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Abstract. On a 4-dimensional anti-K#hler manifold, its zero scalar curvature implies that
its Weyl curvature vanishes and vice versa. In particular any 4-dimensional anti-Kahler
manifold with zero scalar curvature is flat.

Keywords: 4-dimensional anti-K#hler manifold, zero scalar curvature, Weyl curvature,
flat

MSC 2000: 32327, 53B30, 53C25, 53C56, 53C80

1. INTRODUCTION

An anti-K#hler manifold means a triple (M?™,.J, g) which consists of a smooth
manifold M?™ of dimension 2m, an almost complex structure J and an anti-
Hermitian metric g such that syJ = 0 where vy is the Levi-Civita connection of g.
The metric g is called anti-Hermitian if it satisfies g(JX,JY) = —¢g(X,Y) for all
vector fields X and Y on M?™. Then the metric g has necessarily a neutral signa-
ture (m,m) and M?™ is a complex manifold and there exists a holomorphic metric
on M?™ [2]. This fact gives us some topological obstructions to an anti-Kihler
manifold, for instance, all its odd Chern numbers vanish because its holomorphic
metric gives us a complex isomorphism between the complex tangent bundle and
its dual; and a compact simply connected Kédhler manifold cannot be anti-Kéhler
because it does not admit a holomorphic metric. We extend J, g and the Levi-Civita
connection 7 by C-linearity to the complexified tangent bundle TM® = TM ® C.
From now on we will use the same notations J, g and 1/ for the complex extended
almost complex structure of J, the complex extended metric of g and the complex
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extended Levi-Civita connection of 57, respectively. We will also use the same term
anti-Kdhler manifold for the anti-K#hler manifold considered as a complex manifold
with the complex extended g and J. The purpose of this note is to prove the
following result.

Theorem 1. On a 4-dimensional anti-Kihler manifold, its zero scalar curva-
ture implies that its Weyl curvature vanishes and vice versa. In particular, any
4-dimensional anti-K&dhler manifold with zero scalar curvature is flat.

In case of a 4-dimensional K&hler manifold, the above fact does not in general
happen. For instance a K3 surface with the Calabi-Yau metric is not flat while it is a
4-dimensional Kdhler manifold with zero scalar curvature. The crucial ingredient in
the proof of this Theorem is the following: Every 4-dimensional anti-Kéhler manifold

is Einstein.

2. PROPERTIES OF ANTI-KAHLER MANIFOLDS

Let (M?™,J, g) be a 2m-dimensional anti-Kihler manifold. We extend J, g and
the Levi-Civita connection of g by C-linearity to the complexification of the tangent
bundle TM® = TM ® C. Fix a (real) basis {X1,..., Xm, JX1,...,J X} in each
tangent space T, M, then the set {Z,, Z;} where Z, = X, —iJX,, Z; = X, +1JX,
form a basis for each complexified tangent space T, M ® C. Unless otherwise stated,
a,b,c,... run from 1 to m while A, B,C,... run through 1,...,m,1,...,/m. Then
JZ, =iZ, and JZ; = —iZ;. We set gap = g(Za,Zp) = gpa. Then the complex
extended metric g satisfies g,; = g5, = 0 and g ;5 = gap. Conversely if the complex
extended metric gap satisfies the above properties then the initial metric must be
anti-Hermitian. It will be customary to write a metric satisfying the above properties
as

(%) ds® = gup dz®dz’ + g, d2® dz’.

In an adapted almost-complex coordinate, z# = (z%,y* = z™1T%), 2% = % 4 iy, one
has g, dz# dz¥ = 2Re[gqap d2? d2°), where p, v =1,...,2m, a,b=1,...,m and Re
means real part. We define now the complex Christoffel symbols Fg g by

(**) VZAZB :FgBZC-

Since the complex extended Levi-Civita connection 7 has vanishing torsion, the
complex Christoffel symbols are symmetric, i.e., Fg B = Fg 4- In this case the com-
plex structure .J is integrable so that the real manifold M?2™ inherits the structure
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of a complex manifold. Let us now recall that there is one to one correspondence
between complex manifolds and real manifolds with an integrable complex struc-
ture. This means that there exists an atlas of real, adapted (local) coordinates
(x',..., 2™y, ..., y™) such that J(0/0z%) = 8/dy*, J(0/dy*) = —0/0x*. We set
Xo=0/02% Zg=Xo —iJXy = 204, Zg = Xo +1JX, = 205, where 04 = /024,
2% = zo. Tt follows that (2%) form an atlas of complex (analytic) coordinate charts
on M. By using Christoffel formulas, one gets FSB = %gCD(ZAgBD + ZBgpaA —
Zpgap) = 9°P(0ag98p +089pa—0Opgap). The curvature tensor R is then given (in
complex coordinates) by the classical formula R4 = dcl'ap—0pT 8o+ 4805, —
PApThe.

