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Abstract. We establish a formula for the Schouten-Nijenhuis bracket of linear liftings of
skew-symmetric tensor fields to any Weil bundle. As a result we obtain a construction of
some liftings of Poisson structures to Weil bundles.
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0. INSTRODUCTION

Liftings of skew-symmetric tensor fields of type (p,0) to the tangent bundle were
studied with application to the theory of Poisson structures, their symplectic folia-
tions, canonical vector fields and Poisson-Lie groups in [4]. Next, a classification of
linear liftings of skew-symmetric tensor fields of type (2,0) to Weil bundles satisfying
a special condition was given in [10], and another classification of linear liftings of
skew-symmetric tensor fields of type (p,0) for p > 1 to all Weil bundles in [1]. One
may ask which of these last liftings for p = 2 transform all Poisson structures to
Poisson structures on Weil bundles. Our purpose is to answer this question.

For the convenience of the reader we summarize in the first two sections without
proofs the relevant material on product preserving bundle functors (see [8] for the
general theory of natural operations) and linear liftings of skew-symmetric tensor
fields to Weil bundles (see [1]).
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1. PRODUCT PRESERVING BUNDLE FUNCTORS

In 1986 Eck [2], Kainz and Michor [5] and Luciano [9] proved independently that
every product preserving bundle functor is equivalent to a Weil functor. New ap-
proach to this matter was presented by Kolaf in [7]. In this section we give a brief
sketch of the result following this last paper.

Let F' be a functor which transforms each manifold M into a locally trivial bun-
dle mp;: FM — M and each smooth map f: M — N into a smooth map
Ff: FM — FN such that my o Fif = fomy. We call F a bundle functor
if for every non-negative integer n and every embedding f: M — N between
n-dimensional manifolds, Ff is an embedding and Ff(FM) = nx"(f(M)). Hence
we can identify F'U with W]T/Il(U ), if U is an open subset of a manifold M. Such F is
said to be product preserving if for all manifolds M and N the map (Fpa, Fpn):
F(M x N) — FM x FN, where ppy: M x N — M and py: M x N — N
stand for the projections, is a diffeomorphism. Hence we can identify F(M x N)
with FM x F'N.

A WEeil algebra is, by definition, a finite dimensional associative and commutative
R-algebra A with unit, in which there exists an ideal N such that the factor alge-
bra A/N is one-dimensional and N"*! = ( for an integer 7. The smallest r with
this property is called the order of A. The dimension of the R-vector space N/N? is
called the width of A. Basic examples of Weil algebras are the algebras Dj, of r-jets
at 0 of smooth functions R* — R. If A is an arbitrary Weil algebra of order r and
width k, then there is a surjective algebra homomorphism D), — A.

Let F' be a product preserving bundle functor. Put A = F'R. Applying F' to the
addition and multiplication R x R — R on the field R we obtain an addition and
multiplication A x A — A on A, so A is an algebra. In fact, it is a Weil algebra.

Conversely, let A be a Weil algebra of order r and width k and let p: D}, — A be
a surjective algebra homomorphism. If M is a manifold then we say that two smooth
maps 7,0: R¥ — M determine the same A-jet if p(j5 (v 0 7)) = p(j5 (v o 8)) for
every smooth function ¢: M — R. We will denote by j4~ the A-jet of a smooth
map v : R¥ — M and by T4 M the set of A-jets of all such maps. Since every chart
¢: U — R™ on M induces the chart T4U > j4y — (p(j5 (o' 0 7)), ..., p(j5(¢™ o
7)) € A" on TAM, TAM is a manifold, and so a bundle over M with the projection
TAM > j4% — ~(0) € M. If f: M — N is a smooth map between manifolds
then we define TAf: TAM — TAN by TAf(j*y) = j4(f o). We call T# the
WEeil functor induced by A. The Weil functor is a product preserving bundle functor.
Though the construction of T4 depends on the choice of p, T is unique up to an
equivalence. The equivalence of two bundle functors F' and G means that there is
a system of diffeomorphisms ep;: FM — GM covering idp; for every manifold M
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and satisfying ey o F'f = Gf o ey for every smooth map f: M — N between
manifolds.

Therefore we can construct a Weil algebra for every product preserving bundle
functor and a product preserving bundle functor for every Weil algebra. These
constructions are inverse to each other provided isomorphic algebras and equivalent
bundle functors are identified. Thus we have a correspondence between product
preserving bundle functors and Weil algebras.

