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Abstract. In this paper we study nonlinear second order differential equations subject to
separated linear boundary conditions and to linear impulse conditions. Sign properties of
an associated Green’s function are investigated and existence results for positive solutions
of the nonlinear boundary value problem with impulse are established. Upper and lower
bounds for positive solutions are also given.
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1. INTRODUCTION

Positive solutions of abstract mathematical problems are investigated in the mono-
graphs by Krasnosel’skii [8], Guo and Lakshmikantam [7] making use of the theory
of operators acting in Banach spaces with a cone and leaving this cone invariant.
The significance of this investigation is due to the fact that in analysing nonlinear
phenomena many mathematical models give rise to problems for which only nonneg-
ative solutions make sense. In the mentioned monographs the idea of the method is
illustrated by the example of nonlinear boundary value problem (BVP)

(L1) —y' = flayy), @€ fab],
(1.2) y(a) = y(b) = 0.

The second author was supported by the Scientific and Technical Research Council of
Turkey (TUBITAK) under NATO PC-A1 fellowship.
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Later in [5], [6] instead of the simple boundary conditions (1.2) the general separated
linear boundary conditions

(1.3) ay(a) — By'(a) =0, ~y(b) 4 dy'(b) =0,

and in [1] the periodic boundary conditions

(1.4) y(a) = y(b), y'(a)=1y'(b)

were taken and the existence of positive solutions for the BVPs (1.1), (1.3) and (1.1),
(1.4) was studied by a similar method.

In this paper, we study the existence of positive solutions for the boundary value
problem with impulse (BVPI):

(1.5) —[p(@)y] + q(x)y = f(z,y), z€a,c)U(cb],
(1.6) y(c—0) =diy(c+0), yM(c—0)=dyyM(c+0),
(1.7) ay(a) — Byt (a) =0, ~yy() + sy (b) =0,

where a < ¢ < b, y = y(z) is a desired solution, y!*(z) = p(z)y’(z) denotes the
)

quasi-derivative of y(x), y(c — 0) is the left-hand limit of y(z) at ¢ and y(c + 0) is
the right-hand limit of y(x) at c.

Note that a function y(z) defined on [a, ¢) U (c, b] is called a solution of (1.5)—(1.7)
if its first derivative y'(z) exists for each x € [a,c) U (¢, b], p(z)y’(x) is absolutely
continuous on each closed subinterval of [a, ¢) U (¢, b], there exist finite values y(c£0)
and y(c £ 0), the impulse conditions (1.6) and the boundary conditions (1.7) are
satisfied, and the equation (1.5) is satisfied almost everywhere on [a,c) U (¢, ].

The paper is organized as follows.

In Section 2, we consider the linear homogeneous differential equation with impulse

—[p(x)y'] +q(x)y =0, 2z € (—00,c)U(c,00),
y(c—0) = diy(c+0), yM(c—0)=day(c+0),

as an auxiliary problem. Here, a uniqueness and existence theorem is presented, and
a variation of constants formula for the corresponding nonhomogeneous equation is
given.

In Section 3, the Green’s function of the BVPI

(1.8) —[p(x)y'] + q(x)y = h(z), € la,c)U(c,b],
(1.9) y(c—0) =diy(c+0), yM(c—0)=dyy"(c+0),
(1.10) ay(a) — ByM(a) =0, y(b) + sy (b) =0,

is constructed.
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In Section 4, sign properties of the Green’s function are investigated.

In the last Section 5 existence results and upper and lower bounds for positive
solutions of the BVPI (1.5)—(1.7) are established. For this, the Green’s function of
the linear BVPI (1.8)—(1.10) is used in order to reduce the nonlinear BVPI (1.5)—(1.7)
to a fixed point problem.

Notice that positive solutions of boundary value problems for ordinary differential
equations with impulse were studied earlier in [3], [4]. However, our problem and
results in this paper are different from those in [3], [4]. For the basic concepts
of impulsive differential equations we refer to [2], [10]. Differential equations with
impulses are very special cases of generalized differential equations introduced by
J. Kurzweil and further investigated by S.Schwabik and M. Tvrdy [11]-[14].

