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Abstract. In this paper we prove that the lateral completion of a projectable lattice
ordered group is strongly projectable. Further, we deal with some properties of Specker
lattice ordered groups which are related to lateral completeness and strong projectability.
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1. INTRODUCTION

The lateral completion of a lattice ordered group has been investigated by
Bernau [1], [2], Byrd and Lloyd [5], Conrad [7] and the author [13]-[16].

The orthocompletion of a lattice ordered group G has been dealt with by Bleier [4].
The strongly projectable hull of G has been studied by Bleier [3], Chambless [6],
Conrad [9].

Some related notions (lateral o-completeness, o-orthocompleteness) have been
studied by Rotkovich [20].

In the present paper we prove that if G is a projectable lattice ordered group, then
its lateral completion G is strongly projectable. The strongly projectable hull GSF
of G need not coincide with G*.

Specker lattice ordered groups have been investigated by Conrad [10], Darnel [12],
Conrad and Darnel [14] and by the author [17].

We show that if G is a Specker lattice ordered group, then it is projectable, whence
GT is strongly projectable. Further, G* is a complete lattice ordered group. We
investigate the conditions under which G is equal to the Dedekind completion G”
of G.

This work was supported by VEGA grant 2/1131/21.
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2. PRELIMINARIES

For lattice ordered groups we apply the notation as in Conrad [8].
Let G be a lattice ordered group and X C GG. We put

X’ ={geq: |g|Al|x| =0 for each z € X}.

The set X? is a polar of G. Each polar is a convex (-subgroup of G. If z € G, then
{x}% is a principal polar of G generated by the element z.

A lattice ordered group is projectable (strongly projectable) if each principal polar
(or each polar, respectively) is a direct factor of G.

For each lattice ordered group G there exists a strongly projectable hull GSF of G.

An indexed system (z;);er of elements of GT is called orthogonal (or disjoint) if
Ti(1) A Ti2) = 0 whenever (1) and 4(2) are distinct elements of /. If each nonempty
orthogonal indexed system of elements of G has the join in G, then G is said to be
laterally complete.

For each lattice ordered group G there exists a lateral completion G¥ of G.

An element 0 < z € G is singular if the interval [0, z] of G is a Boolean algebra.
G is a Specker lattice ordered group if it is generated as a group by its singular
elements.

G is a complete lattice ordered group if each nonempty upper bounded subset
of G possesses the supremum in G. In such case the corresponding dual condition
is also satisfied. (Instead of ‘complete’ the term ‘Dedekind complete’ is also used in
literature.)

For each archimedean lattice ordered group G there exists its Dedekind completion
which will be denoted by G*.

We denote by Z, Q and R the set of all integers, rationals and reals, respectively;
in each of these sets we consider the usual operation + and the usual linear order.

3. AUXILIARY RESULTS

In this section we assume that G is a projectable lattice ordered group. Thus we
can construct the lateral completion G¥ of G by the method described in [16].
We recall that G is an f-subgroup of G*; moreover, we have

3.0. Lemma (cf. [9], [16]). For each 0 < y € G there exists an orthogonal
indexed system (x;);cs of elements of G such that the relation

Y= \/ Z;
is valid in G*.
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Further, in view of the definition of G¥, for each orthogonal indexed system (z;);e.s
of elements G* there exists 3/ € G such that

v =\

jeJ

holds in G*.
For y1,y2 € G* we write y1 L yo if |y1| A |y2| = 0. Further, for nonempty
subsets Y3, Ya of G we put Y7 L Yy if y1 L ys for each y1 € Y3, ya € Y. Next, we

put
Y ={heGt: {h} LV}

The following result is easy to verify.

