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Abstract. We define a linear map called a semiinvolution as a generalization of an in-
volution, and show that any nilpotent linear endomorphism is a product of an involution
and a semiinvolution. We also give a new proof for Djocovié¢’s theorem on a product of two
involutions.
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1. INTRODUCTION

Let V be an n-dimensional vector space over a field k of any characteristic. The
k-algebra of k-linear endmorphisms of V' is denoted by Endj V', and the unit group
of End; V is Auty V. An element £ € Auty V is called an involution if £ = 1, and
two elements 1, ' € End;, V are said to be similar if ' = ono~' for some o € Aut, V.
An element o € Endy V is nilpotent if ¢” = 0 for some integer n > 1.

Suppose that V is a direct sum of two subspaces, say, V = L & M. Then we shall
call a linear map 0 = 0, @ ¢ € End; V' a semiinvolution if 07 € Endy L is the zero
map on L and ¢ € Autg M is an involution on M. In case that L is spanned by a
subset S C V', we may write Og for 0. Also 15, or 1g € Auty L denotes the identity
map on L.

Let H be a subspace of V having a basis Z = {x1,%2,..., Tm,Ym,---,Y2,y1} of
an even number of elements. Then an involution Az € Auty H is defined by

T :y17x2 ‘:)y27"'7xm‘:)ym-

We shall call Az the transpose of Z or H. Our purpose is to prove the following two
theorems, Theorems A and B.
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Theorem A. For o € Endy V, the following (a) and (b) are equivalent:

(a) o is nilpotent.

(b) o = 07 for an involution T = 1z, @Az, and a semiinvolution § = 0z, ©17; ©Az,,
where {Z1, Z>} and {Z)), Z{, Z4} are two bases for V' which satisfy the following
condition (C):

(C) Zy and Z, are expressed as

Zl = {1'10,.’1520, . '7:1;7“0}7

Zo ={Xrigeeo s Xos1s X oo, X0, X0, Y1, Yoy Yo Yoty o, Yo )

for X; = {@im,, .-, Tio, Tir b, Y = {yi1, Yi2s - -+, Yim, } and 1 < i <7+, and for
which Z|,, Z}, Z} are expressed as

() Zy = {@im,: 1<i <7+ s},
i.e., the first elements of X, yq,..., X2, X1,
(i) Z]={yn: r+1<i<r+s},

i.e., the first elements of Y,11,Y,y2,..., Y, 15,
and

!/ ! ! / / ! !/ ! ! !/ !/
(111) Z2 = {Xr+sv"'7Xr+17Xr7'~'7X27X17}/17}/27~"7)/7"7}/1”+17'~'7)/r+s}

for
X! — {Titm,—1),- - za, zi0} if 1 <i<r,
’ {Zitmi=1)s - Tir } ifr+1<i<r+s,
and
Y,_ {yilayi27"'7yimi} if 1 <i<r;
' {yi27yi37"'7yimi} jfr+1<Z<T+5

Remark 1. Write n; =2m; +1for1 <i<randn; =2m; forr+1<i<r+s.
By a rearrangement of {m;} we may assume that ny >no > ... 2 n, for t =r + s.
Then, by the definition of 7; and 6; in the proof for Theorem A, we shall see that
{n;} are the invariants of o. Thus, the involution 7 and the semiinvolution 6 in
Theorem A are unique for o up to similarity. Further, as we see in Theorem A,
the relationship between 7 and € is given by the condition (C), more precisely 7
determines 6.
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Remark 2. 7 is expressed in the basis {71, Z5} for V as

1

and 6 is expressed in the basis {Z}, Z{, Z}} for V as

0

Theorem B. Any o € Auty V is a product of two involutions 7, 0 if and only if

o and o~ are similar.

Djocovi¢’ [1] proved Theorem B by applying the uniqueness of the elementary
divisors, whereas we will do it by using the uniqueness of the system of invariants.
As a result the proof will be shorter.

