a€ A, 0<be B;then a[b] € G, whence

R(G) C N Rap)-

0<a€A,0<beB

Assume that © € R, for each 0 < a € A and each 0 <b € B. Let 0 < g € G. Then
in view of 5.5 we have z € R,, whence = € R(G). O

In view of 5.6, for characterizing R(G) we have to describe the (-subgroups R,
for0 < a € Aand 0 <b € B. Since A is linearly ordered, there exists a unique value
A® of the element a in A. We denote

Ag = {al[b]: a € Aa}.
For each € G, let (2)° be the orthogonal polar of z, i.e.,
(@)’ ={y € G: |z[Aly| = 0}.

Then (z)° is a convex {-subgroup of G. For ) # X C G we put X° = ) (z)°.
zeX
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Each linearly ordered group is projectable. Thus according to [4] the lattice or-

dered group G is projectable. Therefore (a[b])? is an internal direct factor of G. Thus
we have

(2) G = (a[t])’ x (a[6])*.

We put

Then we obtain
(3) G1 = (alb])® x Af.

Lemma 5.7. Assume that b is an atom of B. Then G is a value of a[b].

Proof. We have a[b] € (a[b])®®, whence

alb]((a[b])*®) = alt]

and a[b] ¢ Af. Thus alb] ¢ G;.
Let H be a convex ¢-subgroup of G with Gy C H. Then according to (2) we obtain
H = H; x Hy, where

Hy = HnN(a[b))®, Hy=Hn(a[b)®.
In view of (3), (a[b])® C Gy, thus (a[b])’ C H. This yields H; = (a[b])® and
H = (a[b])° x Hs.

Since G1 C H, by using (3) again we obtain A7 C H,. Then there exists 0 <t € Hj
with ¢ ¢ AZ. Let
t=ai[c1]+ ... + anlen)

be a Specker representation of ¢. Since t € Hs, all a;[¢;] (i = 1,2,...,n) belong to
H,. Further, since t ¢ A7, there exists ¢ € {1,2,...,n} with a;[c;] ¢ Af.

From a;[c;] € Hy C (a[b])?® we get ¢; < b. Since 0 < ¢; and since b is an atom of
B we have ¢; = b. Then a;[b] € Hy and a;[b] ¢ A?. Hence a; ¢ A*.

We denote by A’ the set of all ag € A such that ag[b] € Hz. Then A’ is a convex
¢-subgroup of A and A* C A’. Since a; € A’ and a; ¢ A* we obtain A* C A’. From
the fact that A% is a value of a we get a € A’. Hence a[b] € Hy C H. Therefore G
is a value of a[b)]. O
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Lemma 5.8. Assume that b is an atom of B and let 0 < a € A. Then the lattice
ordered group (a[b])?° is linearly ordered.

Proof. Let 21,22 € (a[b])®. Since b is an atom of B we conclude that there
exist aj,as € A with 1 = ay[b], 2 = as[b]. Because A is linearly ordered, the
elements a; and as are comparable and thus z; and x2 are comparable as well. [

Lemma 5.9. Let a and b be as in 5.8. Further, let G; be as above. Then G is

a unique value of a[b].

Proof. Assume that G} is a value of a[b]. Then according to (2) we have
G| = K; x Ky, where

K =G\ n(ab)’, Ky=G) N (a[b]’).

Put
Gy = (a[b])5 x K.

Thus G} O G'. Suppose that G # G.

Since G is a value of a[b] we get ab] € GY. Because (a[b])(a[b])® = 0 we have
alb] € Ky. This yields a[b] € G/, which is a contradiction. Therefore G/ = G| and
hence

Gl = (alb])® x Ko.

Both A¢ and K, are convex (-subgroups of (a[b])%’. According to 5.8, (a[b])® is
linearly ordered. Then the system of convex f-subgroups of (a[b])?° is linearly ordered
as well. This yields that G; and G are comparable. But two distinct values of the
same element cannot be comparable. Therefore G} = G. g

Corollary 5.10. Let a and b be as in 5.8. Then R, = G1, where G is as
above.

From the definition of the partial order in G we obtain

Lemma 5.11. Let a and b be as in 5.8. Then (a[b])? is the set of all g € G such

that either ¢ = 0, or g has a Specker representation g = ai[c1] + ... + an[cn] such
that aAc; =0 fori=1,2,...,n.