Hence basic examples of product preserving bundle functors are the Weil func-
tors T . They are the r-tangent bundle functors 7" = T used in higher order
mechanics and the usual tangent bundle functor 7" = 0 among them.

2. LINEAR LIFTINGS OF SKEW-SYMMETRIC TENSOR FIELDS TO WEIL BUNDLES

Let p be a positive integer. We will denote by TeP M the R-vector space of tensor
fields of type (p,0) on a manifold M. Let A be a Weil algebra and n a non-negative
integer.

A lifting of tensor fields of type (p,0) to T is, by definition, a system of maps
Lyr: TeP M — Te? TAM indexed by n-dimensional manifolds and satisfying for
every embedding f: M — N between such manifolds and all ¢t € Te? M, u € Te? N
the implication

®prot:uof:>®pTTAfoLM(t) = Ly (u) o TAY.

Moreover, a lifting L of tensor fields of type (p,0) to T is said to be linear if Ly is
linear for every n-dimensional manifold M.

In [1] some liftings of this kind are constructed. We now give a sketch of the
construction, as it will play a fundamental role in our paper.

We call a tensor E € @ A, where A is treated as an R-vector space, equivariant
if
Z{(E) = Z{ (E)

2

for every C € A and all i,j € {1,...,p}, where Z¢: ®" A — ®" A for C € A and
ke {l,...,p} is the R-linear map defined by

Z9(X1®..9X,) =X1®...0 X3-1 © CXt @ Xjp1 @ ... ® Xp.

Let us denote by Eq” A the set of equivariant tensors. Equivariant tensors may
be multiplied by elements of A. Indeed, there is i € {1,...,p} because p > 1 and it
sufficies to put

CE = ZZ(F)
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for C € A and F € Eq? A. Since F is equivariant, it is immaterial which i we
choose. Note that Eq' A = A and if p = 1, then this product coincides with that in
the algebra A. It is also evident that Eq” A is an A-module. In addition, the sets of
symmetric equivariant tensors and skew-symmetric equivariant tensors, which will
be denoted by SyEq” A and SkEqP A respectively, are submodules of Eq” A.

The map A" 3> X — X' ®e; € A® R, where ey,...,e, stand for the standard
basis of R", enables us to identify A™ with A ® R" and consequently ®” A", where
A" is treated as an R-vector space with (®” A)® (Q” R"). Hence every X € ®” A™
can be written as X" ® ¢;, ® ... ® €;,, where X1-'r € Q" A for iy,...,ip €
{1,...,n} are uniquely determined.

Let £ € EqP? A. Our purpose is to define an induced by E linear lifting E of tensor
fields of type (p,0) to T4. Since we can use charts on n-dimensional manifolds, we
only need to define E; for every open subset U of R". Taking such U and t € TeP? U
we get i1 : U — R and so T4t : TAU — A for i1,...,i, € {1,...,n}. In
order to complete the construction it sufficies to put

Ey(t)(X) = (X, (T4 (X)E)®e;, ®...®e;,)

for X € TAU, because TAU is an open subset of A, so TTU can be interpreted as
TAU x A™ and consequently ®” TTAU as TAU x ®” A™. A standard computation
shows that the definition makes sense and E is really a linear lifting of tensor fields
of type (p,0) to T4.

Note that if p = 1, then E coincides with the composition of the flow operator
lifting vector fields to 74 and the natural affinor on 74 induced by E € A (see [6]).

For every manifold M we will denote by SyTe” M and SkTe” M the subspaces
of TeP M consisting of symmetric tensor fields and skew-symmetric tensor fields re-
spectively. It is easy to see that

E € SyEq? A = E;(SyTe? M) C SyTe? T M,
C SkTe? TAM,

)
E(SkTe? M)
E € SkEq? A = E;(SyTe? M) C SkTe? T4 M,
E(SkTe? M) C SyTe? T M.

In our paper we will be concerned only with the case of skew-symmetric tensor
fields.

A lifting of skew-symmetric tensor fields of type (p,0) to T4 is, by definition, a
system of maps Ly : SkTe? M — SkTe? TAM indexed by n-dimensional manifolds
and satisfying for every embedding f: M —— N between such manifolds and all
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t € SkTe? M, u € SkTe? N the implication
N Tfot=uof= N'TTfoLu(t)=Ly(u)oTf.

Moreover, a lifting L of skew-symmetric tensor fields of type (p,0) to T4 is said to
be linear if L, is linear for every n-dimensional manifold M.