Finally, for easy reference, we state here the fixed point theorem [8, p. 148; 7, p. 94]
which is employed in this paper.

Let B be a real Banach space. A nonempty set P C B is called a cone if it satisfies
the following three conditions:

(i) P is closed and convex;
(ii) w € P, A > 0 implies \u € P;
(ili) u € P, —u € P, implies u = 6, where # denotes the zero element of B.

Theorem 1.1 (Krasnosel’skii Fixed Point Theorem). Let B be a Banach space,
and let P C B be a cone in B. Assume 1, )y are open subsets of B with 6 € ),
Q) C Qy and let A: PN (Q2\Q1) — P be a completely continuous operator such
that, either

() 14yl < llyll, y € P00, and |[Ay]l > [yl y € P 10%; or
i) |4yl > llyll, y € P 1oy and [ Ayl| < 1yl y € P10,
Then A has at least one fixed point in P N (22\81).

2. SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS WITH IMPULSE

Let ¢ be a real number and d;, d be nonzero real numbers. Consider the linear
homogeneous problem of the form

(2.1) —[p(x)y'] +q(x)y =0, 2z € (—o00,c)U(c,00),
(2.2) y(c—0) = diy(c+0), yM(c—0)=day(c+0),

where y = y(z) is a desired solution, and

(2.3) y(z) = p(z)y' (z)
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denotes the quasi-derivative of y(z). We will assume that the coefficients p(x) and
q(z) of the equation (2.1) are real valued measurable funtions on (—oo, +0o0) and for

all finite real numbers ¢, co with ¢; < ¢,

c2 1 Cc2
(2.4) / ———dz < o0, / lg(z)| dz < oo.
e (@)l o
A function y(z) defined on (—o0,c) U (¢,00) is called a solution of (2.1), (2.2)
if its first derivative y'(x) exists, p(z)y’(z) is absolutely continuous on each closed
subinterval of (—oco, ¢)U(c, 00) and moreover there exist finite values y(c+0), ! (c£0)
that satisfy the impulse conditions (2.2), and the equation (2.1) is satisfied almost

everywhere on (—o0, ¢) U (¢, 00).

Theorem 2.1. Let xy be a fixed point in (—o0,c¢) U (¢,00) and ¢y, ¢; be given
constants. Then (2.1), (2.2) has a unique solution y(x) such that

(2.5) y(xo) = co, y[l] (o) = c1.

Proof. Letzy € (—o0o,c). By the condition (2.4) and the well-known existence
and uniqueness theorem (see, for example, [9, Kapitel 5]) it follows that the equation
(2.1) has a unique solution y(z) on (—oo,c) satisfying the initial conditions (2.5),
and this solution has finite values y(c — 0) and y!!I(c — 0). Further, according to the
impulse conditions (2.2), we define

(2:6) y(e+0) = Tyle—0), ye+0) = (e - 0),

di do
and hence we solve the equation (2.1) on (¢, 00) under these initial conditions. By
the condition (2.4) and the well-known existence and uniqueness theorem, it follows
that the initial value problem (2.1), (2.6) has a unique solution on (¢, c0).

So in the case 2y € (—00,c) we get a unique solution y(z) of the equation (2.1)
satisfying the impulse conditions (2.2) and initial conditions (2.5). The case xzg €
(¢,0) is considered in a similar way starting with the interval (¢, c0) and passing
then to the interval (—oo, c). O

If y and z are differentiable functions on (—oo, ¢) U (¢, 00), then their Wronskian
is defined by

Waly, 2) = y()z(2) — yM(2)2(2) = p(a) [y ()2 () — ' () 2(2)]

for x € (—o0,¢) U (¢, 00).
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Theorem 2.2. The Wronskian of any two solutions y and z of (2.1), (2.2) is
constant on each of the intervals (—oo, ¢) and (¢, 00),

o7 - B k, € (—o00,c),
@7) 2(v:2) = I, € (c,00),

where k and | are constants such that

(2.8) k= dydyl.

