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Abstract. If G is a connected graph of order n > 1, then by a hamiltonian coloring of G
we mean a mapping ¢ of V(G) into the set of all positive integers such that |c(z) — c(y)| >
n—1— Dg(z,y) (where Dg(z,y) denotes the length of a longest  — y path in G) for all
distinct z,y € V(G). Let G be a connected graph. By the hamiltonian chromatic number
of G we mean

min(max(c(z); z € V(G))),

where the minimum is taken over all hamiltonian colorings ¢ of G.

The main result of this paper can be formulated as follows: Let G be a connected graph
of order n > 3. Assume that there exists a subgraph F' of G such that F' is a hamiltonian-
connected graph of order ¢, where 2 < 7 < %(nJrl). Then he(G) < (n—2)241-2(i—1)(i—2).

Keywords: connected graphs, hamiltonian-connected subgraphs, hamiltonian colorings,
hamiltonian chromatic number

MSC 2000: 05C15, 05C38, 05C45, 05C78

By a graph we mean a finite undirected graph with no loop or multiple edge, i.e. a
graph in the sense of [1], for example. The letters f—n will be reserved for denoting
non-negative integers. The set of all positive integers will be denoted by N.

If Gy is a connected graph and u,v € V(Gy), then we denote by Dg,(u,v) the
length of a longest u — v path in Gy. If G is a connected graph of order n > 1 and
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x,y € V(G), then, following [5], we denote

Consider a connected graph G. By a hamiltonian coloring of G we mean a map-
ping ¢ of V(G) into N such that

|e(u) = c(v)| = Dg(u, v)

for all distinct u,v € V(G). If ¢ is a hamiltonian coloring of G, then by hc(c) we

mean

max(c(w); w € V(G)).

By the hamiltonian chromatic number he(G) of G we mean
min(he(c); ¢ is a hamiltonian coloring of G).

The notions of a hamiltonian coloring and the hamiltonian chromatic number of a
connected graph were introduced by Chartrand, Nebesky and Zhang in [2]. The
adjective “hamiltonian” in these terms has a transparent motivation: if G is a con-
nected graph, then he(G) =1 if and only if G is hamiltonian-connected. Note that
if G is a connected graph with no hamiltonian path and c is a hamiltonian coloring
of G, then c(u) # c(v) for any distinct u,v € V(G).

Let n > 3. The connected graph of order n which is, in a very natural sense, the
most different from the hamiltonian-connected graphs of order n is the star K ,,—1.
It was proved in [2] that he(K7,_1) = (n — 2)? + 1. As was proved in [3], if G is a
connected graph of order n > 5 which is not a star, then he(G) < he(Ky ,—1) — 2.
As follows from another result proved in [2],

hC(Cn) = hC(Kl’nfl) —1=n-2.

Let G be a connected graph. We will say that a hamiltonian coloring ¢ of G is
normal, if there exists u € V(G) such that c(u) = 1. Clearly, if ¢¢ is a hamiltonian
coloring of G such that he(cg) = he(G), then ¢ is normal.

Observation 1. Let G; be a connected factor of a graph Gy. As immediately
follows from Lemma 4.5 in [2], hc(Gy) < he(Gy). This result is easy but very
useful. It implies, for instance, that if G is a hamiltonian graph of order n > 3, then
he(G) < n—2.
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Further results concerning hamiltonian colorings were proved in [2], [3], [4], and [5].

Let G be a connected graph of order n > 3. Then G contains a nontrivial
hamiltonian-connected graph as a subgraph. The main result of the present pa-
per can be formulated as follows. If there exists a subgraph F' of G such that F'is a
hamiltonian-connected graph of order i, where 2 < i < %(n + 1), then

he(G) < (n—2)2+1-2(0—1)(i —2)

(Theorem 4).

We first introduce a special type of graphs. (Graphs of that type could be called
pseudostars.) Let n > 3, let H be a connected graph of order k, 1 < k < n, let
ui,...,u;, where 1 < j < k, be pairwise distinct vertices of H, and let bq,...,b; be
positive integers such that b; + ...+ b; = n — k. Consider pairwise distinct vertices

(1) LS T O S 1 R TR
not belonging to H. We denote by
S(Hjuti: vi1, .. 015Ut Vg1, -y Ujh;)
the graph Gg such that
V(Go) = V(H)U{v1,1,. -, VLbys e U1y Vb, f

and

E(Go) = E(H) @] {'Uzl'Ul,l, N A TR 1710 5 PR ,ujvj,bj}.

Moreover, we say that a graph G is
S(H;ul,bl; e ;Uj,bj)
if there exist pairwise distinct vertices (1) not belonging to H such that

G=8(H;ui: vi1,...,01p5--3Ujt Vj1,--, Vb, )-
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Lemma 1. Letn > 4, let H be a connected graph of order k, where2 < k < n—2,
let w € V(H), and let vy, ..., v,_j be pairwise distinct vertices not belonging to H.
Consider a normal hamiltonian coloring ¢ of S(H;u: v1,...,v,_k) such that

1=c(v1) <... < c(vp—k) = he(e).
Then there exists j, 1 < j <n — k, such that

c(vj1) — e(v) = n.

