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Abstract. We give an example of a class of binary matroids with a cocircuit partition
and we give some characteristics of a set of cocircuits of such binary matroids which forms
a partition of the ground set.
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1. INTRODUCTION

Matroid theory draws heavily on both graph theory and linear algebra for its
notation and basic examples. Thus a matroid can be defined in several ways. For
example we can define a matroid using the properties of its set of independent sets or
its set of circuits. For further details we refer to [3]. Thus studying such type of sets
as the set of circuits of a matroid enriches the field. The result of Welsh [4] below is
an example of such a study. A matroid M is Eulerian if its ground set F(M) has a
partition into circuits.

Furthermore, each matroid M has a corresponding matroid M™* called the dual.
The circuits of the dual matroid M* are called the cocircuits of the matroid M.
For a good introduction to duality theory, we refer to [5]. Thus studying the set of
cocircuits gives information on both the matroid and its dual. But studying the set
of cocircuits for a general matroid is not very easy, so in this paper we restrict our
study to a well known class of binary matroids, see [3], [5].

In this paper we give a class of binary matroids whose ground set has a cocir-
cuit partition and we give some characteristics of a set of cocircuits which forms a

partition.

19



2. CIRCUIT AND COCIRCUIT PARTITIONS OF MATROIDS

A matroid is a collection of objects with a certain function of rank defined just
like in graphs and matrices. A matroid M (FE) is a set E with a rank function r, for
which the following properties hold

(R1) If X C F, then 0 < r(X) < |X|.
(R2) If X CY C E, then r(X) < r(Y).
(R3) If X and Y are subsets of F, then

<
<

r(XUY)+r(XNY)<r(X)+rY).

The set E is called the ground set of M(E). A circuit of M(FE) is a non-empty
subset X of E such that for all z in X, r(X —z) = |X|—1=r(X). For each ma-
troid M (E) there is another matroid associated with it. The dual of @ matroid M(E),
denoted by M*(E), is a matroid with the rank function r* such that for all X C E,

r(X) = |X|—-r(M)+r(E - X).

The circuits of M* are called the cocircuits of M. A function cl from 2% into 2¥
defined for all X C F by cl(X) = {x € E: r(X Uz) = r(X)} is called the closure
operator of M. Let PG(r — 1,q) be the projective space of rank r over a finite
field GF(q) as described by Oxley [3, Chapter 6]. An affine space of rank r, denoted
AG(r — 1,q), is obtained from the projective space PG(r — 1,q) by deleting all the
points of a hyperplane. A simple matroid M is affine over GF(q) if it is isomorphic
to a submatroid of AG(r—1,¢q). In general, a loopless matroid M is affine over GF(q)
if its associated simple matroid is affine over GF(q). A binary matroid is a matroid
that is representable over GF(2). A circuit partition of a matroid M is a partition of
the ground set of M into circuits. A cocircuit partition of a matroid M is a partition
of the ground set of M into cocircuits.

If M has a loop it is clear that the ground set of M cannot be partitioned into
cocircuits. Recall that si(M) denotes the simple matroid associated with the ma-
troid M. Recall that a matroid M is Fulerian if its ground set E(M) has a partition
into circuits. Also we say that a matroid M is bipartite if every circuit has even
cardinality. The next theorem summarizes the relationship between binary Eule-
rian matroids and binary bipartite matroids, see Welsh [4] and for other details see
Brylawski [1] and Heron [2].
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Theorem 2.1 (Welsh 1969). Let M be a binary matroid. The following are
equivalent:
(i) M is Eulerian.
(ii) Every cocircuit of M has even cardinality.
(iii) M* is bipartite.
(iv) M* has a partition into cocircuits.

The next theorem is well known.

Theorem 2.2. A binary matroid M is affine over GF(2) if and only if M is
bipartite.

Thus a binary affine matroid has a cocircuit partition.

3. A THEOREM ON BINARY AFFINE MATROIDS

In this section we prove the main theorem of this paper. This theorem is on the
characteristic of a binary affine matroid with a cocircuit partition.

Throughout this section M denotes a binary affine matroid of rank r represented
over GF(2) by a set E of points of PG(r—1,2) and H denotes the unique hyperplane
of PG(r —1,2) such that H N E = (). Refer to the definitions in Section 2. For a
subset A of E, the closure of A in M is denoted by clp/(A) and the closure of A
in PG(r —1,2) is denoted by clp(A).

Theorem 3.1. Let M be a binary affine matroid of rank r represented over GF(2)
by a set E of points of PG(r — 1,2) and let H denote the unique hyperplane of
PG(r —1,2) such that HNE = (. Let {Cy,C4,...,C} be a set of pairwise disjoint
cocircuits of M. Then {Cy,Cs,...,Cy} is a partition of E if and only if

r((clp(C1) NH) U (clp(Cy) N H)U ... U (clp(C) N H)) =1 — k.

To ease notation in what follows, for a subset C' of E, the set clp(C) N H will be
denoted by C’. Before proving Theorem 3.1 we will need the following propositions
and lemmas. The next claim follows immediately from the fact that all flats in a
projective geometry are modular.