3.1. Lemma. Let 0 # X; CG (i =1,2), X1 L Xo. Then X9° 1 X3°.

Similarly we have

3.2. Lemma. Let ) #Y; C GY (i =1,2), Yy L Ys. Then Y% 1 Yo,

Now, let ) # X C G. Then we obviously have
(1) X’ =X%nNG.
Put Y = X°. In view of (1) we get Y% =Y N G, whence
(2) X% = X%ngG.
Also, (1) yields
(3) X0 — (X1 n@G)%.
3.3. Lemma. Let ) # X C G. Then

(X9 NG = x%0,

Proof. a)Lettc (X NG)%. Hencet L y for each y € X* NG = X°.
We have to verify that ¢ L z for each z € X% . Without loss of generality it suffices
to consider the case z > 0. Then there exists an orthogonal subset {y;}:cs of Gt

such that
iel
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For each ¢ € I we have y; € X% whence Y € X9 and thus t L y;. Each lattice
ordered group is infinitely distributive, therefore

[t| Az = \/(|t| Ay;) =0;

iel
hence ¢ L z.
b) Let t € X%, Thent | X% andsot | X% NG, yielding that t € (X NG)%.
O
3.4. Lemma. Let ) # X C G. Then X% = X%% NG.
Proof. In view of (2) and (3) we have
X% = (X"NG)" NG,
hence 3.3 yields X% = X%% N @G. O

4. THE LATERAL COMPLETION

In this section we continue to assume that G is a projectable lattice ordered group.
Let  #Y C GY, A =Y?%%_ In accordance with the terminology from Section 2

we say that A is a polar in G*. Our aim is to verify that A is a direct factor of G*.
The following result is well-known.

4.1. Lemma. Let H be a lattice ordered group and let A1 be a convex {-subgroup
of H. The following conditions are equivalent:
(i) A; is a direct factor of H.
(ii) Whenever 0 < h € H, then the set

{r e A;: x < h}

has a maximal element.

For each element y € G we denote {y}%® = [y]. Since G is projectable, [y] is a
direct factor of G. If g € G, then the component of g in the direct factor [y] will be
denoted by g[y].

Let A be as above. The case A = {0} is trivial for our purposes; hence we can
assume that A # {0}. Then by applying the Axiom of Choice we conclude that there
exists an orthogonal set {a;};cr of elements of G such that

(i) 0 < a; € A for each i € I;
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(i) f be GNAand bAa; =0 for each i € I, then b = 0.
Let 0 < g € G. For each i € I we put

gi = g[ai]-

Then in view of 3.1 we obtain that (g;);cs is an orthogonal indexed system of elements
of G. Thus there exists ¢° € G such that

90 = \/gi-

el

For each i € I we have g; < g, hence ¢° < g.
According to 3.4,
[ai] = {a:}*° = {a:}"* N G.

Since a; € A, we get
{%‘}5151 C A5151 — A.

From g; € [a;] we get g; € A for each ¢ € I. It is well-known that each polar is a
closed sublattice of the corresponding lattice ordered group; therefore

(1) g € A.
Assume that there exists g' € A such that
9 <9 <y

Denote —g° + g' = ¢g2. Then 0 < g? € A. There exists an orthogonal set {z; }rex of

92: \/ Zk-

keK

elements of G such that

There is k(0) € K with 23y > 0. Clearly zj) € A. Hence there exists i(0) € I
such that
Zk(O) A ai(o) = 61(0) > 0

We also have @;qy € G N A. Further, @;( ) € [a;()] and
9" < ¢’ +a0) <g' <y
Then we have

9i(0) = 9laio)] = 9°ai)] + Tioylai)] = ¢°[aio)-
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If i € I, i #i(0), then
g [(Ll(o)] =0.
From this we easily obtain that
go[ai(o)] = 4i(0)-

Further, from the relation @;) € [a;()] we get

@i(0)[@i(0)] = Ti0)-

Thus we have
9i(0) 2 9i0) T @i0) > Gi(0)s

which is a contradiction. Hence we have proved
4.2. Lemma. Let A be a polar of G, 0 < g € G. Then the set
{reA: z<g}

possesses the greatest element.