Proof. Put
G=SH;u: v1,...,0n_k).

For each i, 1 < i < n — k, we denote by W, the set of all w € V(H) such that
c(v;) < w < e(vi41). We distinguish two cases.

1. Assume that k& < %(n —1). Clearly, there exists j, 1 < j < n — k, such that
u € Wj. If |[W;| = 1, then ¢(u) —c(v;) 2 Dy (u,vj) =n—2and c¢(vjp1)—c(u) = n—2,
thus c¢(vj41) — ¢(v;) = 2n — 4 > n. Let now |W;| = 2, and let w be the vertex in W}
different from u. Without loss of generality we may assume that c¢(w) < ¢(u). Then
c(w) — c(vj) = Dg(w,vj) =2 n—k—1, c(u) — c(w) > Dg(u,w) > n — k and
c(vj41) — c(u) = n — 2. Thus

-1 -1
c(vj+1)fc(vj)>3n72k7323n—4nT73:5n

> n.

Finally, let [W;| > 3. Since 2 <k < 2(n — 1), we get

—1
c(vjp1) —c(vj) 24n—k)—2> 4(717 2nT> —2>n.

2. Assume that k > 2(n — 1). Put

n—1
=— (n—Fk)—2.
m n—k—l(n )

If m < n, then k < 2(n — 1); a contradiction. Thus m > n. Since k > 2(n — 1), we
have i
—_— > 2.
n—k—1
Clearly, there exists j, 1 < j < n — k, such that
k

Wil 2 ————.
| ]| nfkfl
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This implies that

c(vjt1) = c(v;) = (W] +1)(n — k) — 2

k
> (———+1)(n—k) -
(nfk—l—’—)(n k) =2
n—1
which completes the proof. O

Observation 2. Obviously, the complement of a path of order four is a path.
On the other hand, the complement of K ,_1, where n > 2, has no hamiltonian
path. As was shown in Lemma 4.9 of [2], if T is a tree different from a star, then the
complement of T" has a hamiltonian path. This result can be extended as follows:
if F'is a forest different from a star, then the complement of F' has a hamiltonian
path. The proof is easy and will be left to the reader.

Lemma 2. Let Gy be a connected graph of order n > 3, let H be a connected
graph of order k, where 2 < k < n, and let u € V(H). Assume that H is an
induced subgraph of Gy, and that Gy — (V(H — u)) is a tree. Then for every normal
hamiltonian coloring ¢; of S(H;u,n— k) there exists a hamiltonian coloring co of Gy
such that

he(cp) = he(er).

Proof. The case when n — k = 1 is obvious. Let n — k > 2. Then n > 4.
Consider pairwise distinct vertices v1,...,v,_x not belonging to H and put

Gy =S(H;u: v1,...,0p—k)-

Denote Jy = Go — V(H). Obviously, Jy is a forest.
Let c¢; be an arbitrary normal hamiltonian coloring of G;. Without loss of gener-
ality we may assume that

01(1}1) < e < cl(vn_k).
Since Dy (vf,vy) = n — 3 for all f and g such that 1 < f < g < n —k, we get

c1(vpy1) —cr(vp) 2n—3foreach h, 1 <h <n-—k.
We will construct a mapping ¢y of V(Gp) into N such that

(2) co(v) = c1(v) for each v € V(H).
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We will show that
(3) ¢op is a hamiltonian coloring of Gy and he(cg) = he(ey).

The construction of ¢y will be divided into several cases and subcases.
1. Assume that Jy is not a star. Observation 2 implies that there exists a linear
ordering

ULy ooy Un—k

of all the vertices of Jy such that u; and us;; are non-adjacent in Gy for each f,
1< f<n—k. We define

co(ug) =ci(vy) foreach f, 1< f<n—k
Consider an arbitrary w € V(H). Using (2), we get
lco(tes) — eow)] = le1(uy) — e1(w)] > D, (v, w) > Digy (g, w)
for each f, 1 < f < n — k. Moreover, we have
co(usir) — co(uy) = c1(vp41) — c1(vy) = D, (v41,08) =n —3 = D, (ugr1,uy)

for each f, 1 < f <n—k. Since n > 4, we see that co(up) — co(uy) >n—2, forall g
and h such that 1 < g and g+ 2 < h < n. It is clear that (3) holds.

2. Assume that Jj is a star. We denote by y the vertex of Jy adjacent to u in Gy.
Recall that n — k > 2. Let first n — k > 3; we denote by x the central vertex of Jy;
clearly, either y = x or x and y are adjacent in Jy. If n — k = 2, then we put x = y.