Proof. Letyand z be two solutions of (2.1), (2.2). Then for x € (—o0, ¢)U(c, 00)

(@)[y(x)2 (z) — ¢
)p(@)z' ()] —
Ja(x)z(x) — q(z)y(x)z(x)

{Wa(y, 2)}Y

=3
—
8
~— —
@\
&
(\z\
—~
8
~—

(

{r
y(z
y(x
0.

Therefore (2.7) holds. Further, from (2.7) we have

k= cho(yaz); l= WC+O(yvz)7

and using the impulsive conditions (2.2) we get

k=We_o(y,z) =ylc—0)z(c—0) =y c - 0)z(c—0)
= dyy(c+ 0)dazM(c + 0) — doyM(c 4+ 0)d12(c +0)
= d1daWeyo(y, 2)
= dydal.

O

Corollary 2.3. Ify and z are both solutions of (2.1), (2.2), then either W, (y, z) =
0 for all x € (—o0,c¢) U (¢,00), or W, (y,z) # 0 for all z € (—o0,¢) U (¢, 00).

The following two theorems are proved in exactly the same way as in the case of
the equation (2.1) without the impulse conditions (2.2), by using Theorem 2.1.

Theorem 2.4. Any two solutions of (2.1), (2.2) are linearly independent if and
only if their Wronskian is nonzero.
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Theorem 2.5. Problem (2.1), (2.2) has two linearly independent solutions and
every solution of (2.1), (2.2) is a linear combination of these solutions.

We say that y; and ys form a fundamental set (or fundamental system) of solutions
for (2.1), (2.2) provided their Wronskian is nonzero.
Let us consider the nonhomogeneous equation

(2.9) —[p(x)y] + q(x)y = h(zx), =€ (—o0,c)U (¢, 00),

with the impulse conditions (2.2), where h(z) is a real valued function defined on
(=00, ¢) U (¢, 00) and satisfying the condition

2
/ |h(z)| dz < oo

for all finite real numbers 21 and zo with 1 < x2.

Theorem 2.6. Suppose that y; and ys form a fundamental set of solutions for the
homogeneous problem (2.1), (2.2). Then the general solution of the nonhomogeneous
problem (2.9), (2.2) is given by

@10) @) = (o) +ean(o) + | ' yl(z)y;(v?(yl yyfj)”(x) h(s) ds,

where c¢1 and co are arbitrary constants.

Proof. It sufficies to show that the function

(211) o) = [ P IR ) g

is a particular solution of (2.9), (2.2).
From (2.11) we have for z € (—o0, ¢) U (¢, 00),

and
[p(x)2"]" = —h(z) + q(z)2.
Besides, from (2.11) and (2.12) we have

2(c—0)=z(c+0)=0, zHc—0)=2zUc+0)=0.

Thus, z(z) satisfies the equation (2.9) and the impulse conditions (2.2). O
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3. BOUNDARY VALUE PROBLEMS WITH IMPULSE AND GREEN’S FUNCTIONS

Let a, b, ¢ be fixed real numbers such that a < ¢ < b. Consider the following
boundary value problem with impulse (BVPI):

(3.1) —[p(x)y'] +q(x)y = h(z), € la,c)U(cb],
y(c—0) = diy(c+0), yM(c—0)=day(c+0),
(3.3) ay(a) — ByM(a) =0, y(b) + sy (b) =0,

where p(x), ¢(z), and h(z) are real valued measurable functions on [a, b] such that

b b b
(3.4) /a ro dz < oo, /a lg(z)| dz < oo, /a |h(z)| dz < oo

di; and ds are nonzero real numbers; «, (3, v, and § are real numbers such that
laf + 18] # 0 and [y| + |6] # 0.
Denote by (x) and t(x) the solutions of the homogenous problem

(3.5) —[p(@)y'] +q(x)y =0, =€ a,c)U(c,b],
(3.6) y(c—0) = diy(c+0), yM(c—0)=dyyll(c+0),

satisfying the initial conditions

p(a) =8, ¢"(a)=aq,
(3-8) P(b) =6, PHb)=—y.