Corollary 5.12. Let a,b be as in 5.8 and let a; € A, a; # 0. Then (a[b])’ =
(ar[b])°-
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Lemma 5.13. Let a,b be as in 5.8 and let a1 € A, a < a1. Then Ry C Rypp,1-

Proof. If A" is defined analogously as A%, then we have A* C A®, whence
Ap C Ay'. Hence in view of 5.9 and 5.12 we obtain R, € Rq,[5)- O

Corollary 5.14. Let a and b be as in 5.8. Let c1,...,c, be mutually orthogonal
nonzero elements of B such that bAc¢; =0 fori =1,2,...,n. Let ay,...,a, € A.
Then aici] + ... + anlcn] € Rap)-

Now let 0 < a € A, 0 < b € B;in 5.15-5.22 we suppose that b fails to be an atom
of B.

Consider the Boolean algebra [0,b]. There exists a proper maximal ideal B* of
[0,0]. Let X be the set of all elements = of G such that either z = 0 or = has
a Specker representation of the form z = ai[ci] + ... 4 an|ecy] such that ¢1,...,¢,
belong to [0,b] and a; € A® whenever ¢ € {1,2,...,n} with ¢; ¢ B*. Then a[b] does
not belong to X.

The set X consists of all elements g € G such that either g = 0 or g has a Specker
representation g = af[c{] + ... + af, [c),] such that ¢) Ab=0 for j =1,2,...,m.

Put X; = X + X°. An easy calculation shows that X, is a convex /-subgroup of
G and that a[b] ¢ X;.

Lemma 5.15. Under the assumptions as above, X; is a value of a[b].

Proof. By way of contradiction, assume that X; fails to be a value of a[b].
Hence there exists a convex ¢-subgroup Y of G such that a[b] ¢ Y and X; C Y.
Thereis 0 < y € Y with y ¢ X;. Let

y=aj[b1] + ...+ aplb]

be a Specker representation of y.
Put b1 = by A b and let byo be the complement of by in the interval [0,b;] of B.
Hence we have

b11 Abi2 =0, bi1Vbia=0b1, b1 €100, b2 Ab=0.

We apply the same procedure to the elements bo, ..., by.

If for each k(1) € {1,2,...,k} we have either (i) by),1 € B*, or (ii) az(,) € A%,
then in view of the definition of X; we obtain y € X;, which is a contradiction.
Hence there is k(1) € {1,2,...,k} such that by, ¢ B* and a}c(l) ¢ A® We denote
by ' the complement of by(q),; in the Boolean algebra [0,b]. Then a,lc(l)[b’] € Xi.
Further,

0 < apey [br1ya] < apylbry) < v,
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whence ai(l)[bk(l),ﬂ € Y. Thus we obtain
allﬂ(l)[b/] + a’llg(l)[bk‘(l),l] ey.
Since b’ A by1y,1 = 0 and b’V by(1y,1 = b, we have

agy [0+ a1y bry.a] = agy (0]

Thus a;,)[b] € Y.

For each a; € A we put f(a1) = a1[b]. Then f is an isomorphism of the lattice
ordered group A onto the ¢-subgroup A of G. Since A® is the unique value of a in
A, we infer that Af is the unique value of a[b] in A,.

We have aj;, ¢ A% Hence aj,[b] € Aj. Therefore the convex (-subgroup Y}
of G which is generated by ai(l)[b] contains the element a[b]. Clearly Y7 C Y and
hence a[b] € Y, which is a contradiction. O

If the value X5 of a[b] is constructed as above by using the maximal proper ideal
of the Boolean algebra [0, b] then we say that X; is determined by B*.

Again, let 0 < a € A, 0 < b € B. Suppose that b fails to be an atom of B. Let X5
be a value of a[b)].

Lemma 5.16. [0,a[b]]° C X,.

Proof. By way of contradiction, assume that [0, a[b]]° fails to be a subset of
X,. Denote Y = X3 V [0,a[b]]’. Then Y is a convex ¢-subgroup of G and X, C Y.
Since X, is a value of a[b] we must have a[b] € Y.

There exist z1,. .., 2, € Xo U0,a[b]]® such that

O<albl=2z1+... 4 zp.

Then it is easy to verify that without loss of generality we can suppose that z; > 0
fori =1,2,...,n. If 2z € [0,a[b]]° for some i € {1,2,...,n}, then we would have
z; A alb] = 0 which is a contradiction, since z; < a[b]. Therefore all z; belong to X5
yielding that a[b] € X2, which is a contradiction. O

Lemma 5.17. There exist by € B with 0 < by < b and a; € A with a1 ¢ A®
such that a1[b1] € Xo.