2.1. Assume that ¢q(v1) > 1 or ¢1(vp—k) < he(eq). Without loss of generality, let
¢1(vp—k) < he(er).

2.1.1. Assume that y = z. Let uo,...,u,_r be the vertices of Jy adjacent to x.
We define ¢o(z) = ¢1(v1) and

co(ug) =ci(vy) +1 foreach f, 2< f<n—k
Consider an arbitrary w € V(H). Using (2), we get
lco(aug) — co(w)] = 1 (v) + 1 — ex(w)| > D, (v7,w) — 1 = D, (g, w)
foreach f,2 < f <n—k, and

|co(x) — co(w)| = |e1(v1) — er(w)| > Dg, (vi,w) = Dg, (z,w).
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Obviously, co(x) < co(ug) < ... < co(un—k). We have
co(uz) —co(x) = c1(v2) + 1 —c1(v1) = Dy, (v2,v1) + 1 =n — 2 = Dy, (ug, z)

and

co(ugir) = co(us) = (cr(vpsr) +1) = (ea(vy) +1)
> Dg, (vf1,05) =n =3 = D, (upi1,uy)
for each f, 2 < f < n — k. Recall that co(un—x) = c1(vn—x) + 1 < he(er). We see
that (3) holds.

2.1.2 Assume that y # x. Then n — k > 3. We denote by us,...,u,__1 the
vertices of Jy adjacent to x and different from y. We define co(y) = ¢1(v1),

co(ug) =ci(vy) foreach f, 2< f<n—k,
and c¢o(x) = ¢1(vp—k) + 1. Consider an arbitrary w € V(H). Using (2), we get

leo(y) — co(w)] = |er(v1) — er(w)| = Dg, (vy, w) = D, (y, w),
leo(uy) = co(w)| = |ex(vy) — er(w)] = D, (v, w) = D, (up, w) +2

for each f, 2 < f <n—k, and
lco(x) = co(w)] = ler(vn—k) + 1 = c1(w)| = Dag, (vn—k,w) — 1 = D, (w, w).
Obviously, co(y) < co(uz) < ... < co(un—k—1) < co(x). We have

co(u2) — co(y) = c1(v2) — c1(v1) = Dg, (v2,v1) = n — 3 = D, (u2,y),

>
co(ugs1) — co(uyp) = e1(vpr) —cr(vy) =

Dg, (v1,v5) =n—3 = Dg(ugi1,up)
foreach f,2< f<n—k—2, and

co(x) = co(un—r-1) = c1(vn-r) + 1 —c1(vn_r-1) = D, (Vn—k,Un—r—1) + 1

=n—2=Dg, (T, Un—g—1).

We see that co(z) — co(y) > n —2 = Dg(z,y). Recall that co(x) = c1(vp—r) +1 <
he(eq). It is clear that (3) holds.

2.2. Assume that ¢1(v1) =1 and ¢1(vp—g) = he(er). By Lemma 1, there exists 7,
1 < j <n—ksuch that ¢i(vj41) — c1(vj) > n.

2.2.1. Assume that 1 <j<n—k—1. Thenn —k > 4.
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2.2.1.1. Assume that y = x. Similarly as 2.2.1, let uo,...,u,_; be the vertices
of Jo adjacent to x. We define ¢q(x) = ¢1(v1),

co(up) =ci(vg) +1 foreach f, 2<f <y
and

co(uy) =c1(vy) foreach f, j+1<g<n—k.
Consider an arbitrary w € V(H). Using (2), we get

lco(z) — co(w)] = [e1(v1) — c1(w)]

Dg, (v1,w) = Dg, (z,w),
lco(uy) = co(w)| = ler(vy) + 1 = e1(w)| = Dg

>
> Dg, (vf,w) =1 = Dg, (uf,w)
for each f,2 < f < jand

leo(uy) = co(w)] = |ex(vy) — er(w)] = Dig, (v, w) = Dag, (g, w) + 1

for each f, j+1 < f < n—k. Obviously, co(x) < co(uz) < ... < co(un—r). We see
that

co(uz) — co(x) = c1(v2) +1 = c1(vy)

co(ugs1) — co(up) = e1(vp41) — c1(vy)

> D¢, (v2,v1) +1=n—2= Dg (u2,x),
> Dg;, (v41,v5) = n — 3 = D, (ug41, uf)

foreach f,2< f<j—1,
co(ujr1) — co(uj) = c1(vj1) — (c1(vy) +1) =2 n —1> D, (uj1, 1),
and
co(ugs1) —co(uy) = er(vys1) — er(vy) 2 Dg, (vp41,05) = n =3 = D (w1, uy)

for each f, j+1 < f <n—k—1. Recall that co(up—r) = ¢1(vn—r). We see that
(3) holds.

2.2.1.2. Assume that y # x. Let uy, where 2 < f < jor j+2 < f <n—k, be the
vertices of Jy adjacent to z and different from y. We define co(y) = ¢1(v1),

co(up) =ci(vy) foreach f, 2< f<jorj+2<f<n—k
and ¢o(z) = ¢1(vj+1) — 1. Consider an arbitrary w € V(H). Using (2), we get

co(y) — co(w)| = |e1(v1) — c1(w)] = Dg, (vf, w) = D, (y, w),
lco(ug) — co(w)| = |e1(vf) — er(w)| = Dg, (vy,w) = Dg, (up, w) 42
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foreach f,2< f<jorj+2< f<n—k,and

leo(x) — co(w)] = [e1(vj1) — 1 = er(w)| = Dg, (vj41,w) — 1 = Dgy(z, w).
Moreover, we get

co(u2) — co(y) = c1(v2) — e1(v1) = D, (v2,v1) =n — 3 = Dg, (u2,y),

co(ug+1) — co(uy) = e1(vps1) — e1(vy) 2 D, (vy41,vp) =1 —3 = D, (ugs1,uy)

foreach f,2< f<jorj+2<f<n—k,
co(z) — co(uy) = e1(vjr1) — 1 —e1(vy) = n— 1> D, (x,u; ),
and
co(ujr2) — co(x) = c1(vjt2) — (c1(vjr1) — 1) = Dgg, (vj42,vj41) + 1
=n—2=Dg, (ujt2,2).