So p(z) satisfies the first and ¢ (x) the second condition of (3.3). By Theorem 2.2
and the conditions (3.7), (3.8), we have for x € [a, ¢)

Walp, 1) = p(a)pl(a) — o (a)i(a) = Y1 (a) — ari(a),
and for z € (c, b]

W (o, ) = @0)9(b) = oM (B)%(b) = =7 (b) - 61 (B).
Therefore, taking into account (2.8), we get

dld?[f’yw(b) - 590[1] (b)]a T € [a’a C),

. W"E ’ =
(3.9) (0, ¢) { —o(b) — 51 (b), x € (0],
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and also
ﬂw[l] (CL) - Oﬂ/}(a’)a YIS [a7c)a

3.10 Walp,¢) =
( ) (¢, 9) ﬁ[w}m (a) — ap(a)], z € (¢ D).
102

Notice that form (3.9) and (3.10) it follows that

(3.11) Byl(a) — ap(a) = —didalyp(b) + 5 (b)].

According to Theorem 2.4, we get from (3.9) that vo(b) + dpll(b) # 0 if and
only if ¢(x) and ¢ (z) are linearly independent. The following theorem describes the
condition v (b) + §plM(b) # 0 from the other point of view.

Theorem 3.1. yp(b) + 6! (b) # 0 if and only if the homogeneous problem (3.5),
(3.6) has only the trivial solution satisfying the boundary conditions (3.3).

Proof. If yo(b) 4 dpltl(b) = 0, then by virtue of (3.7), p(z) will be a nontrivial
solution of (3.5), (3.6) satisfying the boundary conditions (3.3). Let us now assume
that ypo(b) + 6o (b) # 0. Then ¢(z) and o (x) will form a fundamental set of
solutions of (3.5), (3.6) and therefore any solution of (3.5), (3.6), (3.3) will have the

form
y(@) = c1p(x) + c2vp(),
where c1, co are constants. Substituting this expression of y(z) into the boundary

conditions (3.3) and taking into account (3.7) and (3.8), we get

calanp(a) = Byl(a)] =0 and  ei[yep(b) + 6! ()] = 0.

Since yp(b) + dplt(b) # 0 and also arp(a) — Byt (a) # 0 by (3.11), it follows that
¢1 = co = 0, that is, the solution y(z) is trivial. a

Theorem 3.2. If yp(b) + 60! (b) # 0, then the homogeneous BVPI (3.1)(3.3)

has a unique solution y(z) for which the formula

(3.12) ylx) = / G(x,s)h(s)ds, € la,c)U (c,b

holds, where the function G(z,s) is called the Green’s function of the BVPI (3.1)—
(3.3) and is defined for x, s € [a,c) U (¢, b] by the formula

(3.13) Glays) = ——2 {

Wsle,¥) | p(x)¥(s), a
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Proof. Under the condition yp(b) + dp!*(b) # 0, the solutions o(z) and v (z)
of the homogeneous problem (3.5), (3.6) are linearly independent and therefore by
Theorem 2.6 the general solution of the nonhomogeneous problem (3.1), (3.2) has
the form

310 ylo) = aple) +eavle) + [ EOI A 4

where ¢ and ¢ are arbitrary constants. Now we try to choose the constants ¢; and
¢z so that the function y(x) satisfies also the boundary conditions (3.3).
From (3.14) we have

" P @)y(s) — p(s)ypM(@)

(@) = exella) + oolo) + | D (5)ds.
Consequently,
) =erptea(a) + [ PO g
yW(a) = cra+ e (a) + / ’ O‘w(s)wsgfp[flli‘;ws) h(s) ds.

