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Abstract. In this paper we investigate finite rank operators in the Jacobson radical
Rayeom of Alg(N ® M), where N, M are nests. Based on the concrete characterizations of
rank one operators in Alg(N ® M) and Rargaq, we obtain that each finite rank operator
in Rygm can be written as a finite sum of rank one operators in Ry ga and the weak
closure of Raroa equals Alg(N ® M) if and only if at least one of A/, M is continuous.
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1. INTRODUCTION

Finite rank operators and rank one operators have played a central role in the the-
ory of nest algebras since the inception of that theory. For example, Ringrose make
very effective use of the rank one operators in a nest algebra in his characterization
of the radical of a nest algebra [10] and in his theorem that algebraic isomorphisms of
nest algebras are necessarily spatial [11]. In a nest algebra, any finite rank operator
is a finite sum of rank one operators from the nest algebra [2]. The theorem has
been verified for special cases of reflexive algebras, namely algebras whose subspace
lattice £ forms an atomic Boolean algebra [9] or £ is commutative and has finite
width [6].

Recall that the Jacobson radical of a Banach algebra coincides with the elements T’
such that AT is quasinilpotent for every A in the algebra. The Jacobson radical of
a Banach algebra is a structural object that has been frequently studied over the
years. In [10], Ringrose characterized the Jacobson radical of a nest algebra. In [1],
Davidson and Orr pushed the characterization further to the case of all width two
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CSL algebras. The result is essential to our paper. For a subspace lattice £, we
denote by R, the Jacobson radical of Alg L.

The main purpose of this paper is to study finite rank operators in the radical
Ryneom of Alg(N ® M). As we know, each finite rank operator in the radical of
a nest algebra can be written as a finite sum of rank one operators in this radical.
This result owes much to the total order of A/. In the case of N'® M, the key to the
main result is Lemma 4 which gives a concrete description of rank one operators in
Alg(N ® M). As an application of Lemma 4, we give a simple proof of the tensor
product formula in [3]. At last, we compute the weak closure of the radical Ry gm
and show that R\ = Alg(N ® M) if and only if at least one of N, M is
continuous.

Let us introduce some notation and terminology. H represents a complex Hilbert
space, B(H) the algebra of bounded operators on H and F(H) the set of finite-rank
operators on H. A sublattice £ of the projection lattice of B(H) is said to be a
subspace lattice if it contains 0 and I and is strongly closed, where we identify pro-
jections with their ranges. If the elements of £ pairwise commute, £ is a commutative
subspace lattice (CSL). A subspace lattice is completely distributive if distributive
laws are valid for families of arbitrary cardinality (see [8]). A nest A is a totally
ordered subspace lattice. For L € L, we define

L.=\/{EeL: LLE}.

In the case of nests, either N_ is the immediate predecessor of N or N = N_. If
N = N_ for any N € M/, N is called a continuous nest. If £ is a subspace lattice,
Alg £ denotes the set of operators in B(H) that leave the elements of £ invariant. If
L is a CSL, Alg L is said to be a CSL algebra. If £ is a nest, Alg L is said to be a
nest algebra.

Let H; (i = 1,2) be complex Hilbert spaces. If £; C B(H;) (i = 1,2) are subspace
lattices, £1 ® Lo is the subspace lattice in B(H1 ® Ha) generated by {L; ® La: L; €
L;, i =12} If S C B(H;) (i = 1,2) are subspaces, then S; ® Sz denotes the
linear span of {S1 ® Sa: S; € S;}; S1 ®w Sz denotes the weak closure of §; ® S in
B(H1 @ Ha).

2. FINITE RANK OPERATORS

In the sequel we suppose that N and M are nests on H; and Hs respectively;
and that N/ ® M is the tensor product of A and M. R, Raq and Ry ga denote
Jacobson radicals of Alg A/, Alg M and Alg(N ® M) respectively.
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For z,y € H, the rank-one operator zy* is defined by the equation
(xy*)(z) = (z,y)x VzeH.