Clearly, co(x) — co(y) = 2n —4 > n > D (z,y). This implies that (3) holds.

2.2.2. Assume that j = 1 or j = n — k — 1. Without loss of generality we
assume that j = 1. Let uo,...,u,_r be the vertices of Jy adjacent to x. We define
co(x) =1 =c1(v1) and

co(ug) =ci(vy) foreach f, 2< f<n—k.

Recall that c1(v2) — c1(v1) = n. Then co(uz) — co(x) = n > Dg (x,uz2). Using (2),
we can easily show that (3) holds.
Thus the lemma is proved. (]

Corollary 1. Let G be a connected graph of order n > 3, let H be a connected
graph of order k, where 2 < k < n, and let u € V(H). Assume that H is an induced
subgraph of G and that G — (V(H — u)) is connected. Then

he(G) < he(S(H;u,n — k)).
Proof. Obviously, there exists a connected factor Gg of G such that H is an
induced subgraph of Gy and Go— (V(H —u)) is a tree. As follows from Observation 1,

he(G) < he(Gp). Combining this inequality with Lemma 2, we get the desired result.
]

The next theorem is an important step towards the main result of this paper:
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Theorem 1. Let G be a connected graph of order n > 3 and let F' be an induced
subgraph of G. Assume that F' is a connected graph of order i, where 2 < i < n.
Then there exist pairwise distinct ui,...,u; € V(F'), where 1 < j < i, and positive
integers by, ...,b; such that by +...+b; =n — ¢ and

(4) he(@) < he(S(Fjuq,br;. . 5uj,b5)).

Proof. Obviously, there exists a connected factor G* of* G such that no edge
of G* — E(F) belongs to a cycle in G*. By Observation 1,

he(G) < he(GY).

Since 7 < n, we see that there exist pairwise distinct vertices u1, ..., u; of G*, where
1 < j <4, and pairwise vertex-disjoint subtrees L1, ..., L; of G* such that

V(L) NV(F) ={us} foreach f, 1<f<j,

and V(Lq1)U...UV(L;)UV(F) =V(G*). Put by = |V(Ls)|—1foreach f,1 < f < j.
Moreover, we put G = G* and

5 =S(Gr = V(Ly —{ug})iuys, by) foreach f, 1< f <

It is clear that
G;‘ = S(F;ul,bl; Ce ;Uj,bj).

It follows from Lemma 2 that
he(Gy) < he(Gh) < ... < he(G)),

which completes the proof. O

As we will see, Theorem 1 can be improved under the condition that i < $(n+1)
and F' is hamiltonian-connected.

Recall that every complete graph is hamiltonian-connected. If f and 4 are positive
integers, then by S(Kj; f) we mean a graph S(H;u, f), where H is a complete graph
of order ¢ and u € V(H).
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Proposition 1. Let F' be a complete graph of order i > 2, let uq,...,u; € V(F),
where 1 < j < i, be pairwise distinct vertices of F', and let by,...,b; be positive
integers. Put

G = S(F;u1,b1;...5u4,b;).

Consider an arbitrary A C E(F') such that F' — A is hamiltonian-connected. Then
every hamiltonian coloring of G is a hamiltonian coloring of G — A.

Proof. The proposition immediately follows from the definition of a hamilto-

nian coloring. (]

Observation 3. Put G = S(K;;n — i), where n > 4 and 2 < i < n— 2. Consider
arbitrary distinct v,w € V(G) such that degg v < degg w. Then
if degg v = deggw = 1, then Dy, (v,w) =n — 3,
if deg; v =1 and deg, w =i — 1, then Dy (v, w) =n —i—1,
if deg v =1 and degy w = n — 1, then Dy (v,w) =n — 2,
if degov=1—1and deggw =i —1or n—1, then Dg,(v,w) =n —i.

Lemma 3. Let F be a complete graph of order i > 2, let uy,...,u;, where
1 < j < i, be pairwise distinct vertices of F', and let by,...,b; be positive integers
such that ¢ <b; +...+b; +1, and

Then for every hamiltonian coloring c¢* of S(F;uj, b1 + ...+ b;) there exists a hamil-
tonian coloring ¢ of S(F;u1,b1;...;u;,b;) such that he(c) = he(c*).

Proof. The case when j =1 is obvious. Let j > 2. Put
n=1+0b; +...+ by, G:S(F;ul,bl;...;uj,bj) and G*:S(F;Uj,’n—i).

Obviously, i < $(n+1). Since j > 2, we have n —i > 2. Put W = V(G) \ V(F)
and W* = V(G*) \ V(F). For every f, 1 < f < j, we denote by W} the set of all
vertices in W adjacent to uy in G. Thus [W| = n —i = |[W*| and |Wy| = by for
each f, 1< f <.

