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Abstract. Let T be a ~y-contraction on a Banach space Y and let S be an almost ~y-
contraction, i.e.sum of an (e, y)-contraction with a continuous, bounded function which is
less than € in norm. According to the contraction principle, there is a unique element u
in Y for which v = Tw. If moreover there exists v in Y with v = Sv, then we will give
estimates for |ju—v||. Finally, we establish some inequalities related to the Cauchy problem.
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Let (Y| - ||) be a real Banach space. For a bounded function ¢: D CY — Y we
define the norm

Il = sup [[o(y)]-
yeD

A map T: Y — Y is called v-contraction if
[Tu—To|| <vllu—vf

for all u,v € Y. The constant v € (0,1) is also called the contraction coefficient.
According to the contraction principle, there is a unique element w in Y for which
u = Tu.

Given € > 0, we will say that a continuous, bounded map S: Y — Y is an almost
(e, v)-contraction if there exists a y-contraction T: Y — Y for which

[Sy—Ty|| <e, VyeY.
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It results that an almost (g, ~)-contraction S can be written as

(1) S=T+ ¢,

where T is a ~y-contraction and ¢ is continuous and bounded, with
lell <e.

Proposition 1. Let T: Y — Y be a vy-contraction v € (0,1) and let S: ¥ =Y
be an almost (e,)-contraction. Assume that u € Y is such that u = Tu and there
exists v € Y such that v = Sv. Then

€
1—7

Ju— vl <

Proof. We have
[u—vl| = [[Tu— Sv|| < ||[Tu—Tvl| + [[Tv — Sv|| < v[lu—v[| +¢
or
[u—vl| <v[lu—2| +e.

Hence
€

1—7

lu = vl =Aflu=v]| <e & flu—v] <
]

By taking ¢ = 0 in (1), we deduce that every ~-contraction is an (g, v)-contraction,

SO we Can prove

Proposition 2. Let a y;-contraction Ty : Y — Y and a y-contraction T5: Y —
Y (’)/1,’)/2 S (0, 1)) with
[Ty — Toyl < e

for ally in'Y be given. We consider also the corresponding fixed points u and v, i.e.
u="Tiu, v="Thv.

Then
€
1 — min {y1,72}
Proof. Setting T'= 1Ty, S = Ty, then T' = T3, S = Ty, in Proposition 1, we
obtain successively

lu— ol <

9 H ||< 9
5 u—v 5
L—m Tl

so the inequality is proved. (]

lu =]l <
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We use now these inequalities to establish some estimates in the existence theory
of differential systems.

Let f: D C R x R™ — R™ be a continuous function defined on a rectangle
D ={(z,y) e RxR™; |z —zol <a, [ly—yol <b}

where a,29 € R and b,yp € R™. Here || - || denotes a norm on the m-dimensional
space R™. Let us consider the Cauchy problem

(PC) {y’Zf(x,y),

y(xo0) = Yo-

This problem is uniquely solvable (at least locally) if f is Lipschitz with respect to
the second argument, i.e.,

||f($ay1) - f(xva)H < LHyl - y?H» v (xayl)v ($7y2) S D7

for some positive real constant L. According to a well-known result, the solution of
the Cauchy problem (PC) is defined at least on

y: (xo— 0,20 +0) — R

where

0= min{a, %}

The constant M satisfies
[fz, 9l <M V(z,y) €D,

possibly

M= sup |[f(z,y).
(z,y)eD

Moreover, a well-known theorem due to Peano says that the continuity condition on
f ensures the existence of a solution of the Cauchy problem (PC). For proof and
other details, see [5], [6]. We introduce
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Theorem 1. Assume that continuous functions f,g: D C R x R™ — R™ satisfy
the following conditions:
a) f is Lipschitz with respect to the second argument, i.e.

||f(zayl) - f(l';yQ)” < LHyl - y2|| v (‘Tayl)v (xvyZ) € Da

for some L > 0.
b) There exists € > 0 such that ||f — g|| < e.
Let u and v be solutions of the Cauchy problems

{y/f(xvy)a {y/g(xvy)a

y(70) = Yo, y(70) = Yo

respectively and denote M = max {||f]], |lgl}-
Then for every 0 < 6 < min{a,b/M,1/L} we have

3

lu(@) = (@)l < 55—

Ve [$075,$0+5].