Lemma 1. Let £ be a subspace lattice and let {N,: o € A} be a family of

elements in L. Then ( \V Na> =V (Na)-.
aEA - a€EA

Proof. Forany o € A, since N, < \/ N,, it follows that if ' # N, then

aEA
F# \/ Na; hence (N,)_ (\/ N) So \V (Na)_ (\/ N)
a€cA acl aclA acA
Conversely, suppose that F ? \/ N,. If F > N, for each o € A, then F >
a€eA

\/ Na; hence, there exists ag € A such that F' # N,,. Thus F < \/ (N,)—. Thus,
a€A acl
(\/ NQ) —\/{F: F ¥ V Na} € V (Vo) and we are done. O
acA - acA

Set NRI={N®I: Ne N}; N®I is a nest on H; ® Hs.

Lemma 2. Suppose that N € N and M € M, then (N M)_ = (N_®I)V(I®
M_) and (N® M)t = Nt @ M+ in N @ M.

Proof. First, we prove the following assertion:
(NeM)_=\/{F: FYNe@M}=\/{E1®E;: E;® E; # N® M}.

Indeed, suppose that F' ? N @ M. For any E; ® Es < F we have E1 @ E» } N® M.
Thus,
{E1®@Ey: Ey®Ey < F} C{E1®FEy: E1®@Ey ) N® M}.

Hence it follows from [3] Proposition 2.4 that

F=\/{E\®Ey: BE1@E, < F}<\/[{E1®@ Ey: By @ E, # N® M}
and

(NeM)_=\/{F: FYNoM}<\/{E1 @ E;: E® E; # N M}.

The converse inequality is obvious.

Secondly, we show that 1 ® Fo > N ® M if and only if £y > N and Fy > M
Suppose that F1 ® Fs > N ® M. If E; < N, choose nonzero vectors x1 € N & F;
and zo € M. Thus 21 Q22 € N M C E1 ® Ey. But (E; ® Es)(z1 ® x2) = 0 shows
that z1 ® 2 € F1 ® Es. This contradiction shows that £ > N. Similarly, Fs > M.
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The converse implication is obvious. Hence Fy ® E2 # N ® M if and only if By } N
or By } M.
Therefore
(NeM)_ = \/{E1®@ Ey: By ®Ey # N M}
= \/{E1® Ey: By <N or Ey < M}
—(N_@I)V({I®M.).

We can easily prove that (N_ ® I)* = N* ® I, thus

(NoM):=(N_@D*ANIoM_ ) =(N*@)hAI® M) =Nt M.

The following result of Longstaff [8] is essential to this paper.

Lemma 3. Let L be a subspace lattice. Then xy* € Alg L if and only if there is
an element L € L such that x € L and y € L*.

Lemma 4. The rank one operator xy* belongs to Alg(N ® M) if and only if
there exist N € N and M € M such that t € N® M andy € N* @ M*.
Proof. Since NoM=WN®&I)V (I ®M),so

Alg(N ® M) = Alg(N ® I) N Alg(I @ M).

Now suppose that zy* € Alg(N @ M). Thus zy* € Alg(N @ I); by the definition
of N®I and Lemma 2 and Lemma 3, there is an element N € A such that z € N®T
and y € (N ® I)* = Nt ® I. Similarly, there exists M € M such that x € I ® M
and y € I ® M. Hence,t e N@ M and y € N* @ M*.

For the converse, if € N ® M and y € N* ® M= then, in particular, z € N ® I
and y € Nt ® I. Lemma 2 and Lemma 3 show that 2y* € Alg(N ® I). Similarly,
xy* € Alg(I ® M). Hence

xy* € AlgIV @ I) N Alg(I @ M) = Alg(N @ M).

O

As an application of Lemma 4 we give a simple proof of the tensor product formula
in [3].
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Theorem 5 ([3], Theorem 2.6). Alg(N ® M) = AlgN ®,, Alg M.

Proof. Each of the operators which generate Alg N ®,, Alg M leaves invariant
each of the projections which generate ' ® M; therefore

Alg N @, Alg M C Alg(N @ M).