Due to the above remark, if E € SyEq” A, then taking E|skter s for every
n-dimensional manifold M yields a linear lifting of skew-symmetric tensor fields of
type (p, 0) to TA. Tt will cause no confusion if we denote it also by E. The crucial fact
is that if p < n, then for every linear lifting L of skew-symmetric tensor fields of type
(p,0) to T4 there is a uniquely determined E € SyEq” A such that L = E (see [1]
for a proof). Thus we have a one-to-one correspondence between linear liftings of
skew-symmetric tensor fields to Weil bundles and symmetric equivariant tensors.

3. MULTIPLICATION OF SYMMETRIC EQUIVARIANT TENSORS

In this section we define multiplication of symmetric equivariant tensors which
will be used in the next section for formulating a relation between linear liftings of
skew-symmetric tensor fields to Weil bundles and the Schouten-Nijenhuis bracket.

Let p and g be positive integers.

Forallie {1,...,p} and j € {1,...,q} we define an R-bilinear map V;;: ®"” A x
R?TA — Q"1 A requiring

Vi (X1®..0X,,Y19..0Y,)=X;Y;0X1®..0X;_10X;11®...0 X,
WY1 ®..0Y;,10Y,1®...0Y,

forall Xp,...,X, € Aand Y1,...,Y, € A

We first show that if E € SyEq” A and F' € SyEq? A, then V;(E,F) = Vi (E, F)
for all i,k € {1,...,p} and j,I € {1,...,q}. Of course, it sufficies to prove that
Vi;(E,F) = Vi1 (E,F) for alli € {1,...,p} and j € {1,...,q}. Let P,: ® A —
®" A for any positive integer r and o € S,., where S, is the group of permutations
of {1,...,r}, be an R-linear map defined by

Po(X1®..0X,) = Xo-1(1) ® ... @ Xg-1(p)
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for X1,...,X, € A. Obviously, if X € ®" A, then X is symmetric if and only if
P,(X) =X for every o € S,. Put

1 ... i—1 ¢ +4+1 ... p
T =
2 ... ) 1 ++1 ... p
and
U_(l oo g—=1 453 541 ... q)
2 ... j 1 j+1 ... q/°

It is easily seen that V;; = Vi10(P; x P,). Since E and F are symmetric, we conclude
that V;;(E, F) = Vi1 (P (E), P,(F)) = Vi1(E, F) as desired.

There are ¢ € {1,...,p} and j € {1,...,q}, because p > 1 and ¢ > 1, so we may
define multiplication of symmetric equivariant tensors as follows.

Definition. Let EF = V,;(E,F) for E € SyEq” A and F € SyEq? A.

By the above, it is immaterial which i and j we choose. Note that SyEq' A = A
and if p = 1, then this product coincides with that in the A-module SyEq? A, because
Vi1(X,Y) = ZX(Y) for every X € A and every Y € SyEq? A. We also have the
following proposition.

Proposition. If E € SyEq? A and F € SyEq? A, then EF € SyEqPT97! A.

Proof. We first show that E'F is equivariant. Of course, it suffices to prove that
ZE(Vi (B, F)) = ZE(Vi1(E, F)) for every C € A and every k € {2,...,p+q — 1}.
We need to consider two cases.

If k € {2,...,p}, then it is easily seen that Z{ o Vi1 = Vi1 o (ZF x idgaa)
and ZE€ o Vi1 = Vi3 0 (Z¢ x idgea). Since E is equivariant, we conclude that
ZE(Vi (B, F)) = Vi1 (ZE (E), F) = Vi1(ZE(B), F) = ZE (Vi1 (B, F)) as desired.

Ifk € {p+1,...,p+ q— 1}, then it is easily seen that ZS o Vi; = Vi; o
(idgra xZEpr) and Z& o Vi1 = Vipo(idgea xZE). Since F is equivariant, we con-
clude that Z{ (Vi1 (E, F)) = Vi1(E, Z{_, 1 (F)) = Vi1(E, Z{ (F)) = Z{ (Vi1 (E, F))
as desired.

We next show that EF is symmetric. Of course, it suffices to prove that
Paw(Vii(E,F)) = Vii(E,F) for every k € {2,...,p + ¢ — 1}, which is due
to the fact that the group Sp44-1 is generated by the transpositions (1, %) with
ke{2,....,p+q—1}. We need to consider two cases.