Substituting these values of y(a) and y['l(a) into the first condition of (3.3) and
taking into account that aw(a) — ¢t (a) # 0 by (3.11), we find

[T s
“- /aWs(so,w)h()d'

Similary from the second condition of (3.3) taking into account that ai(a) —
By!t(a) # 0, we find

b
P(s)
c1 = — —————h(s)ds.
= e
Putting these values of ¢; and ¢; in (3.14), we get the formula (3.12), (3.13). O

Remark 3.1. It can be verifed without diffuculty that for the solution y(z) of
the nonhomogeneous equation (3.1) with the impulse conditions (3.2) and nonhomo-
geneous boundary conditions

(3.15) ay(a) — By (a) = v, yy(b) + oy () = 1,

the formula
b
(3.16) y(x) = w(x) —l—/ G(z,s)h(s)ds, =z € la,c)U (c,b),
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holds, where the function G(z, s) is defined by (3.13), and

(3.17) w(z) = —mm) - ().

4. SIGN PROPERTIES OF THE GREEN’S FUNCTION

Consider the BVPI (3.1)—(3.3). Here, in addition to the preceding hypotheses, we
assume that
(4.1) p(z) > 0 and g(z) >0 for all z € [a,c) U (¢, b];
(4.2) di>0,d>0; o,68,7,0 >0, a+08>0, v+6>0.

Let o(x) and ¢ (z) be the solutions of the homogeneous problem (3.5), (3.6) sat-

isfying the inital conditions (3.7) and (3.8), respectively. It is easy to see that for
these solutions the equations

xT

(4.3) oM(z) = a —|—/ q(s)p(s)ds, x € [a,c),

a

(44) ) = 6+a/:]% [ [/ %]Q(S)sﬁ(S)ds, v € fa,e),

(45) W) = gN(c10)+ /Iq<s>so<s>ds, z e (eb)

dt
p(t)

(16) [ S| e e
47 M) =—y- / bq(sw(s) ds, € (eb],

(4.8) P(z) = 5+7/xb2% +/: [/; Z%]q(s)i/)(s) ds, x€(cb,

@9) @) = ve-0) - [ aus)ds o€ o)

@) v = vle-0) - vl o) [ ) %

+/: [/I Z%]q(S)lﬂ(S) ds, @€ a,c),

o(2) = o+ 0) + oM (c +0) /

hold.
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Lemma 4.1. Let K(x,s) be a nonnegative continuous function defined for —oco <
x1 € x, s < ¥2 < 00, and g(x) be a nonnegative integrable function on [x1,x2]. Then
for arbitrary nonnegative continuous function f(x) defined on [r1,x2], the Volterra
integral equation

(4.11) ya) = )+ [ Kl sg(ouls) s, o1 <a <

has a unique solution y(x). This solution is continuous and satisfies the inequality

(4.12) y(z) = f(z), x1 <z <.

Proof. We solve the equation (4.11) by the method of successive approxima-
tions setting

(4.13) yo(x) = f(x), yn(z)= /z K(x,8)g(s)yn—1(s)ds, n=1,2,....

o]
If the series > yn(z) converges uniformly with respect to = € [x1, 23], then its sum
n=0
will be, obviously, a continuous solution of the equation (4.11). To prove the uniform

convergence of this series we put

max T)=c max K(x,s) = cs.
1 <r<T2 f( ) b zr1<x,s<T2 ( ’ ) 2

Then it is easy to get from (4.13) that

o0
It follows that the equation (4.11) has a continuous solution y(z) = > y,(z) and
0

for this solution the inequality (4.12) holds because yo(z) = f(x) andiyn(:zz) > 0,
n =1,2,.... The proof of uniqueness of the solution of (4.11) is trivial. O

Remark 4.1. Evidently, the statement of Lemma 4.1 is also valid for the Volterra
equation of the form

v = 5@+ [ K@) s, n <o <,
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Lemma 4.2. Under the conditions (4.1), (4.2) the solutions ¢(x) and (x) have

the following properties:

(414) @30, celnaUlel @) >0, 7€ lac) (e
(4.15) o(x) >0, z € (a,c)U(cbl; P(z) >0, z € [a,c)U(c,b);
(4.16)  (c—0) >0, p(c+0)>0; Y(ec—0)>0, Y(c+0)>0;
(417) @) >0 wefauet  ¥M@) <0, @€ ac)U(eb]
(4.18) ¢M(c—0)>0, M(c+0)>0; ¢Mc—0)<0, ¢M(c+0)<o0.
Proof. From (4.4) and Lemma 4.1, we get
Sﬁ(z)?ﬂJra/:]%, x € [a,c).