It remains to show that Alg(N @ M) C AlgN ®, AlgM. It follows from [5,
Theorem 10] that /' ® M is a completely distributive CSL. Thus, by virtue of [7,
Theorem 3], Alg(N ® M) is weakly generated by the rank one operators in itself. So
it suffices to show that each rank one operator in Alg(N ® M) belongs to Alg N @,
Alg M. Now for any N € N, M € M and xz;,y; € H; (i = 1,2), we have that

(N ®@ M)[(z1 @ 22) (31 ® 12)*](N: ® ML)
= (N ®@ M)[(z19}) ® (z293)](NZ @ M)
= N(z1y7)NZ @ M(2ay3) M2 € AlgN @, Alg M.

(It is routine to verify that (r1 ® 22)(y1 @ y2)* = (z1y1)* ® (2293).)

For any rank one operator zw* € Alg(N ® M), it follows from Lemma 4 that
there exist N € N and M € M such that z € N® M and w € N* ® M*. Since
z,w € Hy ® Ha, there exist sequences {z,} and {w,} such that

Zp — 2z and w, — w,

where {z,}, {w,} are finite linear combinations of simple tensors. Thus,

(N @ M)(zpw?)(N* @ ML) T (N @ M) (2w )(NE @ ML) = 20"

The above paragraph shows that
(N @ M)(zow)(NT @ M*) € AlgN ®,, Alg M,
so zw* € Alg N ®,, Alg M. This completes the proof. (|

Lemma 6. If (N© N_) ® (M © M_) # 0, then it is an atom of N ® M.

Proof. Recall that an atom P of A/® M is an interval projection from N ® M
such that for any £ € N ® M, either P < E or PE = 0 (see [4]). Set P =
(NoN)YQ(Moe M), P=NM-—[(N_-®M)V (N®M._)]is an interval
projection. For any £ = F1 ® F» € N ® M, since N is totally ordered, either
Ei<N_or E; > N.If Ey < N_ then P(E; ® F2) = 0; if 1 > N, since M is also
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totally ordered, either Ex < M_ or Ey > M. If E5 < M_ then P(E; ® E3) = 0; and
if F5 > M then P < Fy ® Es. Hence for any E = Fy ® FEs, either P < E; ® F5 or
P(E, ® Ey) = 0.

Now for any F € N’ ® M, by virtue of [3, Proposition 2.4] we have

E=\/{E1® Ey: E\®E, <E}.

If P(E; ® E3) =0 for any F1 ® Ea < E, then PE = 0; if there exist Fy, F> with
E; ® Ey < E such that P(E; ® E3) # 0 then it follows from the result of the above
paragraph that P < F; ® Es and P < F. O

Proposition 7. If a rank-one operator xy* belongs to Alg(N ® M), then the
following statements are equivalent:

1) 2y* € Ryeom;

2) there exists L € N'® M such that x € L andy € L*.

Proof. 1) = 2) Since zy* € Alg(N ® M), it follows from Lemma 4 that
there exist N € N and M € M such that z € N® M and y € N+ ® ML, Set
Gi=(NoN_)@(MoM_),Ge=(NeM)eGy =(N_@ M)V (N®M_) and
Gz3=(NteMYHoeG = (NteML)v(Nt®@ML). f Gy =0then NOoN_ =0 or
M & M_ = 0. In this case L = N ® M satisfies the condition in 2). Now we suppose
that G; # 0. Since N ® M = G + Gy and Nt ® M+ = G, + G35, we have

ry* = (G1+ G2)(zy™)(G1 + G3)
= (N ® M)(zy™)Gs + G2(zy*)G1 + G1(zy™)G1.

Since zy* € Rygm and G is an atom of ' ® M, it follows from [1, Theorem 4.8]
that G1(zy*)Gy = 0. Hence z € Gi or y € Gf. If v € G{ then z € G5 and
y€ G +G3 = N-oM: C Gy ify e G, then y € G3 € (N ® M)+ and
re N®M.

2) = 1) If there exists L € N'® M such that € L and y € L*, then for any
T € Alg(N ® M) we have L*TL = 0 and

[(xy*)T]" = [L(zy*) L T]" =0 VYn>2.