Consider an arbitrary hamiltonian coloring ¢* of G*. Since ¢ > 2 and n — 7 > 2,
we see that G* has no hamiltonian path; therefore ¢*(v) # ¢*(w) for all distinct
v,w € V(G*). If j > 3, then, without loss of generality, we assume that

M (ur) < ... <c"(ujo1).

Consider an arbitrary f, 1 < f < j — 1. If there exists * € W* such that
c*(z) < ¢*(uy) and there exists no r € V(G*) such that ¢*(z) < ¢*(r) < ¢*(uy), then
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we put u; = x. If there exists z € W* such that c¢*(uy) < ¢*(z) and there exists no
s € V(G*) such that ¢*(uy) < ¢*(s) < ¢*(z), then we put u}' = 2.
Moreover, we put

Xp={uy, u}"} if both u; and u}' are defined,
X ={uj;}if u} is defined and u? is not,

Xy = {u'f"} if u'fIr is defined and u} is not, and
Xy = 0 if neither u; nor u}“ are defined.

Recall that if j > 3, then ¢*(u1) < ¢*(uj—1). This means that if j > 3 and U;_—1 is
defined, then u;L_l g X.

We introduce the following notation. Consider arbitrary vertices z1,..., 2y of G*
such that ¢*(z1) < ... < ¢*(z5), where f > 1. Put Z = {z1,...,2¢}. 1< g < f,
then we write

Z<g> = {Zl, ce ,Zg}.

We now define the sets W}‘ , where 1 < f < 7, as follows:

Wi = (W*\ X1)p, -1y U{uf ,}
if j >3, ul_, is defined and ul ; & (W*\ X1)@, 1),
Wi = (W*\ X1)@,) otherwise;

if j >3 and 2 < f <j, then
Wi = (W (WU UWE )\ X))

finally
Wi=W*\(Wyu...uWw:,).

Clearly, if j > 3, then
(WA (WT UL UW ) n{XG )l < 1

It is easy to see that the sets W7',..., W ,, W} are well-defined.
Let ¢ be a mapping of V(G) into N such that

c(v) = c*(v) for every v € V(F)

and

328



Consider distinct wy,we € W. Then there exist distinct w}, w; € W* such that
c(wy) = ¢*(wy) and c(wg) = ¢*(w3). Thus

le(wr) = e(ws)| = |e"(w]) = " (w3)| = D= (wi, w3) = n =3 = D (wr,ws).

Consider an arbitrary f, 1 < f < j, and an arbitrary w € Wy. There exists w* € Wy
such that c¢(w) = ¢*(w*). Clearly,

le(w) = e(ug)| = |e"(w") = " (uy)| = Do (w*, u5) = n =2 > D (w, uy).
Let v € V(F) and uy # v # u;. Then
e(w) = e(v)] = le* (") — ¢ ()] > Dl (", 0) =0 — i — 1 = Dis(uw,v).

Without loss of generality we assume that ¢*(w*) < ¢*(uy). As follows from the
definition of W}, there exists r € V(G*) such that ¢*(w*) < ¢*(r) < ¢*(uy). Clearly,

le(uy) = e(w)| = " (w") = " (uy) = (¢ (ug) = *(r)) + (¢ (r) — ¢ (w")).
Obviously, if r € V(F —u,;), then ¢*(uy) —c*(r) = n—iand ¢*(r)—c*(w*) 2 n—i—1,

if r = u;, then ¢*(uy) — c*(r) 2 n —i and ¢*(r) — ¢*(w*) > n—2; and if r € W*,
then ¢*(uf) —c¢*(r) 2n—i—1and ¢*(r) — c*(w*) > n —

3. Hence
le(ug) — c(w)| > min(2n —2i — 1, 2n —i — 4).
Recall that i < (n + 1). We see that
2n—2i—1>n—2=Dg(us,w).
Since n > 4 and 7 is an integer, we see that
2n—i—4>n—2= Dg(ur,w)
again.

This implies that ¢ is a hamiltonian coloring of G and he(c) = he(c¢*), which
completes the proof. O
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Lemma 4. Let F' be a complete graph of order i > 2, and let u; and u be distinct
vertices of F. Then he(S(F;uq,1;u,1) < he(S(F;u,2).

Proof. Put G = S(F;u1,1;uz, 1) and G* = S(F;us9,2). If i = 2, then it is easy
to show that he(G) =4 < 5 = he(G*).

Let ¢ > 3. The definition of a hamiltonian coloring implies that he(G*) > 2i — 1.
Let us,...,u;_1 be the vertices of F' different from u; and u, and let v; and v be the
vertices of degree one in G such that ujv,uv € E(G). We denote by ¢ the mapping
of V(@) into N defined as follows:

clur) =1, elug) =3, ..., c(ui—1) =2i—3, clu)=2i—1, c(v) =2,
and
c(rn)=i+1if i isodd, and ¢(vy)=1i+2 if ¢ is even.
It is easy to see that ¢ is a hamiltonian coloring of G. Thus hc(G) < he(G*), which
completes the proof. O
The next theorem is a further important step towards the main result of this

paper:

Theorem 2. Let G be a connected graph of order n > 3 and let F' be an induced
subgraph of G. Assume that F' is a hamiltonian-connected graph of order i, where
2<i< 3(n+1). Then

he(G@) < he(S(Ki;n —1)).