2. PROOF OF THEOREM A
(I) (a) = (b): We start our proof from the following well-known result on nilpotent
linear endomorphisms of V.
Since o € Endy V is nilpotent, we may express V and o as
V=VieVee...eV, Vi=kvi®kvip®...0kv,, forl<i<t,

and

c=01@Q02®...B0, 0 Vi1 = Vg — ...V, — 0 for 1<i<y,
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where

o, =o0ly, € EildVi

(see for example Herstein [5, Theorem 6.5.1]).
By the above result, for 1 < ¢ < t, if we define 7;,60; € Endy V; by

(1) Tit Vij = Vi(n,—j+1) for 1< j <ny,

and

(2) 0i =vi1 =0 and vj; — Vi, —jp2) for 2<j <ny,
we have

(3) o, =0;7 for 1<i<t,

and so

(4) 0’:917’1@927'2@...@9,57}:(91@92@...9,5)(7’1@TQ@...@T,:).

To construct an involution 7 and a semiinvolution 6 as in the theorem, we will
rearrange the basis elements {v;;} for V. To do so we will renumber the suffixes of
the subspaces {V1,Va,...,V;} so that their dimensions {ni,no,...,n,} are all odd
numbers with n; > ne > ... > n,, and {n,41,Nr42,...,n,4s} are all even with
Npt1 = Npg2 = ... 2 Npys and t = r+ s. Moreover, we rewrite the basis elements in
Si = {vi1, Vizy . . ., Vin, } for V; as

{Zim,s - @i, Tit, Tio, Vi1, Yz, - -, Yim, } for 1< i<,
(5) Si=

<
{xim”"'7xi27xi17yil7yi27'"7yimi} for r+ 1 g 1 g T‘+S,

where n; =2m; + 1 for 1 <i<r,and 2m; forr+1<i<r+s.

This is equivalent to saying that for 1 <i < 7+ s, setting
Xi ={Tim;y - T2, v} and Yy = {yi, Yi2, - -+, Yim, }
we then have

S ={ X, 20,Yi} for 1<i<r, and S;={X;,V;} for r+1<i<r+s.
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Hence, if we define

Zl = {1'10,.’1520, L 7:ET0}7

Zo ={Xrisy o, Xog1, Xy oo, X1, Y1, ., Y Yoi, o Y )
and

T=1z & Az,
then by (1) we find that
(7) T=T1®T®d...OT.
Similarly, setting

X =A{zimi—1)> - ziots Yy ={¥ir, - Yim,} for 1 <i<or,

and

X ={Zimi—1)s-- s v}y Y ={yi2, o Yim, ) forr+1<i <o,

we get

Si = A{xim,, X, Y/} for 1 <i<r, and {Zim,, X/, yi1,Y;} forr+1<i<r+s.

i 41

Therefore, if we define

Zé = {z1m17x2m27 s T (rs)ympys) }7
Z = {y(r+1)1’ Yer+2)1) - - - 7y(r+s)1}7
Zy={X] g, X, 1, X)L XL Y Y Y YL

sy Lo

and

(8) 0 =0z ®1lz; DAz,

we have

9) 0=0,D0,D...00,

This shows that o = 67 by (4), which gives us (b).
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(IT) (b) = (a): By the definition of 7 and 6, we have for 1 <i < r + s,

(10) Yim; ) yi(mi—l) .
/ i \ 7'/"' i \

1 . . i
i : Tim; ———————> Li(m;—1) —————> Ti(m; —2) —>

g

Yi2
T 0
T2 / g \fcﬂ.

Further for 1 <7 < r,

(11)

/ Yi1 0 X0 ) T41 0
T T T
Tl a\%‘o/ U\yil/ z \%2

omit2.

and forr+ 1<t <r+s,

(12) ¥t o AN

0’mi+1 . il g Yi1l g Yi2

Iimi
7N
yi’mi g 0
Therefore,
o X, 240, Yi} =0 for 1 <i<r,

and

UQm"{Xi,Yi}:O forr+1<i<r+s.