So (zy*)T is quasinilpotent. It follows from the definition of Raga and from
zy* € Alg(N ® M) that zy* € Ryom- O
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Theorem 8. Each finite rank operator in Ry oam can be written as a finite sum
of rank one operators in Ry gnm-

Proof. Supposethat F is a finite rank operator in Ragaq. Since F' € Rayem C
Alg(N ® M), it follows from [6, Corollary 7] that F' can be written as a finite sum
of rank one operators in Alg(N ® M). Write

F= leyz*, where z;yf € Alg( N @ M) for i=1,....,n.
i=1
For any fixed 7 (1 <4 < n), since z;y; € Alg(N ® M), it follows from Lemma 4 that
there exist N; € N and M; € M such that

z; € N;®M; and y; € NE ® M;-.

If N; = N,_ or M; = M,_, Proposition 7 shows that x;y; € Rygm. Without loss
of generality, we can suppose that N;#N;_ and M; # M;_. Set

G = (N; e Nio) © (M; & M),
G = (N; @ M;) 6 G,
G(3) (NJ_ ® MJ_ ) o) G(l)

Thus

ziy; = (G + G @) (G + G
= (Vi @ M) (i) G + G i) G+ G (i) G

Since N; @ M; LGP GP LG and 27 € Alg(N@M), so (N; @ M) (z:y7)G® and
ng)(xiy;‘)G(l) belong to Rargam by Proposition 7. Now we consider the operator

(1) (1)
Gi (xlyl )G

Set A; = {j: G§1) =G Since GV is an atom of N'® M and G\") € Alg(N @
M), we have

1 1 1 oy ~(1
GG = 3 6 (@568 € Ryvoum.
JEA;

By virtue of [1, Theorem 4.8], Gl(-l)FGl(-l) = 0. Owing to the arbitrariness of i, we
obtain that

n

xy G()ZO
Z 5

Hence
F= szyl S (Vi © M) i) O + G2 )G
=1
Thus, F' can be ertten as a finite sum of rank one operators in Ry gum- O
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Lemma 9. Suppose that U, is a weakly closed Alg(N ® M)-module determined
by an order homomorphism 1 from N'® M into itself. Then a rank one operator xy*
belongs to U, if and only if there exists an element L € N'® M such that x € L and
y € LE, where L. = \/{G: L £ 7(G)}.

~)

Proof. Suppose that there exists an element L € N’ ® M such that € L and
y € LE. For any G € N ® M, if L < 7(G) then

(2y")G = L(zy*)L2G < L < 7(G);
if L £ 7(G), then G < L., and
(xy")G = L(zy") LG = (0) € 7(G).

Thus the rank one operator zy* belongs to U.
Conversely, suppose that zy* € U,. Set L = A{G € N ® M: Gz = x}, certainly
z € L. For any G € N ® M and L £ 7(G), it follows from the definition of L that
7(Q)x # x. If Gy # 0, since (zy*)G = 7(G)(zy*)G, we have that
[(zy")GI(Gy) = [7(G)(zy")G(Gy)
and

IGylIPz = |Gy[*r(G)z.

This contradicts 7(G)x # z, so Gy = 0. From the definition of L. we have L.y =0
and y € Lt. O

Lemma 10. Let U = {T € B(H1 ® Hs): TLC L_ VYL € N ® M}. Then a rank
one operator xy* belongs to U if and only if there exists L € N ® M such that v € L
andy € L*.

Proof. Necessity. It follows from Lemma 9 that if xy* € U then there is
L € N® M such that € L and y € LE, where L. = \/{E: L £ E_}. Now we

~

compute L. Since L = \/{L; ® La: L1 ® Ly < L}, it is easy to show that

{B:L¢E}= |J {E:Li®L ¢ E_}.
Li®La<L

Since E = \/{E1 ® E2: E; ® By < E}, it follows from Lemma 1 that
E-=\/{(E1®E,)_: E1®E; < E}.
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We first verify the following assertion:
VIB: oLy g By =\/{NoM: Li®L, £ (N®M)_}.
For EEN®M and L1 ® Ly £ E_ = V{(E1 ® E3)_: Ey ® E» < E}, we have
Ly ® Ly £ (E1 @ E3)_  forany E; ® B> < E.

Thus
Ei1QE; e {N®M: L1 ® Ly £ (N® M)_}

and
E=\/{E1®Ey: ELoE,<E}Y<\/{N®M: Li®Ly £ (N®M)_}.
Hence
VAE: LioLyg B} <\{N@M: Ly ® Ly £ (N @ M)_}.