Claim 3.2. Let F be a flat and H' a hyperplane of PG(n,q) such that F ¢ H'.
Then
r(FNH')=r(F)-1.

The next claim follows from the fact that intersections of flats in a matroid are
flats.
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Claim 3.3. Let M’ be a binary matroid and suppose X is the intersection of a
three point line and a hyperplane in M’. Then |X| € {1, 3}.

Recall that throughout this section M denotes a binary affine matroid.
Lemma 3.4. Let C' be a cocircuit of M. Then

C/ Q Clp(E — C)

Proof. We can regard elements of PG(r — 1,2) as vectors in V(r,2). Let
bi,ba,..., by be vectors that form a basis of M|C. First, let by be the only such
vector. In this case clp(C') is a parallel class of by. Hence C’ is empty. Thus
C' C clp(F — C). Now consider by + b; for i = 2,3,...,m. It is obvious that
b1 +b; € clpe(C). It follows that {b1,b;, b1+ b;} is a three point line. But by and
b; are not in H, hence by applying Proposition 3.3, by +b; € H. Hence by +b; € C'.

We now show that the set B = {by + ba,by + bs,...,b1 + by, } is independent.

m
Consider a sum of the form > a;(by + b;) where at least one a; is non-zero. Let

=2
J={je{2,3,...,m}: a; #0}. Then

b1+ Z bj if |J| is Odd7

a;(by + b;) = ied
; (b1 by) > b; otherwise.
j€J

Moreover, by, ba, ..., by are independent. Hence both by + >~ bj # 0 and > b; #
jeJ jed
0. Therefore, we have > a;(bq +bj) # 0. Hence B is an independent set. Further-
j€J
more, |B| = r(C') — 1. But by Proposition 3.2, (C") = r(clp(C)) — 1 = r(C) — 1.
Hence B is a maximal independent set of C’. Hence B is a basis for C".

Next we show that for all ¢ € {1,2,...,m} we have by + b; € clp(F — C). We
know FE — C is a hyperplane of M, so clp(E —C) is a hyperplane of PG(r—1,2). But
clp(E—C)NE = E—C. Hence by, b; € clp(E—C). So by applying Proposition 3.3
we deduce that by + b; € clp(E — C). Hence B C clp(E — C). It follows that
clp(B) Cclp(E — C). Hence C’' Cclp(E — C). |

Lemma 3.5. Let C1,C5,...,Cy be a set of pairwise disjoint cocircuits of M, let
F be the set C{UCyU...UC), and let My = PG(r — 1,2)|E UF. Then C; is a
cocircuit of My fori=1,2,... k.

Proof. Considerclp(E—C;). Forallj # iand C; C (E—C;) we have clp(C;) C
clp(E — C;). Hence C]’- C clp(FE — C;). But by Lemma 3.4, C} C clp(E — C;). Thus
cly, (E = C;) = (E — C;) U F. Therefore C; is a cocircuit of M. O
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Evidently if C is a circuit of M and ANC =, then C is a circuit of M \ A. By
duality we therefore have the following claim.

Claim 3.6. Let C be a cocircuit of a matroid M, let H =FE — C, and A C H.
Then C is a cocircuit in M /A

The next proposition is a direct application of Claim 3.6 in our context.

Proposition 3.7. Let Cy,Cs,...,Ck be cocircuits of M, let F be the set Cj U
C4U...UC} and let My = PG(r —1,2)|EUF. Then C; is a cocircuit of My /F for
1=1,2,....k.

Proof. By Lemma 3.5, C; is a cocircuit of M;. Thus (E — C;) UF is a
hyperplane of M;. But FF C (E — C;) U F. Hence the result follows by applying
Proposition 3.6. (I

Lemma 3.8. Let Cq,Cy, ..., Cy be cocircuits of M such that r(C1UCSU. . .UC}) =

r—k. Let My = PG(r —1,2)|(EUC{UC4{U...UC}). Then
(i) r(M1/(C{UCLU...UCY)) =k;
(ii) C; is a parallel class of M1/(C{UC5U...UC}) forie€ {1,2,...,k}.

Proof. Let F=C{UCjU...UC}. Consider (i). r(M1)/F = r(M;y) — r(F).
But (M) =r(M) and r(F) = r(M) — k. Hence r(M,/F) = k.

Now consider (ii). For any cocircuit, C; of M, we have rys, /¢, (Ci) = rag, (Cs U
C!)—ru, (CF). But by definition we know that C, C clay, (C;). Hence ray, (C; UC)) =
rar, (C;). We also know that rar, (Cf) = ra, (Ci) — 1 by applying Proposition 3.2.
Hence 7y, /¢, (C;) = 1. It follows that ry;,,p(C;) < 1. But no element of C; is
in clpg(F'). Thus no element of C; is a loop of M;/F. Therefore ry;, ¢ (C;) = 1.
Thus C; is a parallel class of M;/F. O

Lemma 3.9. Let M be a rank-k loopless matroid containing k parallel classes
Py, Py, ..., Py of which each P; is a cocircuit of M. Then E(M) =P,UP,U...UP.