Proof. By Theorem 1, there exist pairwise distinct u1,...,u; € V(F), where
1 < j <4, and positive integers b1, ..., b; such that by +...+b; = n—1 and (4) holds.
Without loss of generality we assume that

if bj =1, then by =1 foreach f, 1< f<j—1.

If j > 3 or b; > 2, the result follows from Proposition 1 and Lemma 3. Let now j = 2
and b; = 1. Then n —¢ = 2. The result immediately follows from Proposition 1 and
Lemma 4. O
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3.

Let n > 3. Then S(Kg;n —2) = Ki,-1 and thus, by Theorem 3.2 of [2],
he(S(Ka;n — 2) = (n — 2)2 + 1. Moreover, as follows from Lemma 2.3 of [2],
he(S(Kp-1;1) =n — 1.

We will prove that if 2 < i <
1)(i —2).

Let G be a connected graph of order n > 1, and let ¢ be a mapping of V(&) into N.

1(n+1), then he(S(Ki,n—1)) = (n—2)*+1-2(i —

We will say that c is a pseudohamiltonian coloring of G if there exists an ordering

ULy, Unp

of V(G) such that

and
c(ugi1) —clur) = Dg(uppr,up) foreach f, 1< f<n.

Obviously, every hamiltonian coloring of G is pseudohamiltonian. On the other hand,
we will prove that if G = S(K;;n —i), where n > 4 and 3 <i < £(n+1), then every
pseudohamiltonian coloring of G is hamiltonian.

In the rest of this paper we will study S(K;;n — i).

We now introduce several useful conventions. Let G = S(K;;n — i), where n > 4
and 3 < i < n— 2. We denote by u the only vertex of degree n — 1 in G, by V; the
set of all vertices of degree one in G, and by V;_; the set of all vertices of degree
i—1in G. Clearly, |[Vi| =n —iand |V,_1] =i —1. Put R=V,_; U {u}.

Consider an arbitrary pseudohamiltonian coloring ¢ of G. There exists an ordering
n—i

V]yeeey U

of V; such that

We denote

Ri={r € R; c(r) <c(v))},
R ={r € R; c(v}) <c(r) <c(vjy)} foreach f, 1< f<n—i,

and
R . ={reR; c(vs_;) <c(r)}.
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Moreover, we denote
a? = |R§c| foreach f, 0< f<n—1.

Consider an arbitrary f, 0 < f < n — ¢ such that a} > 1. Then there exists an
ordering

o T o
£l v fay
of Rfc such that
c(rfg) <...<c(rfa,)

Obviously, there exist integers j(c) and m(c) such that
0<jlc)<n—i, a‘;-(c) >1, 1<m(c) < aj(c), and T;?(c),m(c) =u.
Let ay,...,an—,j and m be non-negative integers such that
(5) a+...+an—;=1i j<n-—i and 1< m<aj.
Consider a pseudohamiltonian coloring ¢ of G. If
af =ay foreach f, 0< f<n—i,
j(¢) = j and m(c) = m, then we say that ¢ has the type
(6) (ag, ..., an—i;j,m).

Let ¢ be a pseudohamiltonian coloring of G = S(K;;n — i), where n > 5 and
3 < i < n—2. Then there exist non-negative integers ao, . . ., a,—; such that (5) holds
and (6) is the type of c. Clearly, there exists an ordering

ULy - . Up
of V(G) such that

lc(uft1) — c(uf)] = Dg(upyr,up) foreach f, 1< f<n.
If ¢(u1) =1 and

le(ups1) — c(uf)] = Dg(ugyr,up) foreach f, 1< f<n,

then we will say that ¢ is the minimum pseudohamiltonian coloring of the type (6)
and we will write

c= M(ao, ey On—i g, m)
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Lemma 5. Let G = S(K;;n — i), wheren > 5 and 3 < i < n — 2, and let
ag,...,an—i,j and m be non-negative integers such that (5) holds, and let ¢ =
M(ag, ..., an—s;j,m). Put k = max(c(u); u € V(G)). Then

if ag =0, then c(vf) =1;

ifap>1and (j 21 or(j =0 and m < ag)), then c(vy) = ap(n —i);

ifag 21, j =0 and m = ag, then c(v{) = (ap —1)(n —i)+n—1;

if1 < f<n-—iandas=0, then c(vj, ;)= c(vf) +n—3;

f1< f<n—i,ar>1, and (j# for(j=fand1l<m<ay)),

then c(v§ q) = c(v}) + (af + 1)(n —i) = 2;
ifl1< f<n—ianday>2and(m=1oray),
then c(v§,q) = c(v}) +ap(n —i)+n—3;

if1<f<n-—i, ay=1andj=f, then c(v,) = c(v§) +2(n — 2);

if an—; =0, then k = c(v,_,;);

ifap_;>1land (j<n—ior(j=n—iandm > 2)),

then k = c(vy,_;) + an—i(n —i) — 1; and
ifan—; 21, j=n—iand m=1, then k = c(v;,_;) + (an—; — 1)(n — i) + n — 2.