Hence

o) 20 for x € [a,¢); @(x) >0 for z € (a,c); and @(c—0)>0.

Therefore, from (4.3), we get
o) >0, z€a,e); and Mc—0)>0.

Moreover, from the impulse conditions (3.2), we find

1 1
(4.19) oc+0)=—p(c—0)>0, oHc+0)=-—¢c—-0)>0.

dl v d2
It follows now from (4.5) and (4.6) that
o(x) >0 forz € (¢,b]; and @M(z) >0 for z e (c,b).

So the claims about ¢(x) and ¢!*!(z) are proved.

Finally, the claims about v (z) and 9!"(x) can be proved similarly using (4.7)-

(4.10).
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Lemma 4.3. Let conditions (4.1) and (4.2) hold. Besides, in the case q(z) = 0
for z € [a,c)U (c,b] let o+ > 0. Then for the Wronskian of the solutions ¢(z) and
(x) the inequality

Wa(p, ) <0, z€[a,c)U(c,b]U{c+0},
holds.
Proof. We have, by (3.9),

—didayp(b) + 091 (b)], € [a,c) U{c— 0},

We(p, 1) = { “Iye(b) + 5o (b)), z € (¢,b] U {c+0}.

Next, using (4.5) and (4.6), we find

1) _ 1] 1] " dt
(4.20)  yp(b) 4+ 0 (D) = yp(c 4+ 0) + dpt (¢ + 0) + vl (c + 0)/ @

+v/cb [/sz%]q(s)der5/qu(s)<p(s)ds.

It follows from (4.20) that yo(b) + dll(b) > 0 if ¢(z) is not identically zero on
[a,c) U (c,b].
If ¢(z) is identically zero on [a, ¢) U(c, b], then we have from (4.20) and (4.3), (4.4),

b
d
Y (b) + 3 (b) = vp(c + 0) + 5o (¢ + 0) + 79 (c +0) / —

L Cu p(t)’
ol +0) = (e —0) = {ma/a }

d1 dl p(t)
1
Pl +0) = —ple—0) = =,
2 do
and hence
¢ de ad  ay [P dt
) + sl (p l{ +a/ _}+—+—/ — >0 ifa+v>0.
790() 90 () dl ﬂ " p(t) d2 d2 . p(t) 7

O

From the formula (3.13), by Lemmas 4.2, 4.3, and (4.3)—(4.10) the following the-
orem follows.
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Theorem 4.4. Let conditions (4.1) and (4.2) hold. Besides, in the case q(z) =0
for x € [a,c) U (¢,b] let o+ > 0. Then
(i) G(x,s) >0 for x € [a,c) U (c,b].
(ii) G(z,s) >0 for z € (a,c¢) U (¢,b) U{c£0}.
(i) If 8> 0 and 6 > 0, then G(x,s) > 0 for z € [a,c) U (¢, b] U {c £ 0}.

5. EXISTENCE OF POSITIVE SOLUTIONS

In this section, we consider the BVPI

(5.1) —[p@)y] + q(x)y = f(z,y), z€a,c)U(cb],
(5.2) y(c—0) = diy(c+0), yM(c—0)=diy(c+0),
(5.3) ay(a) — ByM(a) =0, y(b) + sy (b) =0

We will assume that the following conditions are satisfied:
(H1) p(z) > 0 and ¢g(z) > 0 are measurable functions on [a, b] and

b
d
/ x<oo / z)dx < oo.