If k € {2,...,p}, then for all Y5,...,Y, € A we define an R-linear map N¥2Ya:
R'A— QT APy N>V (X,9..9X,) =X19..0X,029...0Y,
for all X1,...,X, € A, and for every X € ®" A two R-linear maps R*: @7 A —
Q" T Aand S¥: @4 — QT Aby RX(V1®...®Y,) = N2 Ya(Z11 (X))
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and SX(V1®...9Y,) = N>Ye(Z} (X)) for all Y1,..., Y, € A. Clearly, R = S,
because F is equivariant. It is easily seen that R™(Y) = Py 4 (Vi1 (P11 (X),Y))
and SX(Y) = V1 (X,Y) forall X € Q" A and Y € ®? A. Since E is symmetric,
we conclude that Py ) (Vi1 (E, F)) = P gy (Vi1 (Pa g (E), F)) = RE(F) = SE(F) =
Vi1(E, F) as desired.

Ifke{p+1,...,p+q— 1}, then for all X»,...,X, € A we define an R-linear
map NX2-Xr: @14 — @ T Aby N2 (V1 ©..0Y)=Y19X29...®
X, @Y, ®...0Y, for all Y1,...,Y, € A, and for every Y € ®? A two R-linear
maps BY: @A — Q""" Aand §Y: @4 — Q" Aby RV (X, ®...®
Xp) = N X (0 (V) and SY(X1 © ... ® X,) = NX2Xe(Z7(Y)) for all
X1,...,Xp € A. Clearly, RF = SF because F is equivariant. It is easily seen that
RY(X) = P iy (Vi1(X, P j—ps+1y(Y))) and SY(X) = V11 (X,Y) for all X € ®” A
and ¥ € ®?A. Since F is symmetric, we conclude that Py ) (Vi1(E,F)) =
P iy(Vii1(E, P j—pi1)(F))) = RY(E) = S¥(E) = Vi1(E,F) as desired. This
proves the proposition. O

Example. We wish to express explicitly the multiplication defined above in the
simplest case, namely for the basic Weil algebras D}, of r-jets at 0 of smooth functions
R¥ — R.

We first consider the case k = 1. It is known that

Di= > (hidp)™ @... @ (jfidp)™

for i € {(s = 1)r,...,sr} form a basis of the R-vector space SyEq®Dj for every
positive integer s (see [1]). A trivial verification shows that

DEHTL it it < (p+q— D),

DPDY =
o 0, ifi+ji>@p+qg—1)r

forallie {(p—)r,...,pr} and j € {(¢g — D)r,...,qr}.

We now turn to the case k > 2 and r > 1. Then Eq°Dj, = N"®...® N" for every
integer s > 2, where N is the ideal of D, such that Dj, /N is one-dimensional and
N1 =0 (see [1]). Let E € SyEqP? D, and F € SyEq? D). It is immediate that if
p>2andqg>2 then EF =0. If p=1and ¢ > 2, then EF = 7p(E)F and if p > 2
and ¢ = 1, then EF = mp(F)E, where mp : D}, = TP R — R is the projection.
Finally, if p =1 and ¢ = 1, then EF coincides with the usual product in D, .

The remainder of this section is devoted to the study of some properties of multi-
plication of symmetric equivariant tensors. Though we will not need these properties,
they seem quite interesting from the algebraic point of view.
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It is evident that Vi1 (Vi1(X,Y),Z) = Vi (X, Vi1(Y, Z)) for all X € Q' A, Y €
®’ A, Z € " A, where i, j, k are positive integers, which yields (EF)G = E(FG)
for all E € SyEq’ A, F € SyEq’ A, G € SyEq" A.

For any positive integers ¢ and j put

12 i i+l o i1
X\ g1 i1 2 j ‘

It is evident that Py (Vi1 (X,Y)) = Vi1 (Y, X) forall X € ®" Aand Y € @’ A, which
implies EF = FE for all E € SyEq" A and F € SyEq’ A, because EF is symmetric.

By the above, (CE)F = C(EF) for all C € A, E € SyEq" A and F € SyE¢’ A,
where 7 and j are positive integers. Combining this with FF = F'E we see that the
map SyEq’ A x SyEq’ A 3 (E,F) — EF € SyEq""/ ™! A is A-bilinear. Hence if we
write SyEq A = é.; SyEq" A, then there is a unique A-bilinear extension SyEq A x

=1
SyEq A — SyEq A of all such maps. Taking this extension for a multiplication on
SyEq A and summing up, we have the following proposition.

Proposition. SyEq A is an associative and commutative A-algebra with unit.