Proof iseasy and will be left to the reader. O

Remark. Let ¢ and k be the same as in Lemma 5. If ¢ is hamiltonian, then
he(e) = k.

Proposition 2. Let n > 5, and let 3 < i < n— 2. Then every pseudohamiltonian

coloring ¢ of S(K;;n — i) is hamiltonian 1f and only if i < $(n+1).

Proof. Put G=S(K;;n—1).

Let first ¢ < %(n + 1). Consider an arbitrary pseudohamiltonian coloring ¢ of G.
Then there exist non-negative integers a1, ..., a,—;,j and m such that (5) holds and
that (6) is the type of c.

Consider an arbitrary f, 0 < f < n —1i — 1; assume that ay > 1. Then

C(T§+1,1) (rf af) (c (Tf+1 1) — C(Uf+1)) + (C(U;H) - C(r;,af))
> De(r§y11,0501) + D/G(U?Hﬂ“?,af)
>2n—i—1)>n—i=D'(11,15,,).

Consider an arbitrary f, 0 < f < n —i such that ay > 1; if f # j or (f = j and
1 <m < ay), then

(Vi) —c(vf) 2 (ap +1)(n—i) =22 2(n —i) =22 n =3 = Dg(vf1,v5);
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if f=j7and (m=1oray), then
c(vfy1) — c(vf) > max(c(viyq) — c(u),c(u) —c(v§)) =n—2 > D’(U;H,v?).
If j <n—1and m < aj, then
c(v§ ) —clu) = (aj —m+1)(n—1i)—1>2(n—1i) —1>n—2=Dg(vj,,,u).

If j > 0and m > 1, then

As easily follows from these observations, ¢ is a hamiltonian coloring of G.

Let now ¢ > %(n + 1). Consider an arbitrary pseudohamiltonian coloring of G

such that (6) is the type of ¢,

ap=2, a =1, ar=0 foreach f

1<f<n—i, ap—ij=n—i—3, j=0 and m=1,
and the following holds

c(rg ) =1, c(rfy) =1+ (n—1i), c(vf)=clrfy)+n—i—1,

c(ri;) =cli)+n—i—-1 and c(v3)=c(vi,) +n—i—1
Recall that 7§ ; = u. Since i > %(n + 1), we get

c(vf)—clu)=2n—-2i—1<n-—2
and

c(vs) —c(vf) =2n—2i —2 <n—3.

Thus c is not a hamiltonian coloring of G. 0

Remark. Using the technique of the proof of Proposition 1, it is easy to show
that every pseudohamiltonian coloring of K ,_1, where n > 3, is hamiltonian.
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Lemma 6. Let G = S(K;;n—i), wheren > 5, and let 3 < i < 1(n+1). Consider
non-negative integers aq, . . . , G,—; such that

a0+...+an,i:i.

Assume that there exist f and g, 1 < f <n —1i and 0 < g < n — i, such that

ag >3 if g=0,
ag>2 if 1<g<n-—i, and
ag=>1 if g=n—1i

Put

a?zl, a;:ag—l anda;:ah foreachh, 0<h<n—i, f#h#qg.

Then
he(M(ad,...,a} ;;0,1)) < he(M(ao, ..., an—i;0,1)).

Proof. Put ¢ = M(ag,...,a,-4;0,1) and ¢t = M(ag,...,a}_;;0,1). By

)y n—1

Lemma 5, c(v$, ;) —c(v§) =n—3. Ifg<n—ior (¢ =n—ianday; > 2), then
he(e™) =he(e) = (n—i) + (n—3))+2(n—i—1) =he(e) + 1 —i.

If g = n—iand a; = 1, then he(e™) = he(e) + 2 — 4. Since ¢ > 3, the lemma is

proved. ([

The next theorem is the last important step to the main result of this paper:
Theorem 3. Let n >3 and 2 < i < %(n +1). Then

he(S(Kin —i) = (n—2)* +1—2(i — 1)(i — 2).

Proof. Ifi =2, then the result immediately follows from Theorem 3.2 in [2].
We assume that ¢ > 3. Then n > 5.

Let ¢ be an arbitrary hamiltonian coloring of G. It is easy to see that there exist
non-negative integers ao, ..., an—;,j and m such that (5) holds and (6) is the type
of ¢. Put

co = M(ag,...,an—s;j,m).

By Proposition 2, ¢y is a hamiltonian coloring of G. Obviously, he(cg) < he(e).
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Consider the hamiltonian coloring

¢ =M(as,...,ar_;;0,1)

» Y'm—1

of G, where a,...a)_; will be defined in exactly one of the following Cases 1-6:

1. Assume that ap > 2 and j =0. Put af = ao,...,a),_; = @n—;.

If m < agp, then he(c*) = he(eo).
If m = agp, then he(c*) = he(eg) — (i — 1).