(H2) d1 >0,d2>0; o, 3,7, 20, a+ >0, v+ > 05 if ¢(x) =0 on [a,c) U(c,b],
then a+~v > 0.

(H3) f(z,&) is a real valued function continuous with respect to the collection of its
arguments = € [a,c) U (c,b] and £ € R, and f(x,£) > 0 for £ € RT, where R
denotes the set of nonnegative real numbers. Moreover, for each £, € R there

exist finite limits

lim z,8) = f(c—0, and lim z,€) = flc+0,&).
(m,f)—;(c,&o)f( 5) f( 60) (w,ﬁ)—;(c,&o)f( 5) f( 60)

By Lemma 4.3 and Theorem 3.2, the nonlinear BVPI (5.1)—(5.3) is equivalent to
the integral equation

b
(5.4) y(x) = / G(z,8)f(s,y(s))ds, x € a,c)U(cb),

where G(z, s) is defined by (3.13) as Green’s function of the linear BVPI (3.1)—(3.3).
We investigate the equation (5.4) in the Banach space B of all real-valued contin-
uous functions y(z) on [a,c) U (¢, b] for which the finite values y(c — 0) and y(c + 0)

exist, with the norm

1yl = supy(z)], @ € a,¢) U (e, b].
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Solving equation (5.4) in B is equivalent to finding fixed points of the operator
A: B — B defined by

b
(5.5) Ay(z) :/ G(z,s)f(s,y(s))ds, =€ a,c)U (c,b].

Note that for each y € B the function Ay(z) belongs to B and satisfies the impulse
conditions (5.2) and the boundary conditions (5.3) by the definition of the Green’s
function G(z, s).

Let us set

(5.6) P={yeB: ylx) >0 forx € [a,c)U(c,b]}.

Evidently P is a cone in B. Moreover, for all y € P, by Theorem 4.4 (i) and (H3),
Ay(z) > 0 for all € [a,c¢) U (c,b]. Therefore the operator A leaves the cone P
invariant, i.e., A(P) C P.

Remark 5.1. Assume that conditions (H1), (H2), and (H3) are satisfied. As-
sume also that the function f(z, &) satisfies with respect to & the Lipschitz condition
|f(x, &) — f(z,&)| < L& — &, &1,6 € R, where L is a positive constant not
depending on z, &, & If

b
L- sup / G(z,s)ds < 1,
z€la,c)U(c,b] Ja

then applying the Banach fixed point theorem (contraction mapping theorem) to the
operator A: P — P it is easy to see that the BVPI (5.1)—(5.3) has a unique solution
y(x) such that y(x) = 0 for = € [a,c) U (c,b].

Using the well-known Arzela-Ascoli Theorem it is not difficult to show that a subset
S of the space B is relatively compact (precompact) if and only if the functions of S
are equi-bounded and equi-continuous on each of the intervals [a, ¢) and (¢, b]. On the
basis of this fact, making use of the piece-wise continuity properties of G(x,s) and
f(x, &) we can prove, in a standard way, that the operator A is completely continuous
in the space B.

Remark 5.2. Assume that conditions (H1), (H2), and (H3) are satisfied. As-
sume also that there is a number R > 0 such that

b
(5.7) ( sup / G(z, s) ds) . o) sup f(z,€) < R.

z€la,c)U(c,b] U(e,b],£€[0,R]
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Then applying the Schauder fixed point theorem to the operator A: Pr — Pgr, where
Pr={yeB: |yl <R, y(x) >0 for all z € [a,c) U (c,b]},

we can prove that the BVPI (5.1)—(5.3) has at least one solution y(z) such that
0<y(z) <R,z €la,c)U(cb].