Proof. By way of contradiction, assume that for each a; and b; with the
mentioned properties we have a1[b1] ¢ X5. Let B* be a proper maximal ideal of
the Boolean algebra [0,b] and let X; be the value of a[b] which is determined by
B*. Then X3 C X; and a[b] ¢ X1. Thus X, fails to be a value of a[b], which is a
contradiction. O
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We denote by By the set of all by € B such that either by = 0, or 0 < b; < b and
there exists a; € A such that a; ¢ A% and a1[b1] € Xo. In view of 5.17, By # 0.

Lemma 5.18. By is an ideal of [0,b] and b ¢ By.

Proof. Let0 < b € Bgpand 0 < by € B, by < by. There exists 0 < a; € A
with a1 ¢ A%, a1[b1] € X2. Then 0 < a1[bs] < a1[b1], whence a;[bs] € X5 and thus
by € By.

Let 0 < by € By, 0 < by € By. Then there exist a; € A such that 0 < a; ¢ A%,
a;[b;] € Xy for i = 1,2. Put a3 = a1 A ap. Hence without loss of generality we can
suppose that as = as and then

ag[bl] \Y ag[bg] = ag[bl \Y bg] € Xo.

Thus by V ba € By. Therefore By is an ideal of [0,b]. Assume that 0 < a4 € A,
as ¢ A% and a4[b] € X5. Let Al be the convex f-subgroup of A generated by ay.
Since ay ¢ A% we have A* C A! and hence a € A'. Then there is n € N with
a < nayg. We get 0 < a[b] < nay[b] € X yielding a[b] € Xa, which is a contradiction.

O

Lemma 5.19. By is a proper maximal ideal of [0, b] and X is generated by By.

Proof. By way of contradiction, assume that By fails to be a proper maximal
ideal of [0,b]. Then in view of 5.17 and 5.18, there exists a proper maximal ideal
B* of [0,b] such that By C B*. Let X; be as above. Then X5 C X;, which is a
contradiction. Thus we have B* = By.

Let a; € A and by € B*. If ay1[b1] ¢ X2, then Xo C X7, which is impossible. From
this we conclude that X, = X;. O

Corollary 5.20. There is a one-to-one correspondence between values of a[b]
and proper maximal ideals of the Boolean algebra [0, b].

Lemma 5.21. Let a; € A. There exist values X; and X» of a[b] such that
al[b] e X1V Xo.

Proof. It suffices to consider the case a; > 0. Let X be as above. There exists
by € [0,0] such that by < b and b; ¢ B*. Further, there exists a proper maximal
ideal B of [0,b] such that b; € Bf. Also, there exists a value Xs of a[b] which is
determined by B7.
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Let b} be the complement of by in the Boolean algebra [0, b]. Since by ¢ B* we get
by € B*. In view of the definition of B* we have a;[b]] € X;. Similarly, a1[b;] € X».
Then

al[bll] V al[bl] = al[b’l \Y bl] = al[b].

Since a1 [b)] V a1[b1] € X1 V X2, the proof is complete. O

Lemma 5.22. Let 0# g € G. Then g € R

Proof. By applying the Specker representation of g we conclude that it suffices
to verify the validity of the relation ai[bi] € R,p) for each 0 < a; € A and each
0 < by € B. Put by; = by A b and let bys be the complement of b1 in the interval
[0,b1] of B. Then b2 Ab = 0 and hence in view of 5.16 we get a1[b12] € X for each
value X of a[b].

Further, in view of 5.21, there exist values X; and X of a[b] such that a1[b11] €
X1V X5. Hence

al[bl] = al[bn] \Y al[blg] € X1V Xo.

Therefore a1 [b1] € Rpp)- O
We denote by B; the set of all atoms of B. From 5.6 and 5.22 we obtain
Proposition 5.23. If By = (), then R(G) = G. If By # ), then R(G) = NRyp),

where 0 <a € A and b € B;.

Let be By and 0 < a € A. In view of 5.10 we have
Rapp = (alb])’ x Aj.
Recall that Af = {a1[b]}a,caa. Since A® C [—a,a], we get

N A ={o},

0<a€cA

whence

() A ={o}.

0<a€cA

Further, 5.12 yields (a[b])? = (ao[b])? for each 0 < ag € A. Denote

Ry= () Rap-
0<acA
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Then for each 0 < a € A we have

(+)

£
|

= (o))’ x {0} = (a[b))’,
(N Re= () (alb)’.

0<beB, 0<be B,

R(G)

Thus in view of 5.22 we obtain

Theorem 5.24. Let A # {0} be a linearly ordered group, B # {0} be a

gen

eralized Boolean algebra. Let By be the set of all atoms of B. (i) If By = (), then

R(G) = @G. (ii) If By # 0, then R(G) is given by the relation (+).
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