Proof. The given Cauchy problems are equivalent to the integral equations

u(z) =yo + /x f(s,u(s))ds, v(z) =yo + /x g(s,v(s))ds,

0

so we naturally define operators
T,5: C(I)— C(I)

by the formulas

xT

Tu() = yo + / " f(su(s)) ds, Sv(x) = yo + / o(5,0(s)) ds.

0

By C(I) we mean the Banach space of all continuous functions

b 1
y: I — Rm’ I:[LL'O—(S,(E0+6], 5<min{a,M,z},

endowed with the norm of uniform convergence,
Iyl = max ly ()]
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Now the given Cauchy problems can be written as fixed point problems
u="Tu, v=_Sv, u,v € C(I).

We will use Proposition 1 to prove Theorem 1. In Y = C(I) we have

ITys(e) - Tya(a)] = H [ 16, = £l

<

/ £, 51(5)) — Fls,ya(s))]] ds

gL‘/ 1 (5) — a(s)]] s

< Loy — y2|-

Hence
1Ty1 — Ty2ll < vllyr — vell

with v = L < 1. Further,

1Ty — Syl = H / [F(5, () — (s, ()] ds

<

<e < &€é.

/ £, u(s)) — gls,y(s))] ds

/ ds
zo

Hence
Ty — Syl < de VyeC),

so S is an almost (de,~y)-contraction. The hypotheses of Proposition 1 are fulfilled,

SO
)

1—-6L"

lu— ol <

Further, we give a uniqueness result for a class of Cauchy problems.

Theorem 2. Let p,¢,: D C R x R™ — R™ be continuous and consider the
Cauchy problems

(PCy) n>1.

{ Y = o(z,y) + n(z,y),
y(»’CO) = Yo,

Assume that
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a) o is Lipschitz with respect to the second argument, i.e.

(@, y1) = o(@,y2)l < Lllys — g2l V (z,91), (2,2) € D.

b) v, are Lipschitz with respect to the second argument, i.e.

[ (,91) = (@, 92) | < L'llyr = w2ll ¥ (2,31), (z,92) €D, n > 1.

c) The sequence (), converges to ¢ uniformly on D.
Then the Cauchy problem

(PC.) {y’ = oz, y) + ¥(z,y),

y(wo) = Yo

has (locally) a unique solution.

Proof. According to the Peano theorem, the problem (PC) has at least one
solution. From c) it follows that the sequence (77/1”)7121 is uniformly bounded, i.e.

[Pnll < M, 9] < M, Vn>1,

for some M > 0. Then each problem (PC,,) has a unique solution w,, defined at least
on
Un: (kg —d,x0+0) = R

where 6 > 0 is chosen in

. b 1
0<5<m1n{a,M,m}.

We apply Theorem 1 to the Cauchy problems

{y’ = o(z,y) + n(2,y), {y’ = o(z,y) + p(z,y),
y(ifo) = Yo, y(ifo) = Yo-

In order to respect the notation from Theorem 1, let us put
f(@,y) = o(@,y) + n(z,y), g(z,y) =z, y) +d(2,y).

Then evidently f is Lipschitz with respect to the second argument,

1f(z,91) = fl,y2)ll < (L4 L)y — el ¥ (z,91), (2,y2) € D
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and

If = gll = ¢n = ¢lI-

From Theorem 1 we obtain that for every solution u of the problem (PC,), we have

un(z) — ulz)| < [ — ¥

\m VI€($076,$0+5>.

Finally, by taking the limit for n — oo, we obtain

u= lim u, (uniformly),
n—oo

which proves the uniqueness of u. ]
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