The converse inequality is obvious. Thus, we have

Le=\/{E: LgE}=\/ (J {E:LioL¢E}

Li®L2<L

=V V{E:LieL¢E}

L1®L2<L

V ViNeM: LigL £(NeM)_ }
L1®L2<L

V' VIN®M: N.<L or M. <Ly}
L1®L2<L

ViTi @) V(I @ Ly): Li® Ly < L}
> \{Li®Ly: Li®Ly <L} =L

The fourth equality follows from (N®M)_ = (N_®1)V(I®M_). Hence L < L.

Sufficiency. Suppose that there exists L € N’ ® M such that = € L and y € L*.
For any M € N ®@ M, if M < L, then (xy*)M = L(zy*)L*M = (0) € M_; if
M £ L, then (zy*)M C L < M_. Thus, by the definition of U, zy* € U. O
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Theorem 11.

Ryom ={T € AlgIN@M): TINoM)C (NoM)- VNeN, MecM}
={TeAlgN@M): TLCL_ VLeN M}

Proof. By [3, Proposition2.4], L = \/{N®M: N@M < L} forall L € N@M.
It follows from Lemma 1 that L_ = \/{(N® M)_: N® M < L}. Thus it is routine
to prove that {T € Alg( N @ M): TIN@M)C (N@M)_ VN eN, M e M} =
{TeAlgN@M): TLCL_ VLeN @ M}.

Suppose that T' € Raga and let Fargaq be the linear span of rank one operators
in Ryga. It follows from [7, Theorem 3] that there exists a net {F,} C Alg(N @ M)
such that

F,—1

)

where F,, is a finite linear combination of rank one operators in Alg(N ® M). Thus
F,T 2T
and F,T belongs to Farga. Hence

Fxom 2 Rnveom
and
F}\U/®M = Rj\H/@M'

If xy* € Ryvom C Alg(N ® M), then there exists E € NV ® M such that z € E
and y € E+ by Proposition 7. For any L € N ® M, if L < E then (zy*)L =
E(zy*)E+L = (0); if L £ E then (zy*)L = E(xy*)E+L C E C L_. Thus

zy* e {T e AlgN@M): TLC L. VLeNM}

and

Riom = Faom C{T € AlgN@M): TLC L. VLeN @ M}

Conversely, set U = {T € B(H1 ® H2): TL C L_}. Then U N Alg(N ® M) is
a weakly closed module of Alg(N ® M). Just like in the above paragraph, we can
show that U N Alg(N ® M) is weakly generated by rank one operators in itself. For
any rank one operator zy* € U N Alg(N ® M) C U, it follows from Lemma 10 that
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there exists L € N’ ® M such that = € L and y € L*. Since zy* € Alg(N ® M), so
zy* € Rygom by Proposition 7. Hence

UNAlgN @ M) C Rigum
and

Riom ={T € AlgN@M): TLC L. VLeN @M}

Corollary 12. Rygm and Rirgr have the same rank one operators.

Proof. Ifzy* € Ry, it follows from Lemma 10 and Theorem 11 that there
exist L e N ® M and 2 € L and y € L*. By Proposition 7, zy* € Ragm. U

Corollary 13. R}g .\ = Alg(N ® M) if and only if at least one of N, M is
continuous.

Proof. Without loss of generality, we suppose that A is continuous. It follows
from Lemma 2 that for any T € Alg(N @ M) and N € N, M € M, we have

TINOGM)CNOMC(NI)VI@M_)=(NQM)_.

So T' € Rigaq by Theorem 11 and Ry = Alg(N @ M).

Conversely, suppose that R};¢ s = Alg(N ® M) and N, M are not continuous.
Thus there exist N € N and M € M such that N # N_ and M # M_. Thus we
can choose non-zero vectors x1 € NS N_ and 2 € M & M_. By virtue of Lemma 4,
the rank one operator (z; ® z2)(z1 ® z2)* belongs to Alg(N ® M) = R .. But
it follows from Lemma 10 and Theorem 11 that there exists L € N’ ® M such that
21 Qs € L and 21 ® x5 € L. This contradiction shows that at least one of N, M

is continuous. O
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