Theorem 2. Let (M?*™,J,g) be a 2m-dimensional anti-Kihler manifold and
(21,...,2™) an inherited (local) complex coordinate system. Then
(i) the (complex) Christoffel symbols satisfy 'Yz = 0 except for I', and T'S; = T, ;
(ii) the components of the complex extended metric g, are holomorphic functions;
(iii) the curvature tensors satisfy R, = 0 except for R, and R =Ry,

Proof. From (xx) we have FEE = I'§5. Furthermore, since s7J = 0 the
connection satisfies the conditions J(Vz,Zp) = Vz.(JZB) = Vz.(1ZB) =1Vz,
Zp and J(Vz.Z5) = Vz.(JZ5) = Vz.(—1Z5) = =1z, Z5. This implies I'};, =
P(8y9ep + 0egpb — Opghe) = 9" Oegba = 0.
So 9zgpq = 0. By using the definition of the curvature tensor and the above described

Fch = 0 for any B. In particular, I'}; = g

properties of Christoffel symbols, the desired properties of the curvature tensor are
easily verified. This completes the proof. O

The Ricci tensor R 4p and the scalar curvature S are respectively given (in complex
coordinate) as follows: by using the Einstein summation convention Rap = RSC B
and S = g*PRap = R4. Let (M*™, g, J) be an anti-Kihler manifold, i.e., a complex
manifold of complex dimension m with a holomorphic metric gq(2), a,b=1,...,m
and a real metric g, (z), p, v =1,...,2m defined by (x).

Theorem 3. The holomorphic metric gq,(z) is Einstein if and only if the real

metric g,,,(x) Is a solution of the Einstein equations. In other words we have: Rqp =
(S/2m)gqsp if and only if R, = (S/2m)gu.

Proof. By Theorem 2 we have R,; = 0. The (complex) Einstein equations
Rap(g) = rgap are thus equivalent to the pair of equations

(***) Rab(gcd) = Tgab
and
(Fotkox ) R3(9zq) = r9ap-
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To get a real solution of Einstein equations from (s#%) and (###x), one uses the real
coordinates (z#), u = 1,...,2m on M, i.e., 2* = 2% +iz™"* a = 1,...,m and
writes the real Ricci tensor R,, as R, dz"dz¥ = R, dz® dzb + R;;dz" dz’. The
result then follows.

3. THE MAIN RESULT

In case of a 4-dimensional K#hler manifold, zero scalar curvature does not neces-
sarily imply flatness. For instance a K3 surface with the Calabi-Yau metric is not
flat while it is a 4-dimensional K&hler manifold with zero scalar curvature. On the
other hand, we prove that on a 4-dimensional anti-K#hler manifold, its zero scalar
curvature implies that its Weyl curvature vanishes and vice versa. In particular any
4-dimensional anti-K#hler manifold with zero scalar curvature is flat. The following

Lemma 1 is a crucial ingredient to prove our main result.

Lemma 1. Every 4-dimensional anti-K&hler manifold is Einstein.

Proof. Let {E1, FE2} be a local unitary basis. Then we obtain R1; = Roy =
Ri212 and Ri7 = R33 = Risi3 = Ris12 and Rap = 0 for the other cases because
we have Réc p = 0 except for R}, and Rga i= R¢. ;. These facts imply that every
4-dimensional anti-K&hler manifold is Einstein. This completes the proof. (]

The Weyl curvature tensor W is written (in complex coordinates) as Wapcp =

Rapep + 3(9apRee — gspRac + Rapgsc — Repgac) — §5(9apgse — gspgac)-
Now we can prove the following main result.

Theorem 4. On a 4-dimensional anti-Kihler manifold, its zero scalar curva-
ture implies that its Weyl curvature vanishes and vice versa. In particular, any
4-dimensional anti-K&dhler manifold with zero scalar curvature is flat.

Proof. Inlocal complex coordinates (z!,22) on M*, we have Wig1o = Ri212 +

3(912R21 — g22R11 + Riaga1 — Raog11) — §5(912921 — 922911) = — §5(912921 — g22911).
On the other hand, Lemma 1 and R;5;5 = 0 imply that W;5,5 = Ri315 + %(glgRgl —
933 R11+Ry3951 — Rasg11) — $5(912951 —933911) = 5 (91355931 — 933 75911+ S 913951 —
%Sggggu) - %S(glgggl — g33911) = 7%5(911_9?@). The following results can also be
verified in the same manner: Wists = —§5(g12931 — 922911), W2tz = —155(922911),
Wit = Witit = —155(911911), Waosz = Wasas = —155(g22933) and Wapep = 0
for the other cases.

Hence, zero scalar curvature implies that the Weyl curvature vanishes and vice
versa. In particular, zero scalar curvature implies that the curvature tensor must
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vanish because of the Einstein condition and vanishing Weyl curvature [1]. This

completes the proof. O
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