Proof. For each P; there is a corresponding hyperplane H; such that E(M) —

B(M) - (\(H,).
Next we show that ((H;) = (. Consider a set of hyperplanes {H;, Hs, ..., Hy}.

The cocircuit P, is contained in all hyperplanes, H;, such that k& # j. Hence P, C
(HiNHyN...N Hk_1). Moreover, we know that P, Z Hj. Hence

(HHNHyN...NHy_1NH) C(HNHyN...N Hp_1).
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But we know that any set which is an intersection of flats is a flat. Thus (H; N
HyN...NHp_1NHy) and (Hi N HaN...N Hy_1) are flats. We also know that for
any two flats Fy and F5 such that F; C Fy we have r(Fy) < r(Fy). Without loss of
generality, it follows that r(H; N Hy) < r(Hy). Hence r(Hy N Hy) < k—1< k — 2.
It follows by recursion that r(Hy N HaN...NHi_1 N Hy) < k—k = 0. But the rank
of a set can not be negative. Thus r(Hi N HyN...N Hi_1 N H) = 0. Since M is
loopless (Hy N HyN...N Hp_1 N Hg) =0. Hence E(M) = PLUP,U...U PB. O

Proposition 3.10. Let M be a binary affine matroid with a partition Cy,Cs, . . .,
Cy, of E(M) into cocircuits. Then C; is a flat of M for all i € {1,2,...,k}.

Proof. Consider the following set of hyperplanes, {H;: H; = E(M) — C;,i €
1,2,...,k}, of M. Without loss of generality let ¢ = k. Then Hy, = C; UCU... U
Ck—1. Moreover for any k # j, we have C, C H;. Thus C,, C HiNHaN...N Hy_;.
Furthermore, we know by definition that no element of C; is contained in H;. Hence
HiNHsN...NHi_1 = Cy. Hence (Y}, is a flat since it is an intersection of flats. [

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let C1,C5,...,C) be a set of pairwise disjoint cocir-
cuits of M and let My = PG(r —1,2)|EU (C{UC,U...UCY).

Assume that »(C{ UC5 U ... UC},) = r(M) — k. By Lemma 3.7, each C; for
i €{L,2,...,k}is a cocircuit of M;/(C{UC5U...UC}). By Lemma 3.8, each C; for
i€{1,2,...,k} is a parallel class of M;/(C{UC5U...UC}). Moreover, the ground
set of M7 /(C{UC,U...UC})is E. Thus E = C; UCy U...UCy by Lemma 3.9.
But we know that C1,Cs, ..., Cy are pairwise disjoint cocircuits of M and FE is the
ground set of M. Hence Cy,Cs,...,Cy is a partition of E(M) into cocircuits.

Assume that C1,Cs,...,C is a partition of F(M) into cocircuits. Then M is
a loopless matroid since a cocircuit does not contain loops. We use induction on
the number of cocircuits of M. Let M be a matroid with one cocircuit C;. Then
M is a matroid with a single parallel class. Thus H = (). Therefore C = (). Hence
r(C7) = 0 =1r — 1. Therefore it holds for a matroid with a single cocircuit.

Assume that for every binary matroid M with a cocircuit partition Cy,Cs,...,C,
of E(M) we have r(C{ UCLU...UC))=r—nforn > 1.

Now let M be a binary affine matroid with a partition C1,Csy,...,Cy, Chi1
of E(M). Then by Claim 3.6, C1,Cs, ..., C, is a cocircuit partition of M/C,, ;. Let
M; = PG(r—1,2)|EUC{ UC5U...UC}, . Hence by the induction assumption,

er/Cn+l(C:/l U Cé Uu...u C:l) = r(Ml/Cn+1) —n.
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It is clear that C),  is a collection of loops of M;/Cy41. Let X denote C] U
CyU...UC, . Hence

(31) TM1/Crtr (X) = T(Ml/CnJrl) —n.
But
(3.2) "My ) O (X) = 7o (X U Crg1) — 70, (Criy1)-

We now show that
(33) TMI(XUC,,H_l):TMl(X)—f—l.

Certainly, ra, (X U Chy1) > ran (X) because Crp1 € clpy (X). But ray (Cryr U
C) 1) =7y, (Ch ) + 1 thus Cpyq and C) ; is a modular pair of flats. Thus

agy (X U Cg) + 7ag, (X N Cgr) <y (X) + 7y (Crgr).

Hence
oy (X UChy1) <7 (X) 4+ 1.

Hence Equation 3.3 holds. Using Equations 3.1, 3.2, 3.3, we see that

r(CLUCyU...UC) 1) =10, (X UCh41) — 1
=70y )Cpyy (X) + 701, (Crgr) — 1
=7r(M1/Cpy1) —=n+ 70, (Cpyr) — 1
=r(My)—-n—1=r—1—-n=r—(n+1).

Therefore any binary affine matroid M with a cocircuit partition C,Cs, ..., C has
r(CluUCyU...uC) =r—k. O
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