Hence, for | = max{{2m;+1: 1 <i<r}U{2m;: r+1 < i< r+s}}, we conclude
that o'V = 0. Thus o is nilpotent and we have proved Theorem A.
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3. PrROOF OF THEOREM B

Ifo =70 with 72 =02 =1, then 07! =07 = 0700~! = o0~ is similar to o. So,
all what we have to do is to show the converse.

Let k[z] be the polynomial ring in = over k. Then, since the correspondence
o klz] — E}CldV

defined by 7, (f(x))(v) = f(o)(v) for v € V and f(z) € k[z] is a ring homomorphism,
if we define f(z)v = f(o)(v), V is endowed a module structure over the principal
ideal domain k[z]. In particular, since dim V' < oo, V is a finitely generated torsion
k[z]-module. Therefore by [10, XIV, Theorem 2.1, p. 557] there is a finite number of
monic polynomials fi(x), fa(z),..., fo(x) in k[x] such that

V=~ kal /(f1(2)) & .. @ k[e]/(fu(2)) with fi|...| fa

as k[z]-modules. Further the sequence of ideals (f1),...,(fn) is an invariant for V'
and 7., which is called the system of invariants.

Since k[z]/(fi(x)) = klz](1 + (fi(z))) is a cyclic k[z]-submodule generated by one
element 1+ (f;(x)), if we write

(1) fil@) = aio + anz + ...+ ajm— @™ "+ 2™, ay; €k,
fori =1,2,...,n, we will find n elements vy,vs,...,v, € V which satisfy for i =
1,2,...,n,

) V=VieVod...eV, where V; = kv; ® kov; ® ... D ko™i L, ~ klz]/(fi(z)),
(i) c=01®02®...H0oy,, 0, =0y, and
(iii) fi(z) is the minimal polynomial of o;.
Here we note that o; € Auty V;, or equivalently a;o # 0, since o € Auty V. This
implies that for i =1,2,...,n

Vi= (o7 )" Vi = kv ® ko v @ @ k(o)™ s,
ot zofl@agl@...@ogl
and
(2) gi(x) = az'a™ fi(a™")

-1 -1 -1 m;i—1 m;
G, + 0y Giem;—1)T + ... FaganT T+ T
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is the minimal polynomial of o; '. Accordingly if we give V another k[z]-module
structure by a ring homomophism

Tg-1: klz] — EEdV defined by 7,1 (f(2))(v) = f(e™1)(v)
and write it V' for V, we have

V'~ klz]/(g1(2)) @ ... ® k[z]/(gn(x))  with g1 [...|gn.

Asfor g; | git1, since f; | fit1, if weset fiy1 = fih; with m; = dim f; and r; = dim h;,
we get gi+1(z) = gi(z)qi(z) for ¢;(x) = h;(0) " z[*h;(z~') € k[z]. Hence g1 | ... | gn.

On the other hand, since ¢ and o~! are similar, we have ¢~ = pop~! for some
0 € Auty V. Hence om,(f(x))(v) = of(0)(v) = my—1(f(x))o(v), since oo = oo.
This shows that g is a k[z]-module isomorphism of V to V'. Therefore the uniqueness
of the system of invariants gives us (f;) = (g;) and so f; = g;, since they are monic.
Thus (1), (2) imply that

(3) aio = ay', @y =ag aim,—; forj=1,2,...,m; -1
Now for i =1,2,...,n, we define 7;,0; € Auty V; by

j—J—1

] m .
Tit olv; — 0, v; for0<j<m;—1,
0;: olv; — 0" for0 <j<m;—1.
Then, for ¢ =1,2,...,n, we have
o;=0;7; and 72=1o0nV;, and 6?=1 on {o,,... ,U;’”_lvi}.

However, using (3), an easy calculation gives us §7v; = v; and so 6 =1 on V;.

Thus, setting
n n
TZ@Ti and 9269917
i=1 i=1

we obtain ¢ = 76 and 72 = #? = 1, which completes the proof of Theorem B.
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