2. Assume that ag = 1 and j = 0. Clearly, there exists k, 1 < — 1, such that

<n
f<n—i, f#k

k
k=1 Putaf =2, a] =ar—1, a,ndaf:afforeachf, <

If k <n—4and ap > 2, then he(c*) = he(eg) — (1 — 1).
If k <n—4and a; =1, then he(c*) = he(ep).

If k =n —1i and ax > 2, then he(c*) = he(ep) — (4 — 1).
If k =n —1i and a; = 1, then he(c*) = he(ep) — (4 — 2).

3. Assume that ag > 2 and j > 1. Put af = ao,...a),_;, = an_;.
If j<n—iand 1 <m < aj, then he(c*) = he(eo).
If j <n—1i,a; >2,and (m =1 or a;), then he(c*) = he(ep) — (2 — 1).
If j <n—1ianda; =1, then he(c*) = he(eg) — (2i — 2).
If j =n—iand m > 1, then he(c*) = he(ep).
If j =n — i and m = 1, then he(c*) = he(eg) — (i — 1).

4. Assume that ap = 1 and j > 1. Put af = 2, aj = a; — 1, and a} = ay for
each f,1< f<n—1i, f#].
If j <n—iand 1< m < aj, then he(c*) = he(ep).
If j <n—1i,a; 22,and (m =1 or a;), then he(c*) = he(eg) — (2 — 1).
If j <n—1ianda; =1, then he(c*) = he(eo) — (1 — 1).
If j =n—1iand m > 1, then he(c*) = he(ep).
If j=n—1i,a; >2,and m = 1, then he(c*) = he(eg) — (i — 1).
If j =n—1iand a; =1, then he(c*) = he(eg) — (i — 2).

5. Assume that ap = 0 and a; > 2. Put aj = 2, aj = a; — 2 and a} = ay for
each f, 1< f<n—1i, f#].

If j<n—iand 1< m < aj, then he(c*) = he(ep) — 1.

If j <n—1ianda; >3and m=1or a;, then he(cg) — 4.

If j <n—1ianda; =2, then he(¢*) = he(eg) — 1.

If j =n—1i,a; >3, and m > 1, then he(c*) = he(eg) — 1.

If j =n—1,a; =2, and m = 2, then he(c*) = he(eo).

If j=n—1i,a; >3,and m =1, then he(c*) = he(eg) — 4.
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If j=n—1i,a; =2,and m = 1, then he(c*) = he(eg) — (i — 1).

6. Assume that ap = 0 and a; = 1. Clearly there exists £, 1 < k < n—1, such that
k#jand ar = 1. Put af =2, aj =0, a, = ay — 1, and a} = ay for each f,
1< fsn—i,j#f#k

Ifj<n—1i,k<n—iandag > 2, then hc
Ifj<n—1i,k<n—iandag =1, then hc
If j =n —1iand ax > 2, then he(c*) = he(ep) — (2 — 1).
If j =n—1iand ar = 1, then he(c*)

If k =n—1iand a; > 2, then hc(c*):hc(co
If k =n—1iand ax = 1, then he(c*) (

C*

=hc Co) — 1.

—~
(o)
*
— —
|
=
o
—~
@)
[en)
~
\
—_

*

Since 7 > 3, we have he(c*) < he(ep). Lemma 6 implies that there exist non-

negative integers a,...,a’ , | such that
+ + + + _
af <1,...,a,_, <1, aj +...4+a,_,_ 1 =1—2
and

he(M(2,af,...,a’ , 1,0;0,1)) < he(c®).

Y n—i—17

There exists a permutation « of (1,...,n —4 — 1) such that
+ +
Aoy Z +++ Z Qo(n_i—1)"

Put

Copt = M(2,a" 1y ,a;(nﬂ.il),O; 0,1).

(

It is clear that he(copt) = he(M (2, a;r(l), ceey a;r(nﬂ.il), 0;0,1)).
We have proved that he(copt) < he

follows from Lemma 5 that

(¢) for every hamiltonian coloring ¢ of G. It

he(eopt) =2(n— 1)+ (i —2)(2n — 2 — 2) + (n — 2i + 3)(n — 3)
=n?2—4dn—22+6i+1
=(n—-22+1-2(0—1)(-2),

which completes the proof of the theorem. O
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Let G be a connected graph of order n > 3, and let 2 < ¢ < n. It is obvious that
G contains a hamiltonian-connected graph of order i as a subgraph if and only if
G contain a hamiltonian-connected graph of order ¢ as an induced subgraph.

Clearly, every nontrivial connected graph contains a nontrivial hamiltonian-
connected graph as a subgraph.

The next theorem is the main result of the this paper:

Theorem 4. Let G be a connected graph of order n > 3. If 2 < i < %(n—i— 1) and
there exists a hamiltonian-connected graph F' of order ¢ such that F' is a subgraph
of G, then

he(G) < (n—2)2 +1—2(i —1)(i — 2).

Proof. The result immediately follows from Theorems 2 and 3. O

Remark. Let G, i and F be the same as in Theorem 4. As immediately follows
from Proposition 1 and Theorem 3, if G = S(F;n — i), then

he(G)=(n—2)*+1—-2(i —1)(i — 2).
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