Notice that the condition (5.7) of Remark 5.2 is satisfied for sufficiently large R if
|f(2,6)| < c1 4 2 |€]*, where c1, o, A are positive constants and A < 1.
Next we will assume that instead of (H2) the following stronger condition holds:
(H2') dy > 0,ds > 0; o,y >0, 83> 0,8 > 0; if g(z) = 0 on [a,c) U (c,b], then
a+v>0.
In this case, by Theorem 4.4 (iii), we will have

(5.8) G(z,s8) >0 forall x € [a,c) U (e, b U {c=+0}.
Let us set
(5.9) m =inf G(z,s), M =supG(x,s), z € [a,c)U/(c,b]

and form the cone

~ m
P={yep. >yl },
y ze[a}gu(cyb]y(w) 27 1Yl

where the cone P is defined by (5.6).
Lemma 5.1. Assume that conditions (H1), (H2'), and (H3) are satisfied and let

A be the operator defined by (5.5). Then Ay € P for all y € P. In particular, the
operator A leaves the cone P invariant, i.e., AP C P.

Proof. For all y € P we obviously have Ay(xz) > 0 for all z € [a,¢) U (c,b].
Further,

z€la,c)U(c,b

b
inf ]Ay(x) > m/a f(s,y(s))ds
b

m

> — sup  G(z,s))f(s,y(s))ds
MLQWWW< )) £(5,9(5))
m b

SR /ammw@m
M z€la,c)U(c,b] Ja
m

= Ay
=14y

Therefore, Ay € P. =
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In the next theorem we also assume the following condition on f(z,¢&).
(H4) There exist numbers 0 < r < R < oo such that for all = € [a,c) U (¢, b]:

f(x,§)<mr f0<e<n
f(x,§>>$z% if R <€ < oo,

where m and M are defined by (5.9).

Theorem 5.2. Assume that conditions (H1), (H2'), (H3), and (H4) are satisfied.
Then the BVPI (5.1)—(5.3) has at least one solution y(x) such that

M
r < y(l‘) < _Rv T e [CL,C) U (Ca b]

(5.10) —

SE

Proof. Fory e P with ||y = r (hence 0 < y(z) < r for @ € [a,¢) U (¢, b)), we
have for all x € [a, ) U (¢, b],

b b
(5.11) Ay(z) < M/ f(s,y(s))ds < Mmr/ ds=r=y|.

Now if we let Q1 = {y € B: ||y|| < r}, then (5.11) shows that ||Ay|| < |ly|| for y €
P N oQy. Further, let

M
RlzgR and Qo ={ycB: |y <Ri}.

Then y € P and ||y|| = Ry implies

m m
inf > — = —R; =R,
zda}gu(cyb]y(x) 27 Wl =58
hence y(s) > R for all s € [a,c) U (c,b]. Therefore, for all € [a, ) U (¢, b] we obtain
that

M b M
m/fsy R/ ds=—R=Ry=|y|.
(b—a) a m

Hence || Ay|| = ||yl for all y € P N OQ,.

Consequently, by the first part of Theorem 1.1, it follows that A has a fixed point
y in PN (Q:\Q1). We have r < |ly|| < Ri. Hence, since for y € P we have
y(x) = 35 lyll, = € [a,¢) U (c, b], it follows that (5.10) holds. O
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Remark 5.3. If

lim f(z.€) =0 and lim f(z.€)
¢—ot ¢ g—oo &

uniformly on = € [a,c) U (¢, b], then the condition (H4) will be satisfied for r > 0
sufficiently small and R > 0 sufficiently large.

Below, in Theorem 5.3, we assume the following condition on f(z,&):
(H5) There exist numbers 0 < r < R < oo such that for all = € [a,¢) U (¢, b]:

M .
mf ifo<E<rn

& fR<E <0

f(z,6) >

fz,6) < m

Theorem 5.3. Assume that conditions (H1), (H2'), (H3), and (H5) are satisfied.
Then the BVPI (5.1)—(5.3) has at least one solution y(x) with the property (5.10).

The proof is analogous to that of Theorem 5.2 and uses the second part of Theo-

rem 1.1.

Remark 5.4. If

lim =00 and lim
e—o+ & g—oo &

uniformly on = € [a,c) U (¢, b], then the condition (H5) will be satisfied for > 0
sufficiently small and R > 0 sufficiently large.
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