4. LINEAR LIFTINGS OF SKEW-SYMMETRIC TENSOR FIELDS TO WEIL BUNDLES
AND THE SCHOUTEN-NIJENHUIS BRACKET

We begin this section by recalling the notion of the Schouten-Nijenhuis bracket
which is a generalization of the usual Lie bracket of vector fields. Let p and ¢ be
positive integers and M a manifold. Then there is a unique R-bilinear map SkTe? M x
SkTe? M > (t,u) — [t,u] € SkTe?T ™! M satisfying

[t A Atpur A /\uq]

PHZZ DF [t uj) Aty Ao Atiog Atigt AL At
1=1 j=1
ANur Ao ANUj—1 NUujrr Ao N g

forall t1,...,tp,u1,...,Uq € Te! M and such that if U is an open subset of M, t,t' €
SkTe? M are such that t|y = t'|y and u,u’ € SkTe? M are such that u|y = v/|y,
then [t,u]|ly = [t',v]|u (see [11] for a proof of existence of this map). This map is
called the Schouten-Nijenhuis bracket.

We can now formulate our main result.
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Theorem. If p and q are positive integers, E € SyEq” A and F € SyEq? A, then

[En(t), Far(u)] = EF y([t,u])

for every n-dimensional manifold M, all t € SkTe? M and u € SkTe? M.

Proof. It is known that the theorem holds for p = 1 and ¢ = 1, namely
[Car(v), Das(w)] = CDy([v,w)) for all O, D € A and v,w € Te' M (see [3]). Com-
bining this with the definitions of the Schouten-Nijenhuis bracket and multiplication
of symmetric equivariant tensors we see that the proof will be completed as soon as
we can show the following lemma. |

Lemma. If r is a positive integer, B a finite set and Gy, ...,Gp € A for b € B

are such that > Gp1 ®...R Gy € SyEq" A, then
bEB

(Zcb@...@cbr) (51N Ase) = Goinr(s1) Ao AGora(sy)

beB beB

for every n-dimensional manifold M and all s, ...,s, € Te' M.

Proof. Since we can use charts on n-dimensional manifolds, we only need to
prove the lemma for every open subset U of R™ instead of M. The left-hand side of
the required equality at any X € TAU is

1 i i
(X, (TA (F z; sgnas;,l(l) e Sarl(r)> (X) Z G ®.. .®Gbr> ®e;,®.. .®eir>.
oS, beB

Since the addition and multiplication on A = TR are obtained by applying T4 to

those on R and since > Gy ® ... ® Gy, is symmetric, this may be rewritten as
beB

1 i ir
(X, (F z;’ sgnaTAsdl,l(l)(X) .. .TAsg,l(T)(X)
oES,

X Z Gbg—l(l) ®...® Gbgl(r)) Ke; ®...0 eir>,
beB

then, by the definition of multiplication on the A-module SyEq" A, as

1 1
(X, > > sena(Ths, () (X)Gro10) @ -

beB  o€S,

®(TA5:;,1(T) (X)Gbafl(r)) ®eyp, ®...Q eir>,
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and finally, by our identification of (Q" 4) ® (Q" R") with ®" (A ® R"), as

1 i
(X, Z 3 Z sgna((TAs(T{l(l)(X)Gbrl(l)) ®ey) ...

beB  oE€S,

9 (T8 ) (X)) 961

which is the right-hand side of the required equality at X. O

5. APPLICATION TO LIFTINGS OF POISSON STRUCTURES TO WEIL BUNDLES

If M is a manifold, then ¢ € SkTe® M is called a Poisson structure on M if [t,t] = 0
(see [11]). We will denote by Po M the set of Poisson structures on M.

A lifting of Poisson structures to T4 is, by definition, a system of maps L :
PoM — PoT“M indexed by n-dimensional manifolds and satisfying for every
embedding f: M — N between such manifolds and all t € PoM, u € PoN the

implication

2 2
NTfot=uof= NTT*foLu(t)=Ln(u)oT"f.

Let E € SyEq? A. If M is an n-dimensional manifold and ¢ € Po M, then our
theorem gives [En(t), Ear(t)] = E2p([t, 1]) = 0, s0 Epr(t) € PoT*M. Hence taking
E M|poas for every n-dimensional manifold M yields a lifting of Poisson structures
to T4. It will cause no confusion if we denote it also by E. We thus have the

following corollary.

Corollary. Each FE € SyEq® A induces a lifting E of Poisson structures to T4.
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