Now let A be as above and 0 < h € GL. Then h can be expressed in the form

h="\/h

teT

where {h;}ier is an orthogonal subset of elements of G.
Let t € T. In view of 4.2, the set

{r e A: z < hy}

possesses the greatest element, which will be denoted by hY. Then (h?);er is a
disjoint indexed system of elements of G*. Hence there exists h® € G with

ho=\/ hf.

teT

Because A is a closed sublattice of GE and all h) belong to A, we conclude that
h € A. Further, h? < hy for t € T, thus h° < h.
Assume that there exists h! € A with

(2) hO < Kl < h.
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Denote h? = —h® + h'. Then we have 0 < h? < h, hence

h?=h?>Ah=\/(h* Ah).
teT

Put h? A hy = hy for each t € T. Since h? € A, we get hy € A for each t € T.
There exists t;(g) € T' such that Et(o) > 0. Then

hg(O) < hg(O) +Et(0) § ho + h2 == hl § h

and h?(o) + Et(o) € A.
For t € T, t # to we have hy gy L hy. Since h?(o) < hy(oy and hy(g) < Ry, we get

htO(O) J_ ht, Et(o) J_ ht,
thus
h?(O) + ht(O) L hy.
Then we obtain
hioy + o) = (Bi(o) + he() A=\ (o) + Te(o)) A e = (higo) + he()) A ooy,
tet

whence
hio) < Moy + he(o) < heo)-

This relation contradicts the definition of A2 Therefore the element h! with the

t(0)"
property as in (2) cannot exist. Hence we have

4.3. Lemma. Let A be a polar of GE, 0 < h € G¥. Then the set {x € A: = < h}
possesses the greatest element.

Now, 4.1 and 4.3 yield

4.4. Corollary. Each polar of G is a direct factor of G*.

Thus we have

4.5. Theorem. Let G be a projectable lattice ordered group. Then G* is
strongly projectable.

If H is an /-subgroup of G* with G C H C G¥, then H fails to be laterally
complete, hence H is not orthocomplete. Thus we obtain
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4.6. Proposition. Let G be a projectable lattice ordered group. Then G is the
orthocompletion of G.

4.7.1. Example. A strongly projectable lattice ordered group need not be lat-
erally complete. Let (G; be the set of all bounded, integer valued functions on the
set N of all positive integers. Under pointwise operations, G is a lattice ordered
group. Moreover, G is strongly projectable, hence G{¥ = G;. For each n € N we

define f, € G1 by
m if m=n,
fn(m) =

0 otherwise.

Then f(n)nen is an orthogonal indexed system of elements of G; which has no join
in G;. Thus G fails to be orthogonally complete and so we have G; C G¥.

4.7.2. Example. A laterally complete lattice ordered group need not be pro-
jectable. Let G1 = 7Z x 7, Go = R and let G be the lexicographic product G5 o G.
Then G is laterally complete. Let us denote the elements of G as triples (r, 21, 22),
where 7 € R and (z1,22) € Z x Z. Let A be the set of all elements of the form
(0,0, z2), where 2z runs over the set Z. Then A is a principal polar of G (generated
by the element (0,0,1)), but A fails to be a direct factor of G. Hence G is not
projectable.

5. SPECKER LATTICE ORDERED GROUPS

In the present section we assume that G is a Specker lattice ordered group. We
denote by B(G) the set of all z € G such that either z = 0 or z is a singular element
of G.

5.1. Proposition (cf. [10], [12]). For any 0 # g € G, there exists a set of mutually
disjoint singular elements {s1, sa, ..., $,} € G and non-zero integers mq, . .., my, such

that g = m181 + ... MpSp.

The following assertion is easy to verify (by applying the well-known properties of
disjoint elements); the proof will be omitted.

5.2. Lemma. Let 0 # g € G and let us apply the notation as in 5.1. Then g > 0
if and only if m; > 0 fort=1,2,...,n.

Let 0 < g be as in 5.1. We want to describe the polars {g}° and {g}°. Since
each polar is uniquely determined by its positive cone, it suffices to characterize the
elements of these polars which belong to G™.
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If x,y € G and if k1, ko are positive integers, then
xANy=0& kix Aky=0.
In view of the mutual orthogonality of the elements s1, so,...,s, we have
g=m181Vmasa V...V Mmusy.

Put s=s;V...Vs,.
Hence for 0 < ¢’ € G we have

g lgegdLls (i=1,...,n)<g Ls.
Thus we obtain

5.3. Lemma. Let ¢ € G*. Then g’ belongs to {g}° if and only if ¢’ | s and if
and only if ¢’ | ks for some positive integer k.

Assume that 0 < ¢’ € G. Then ¢’ has an analogous representation as the element ¢
in 5.1; let us use the notation

(%) g =misi+...+mls.

Put I ={1,2,...,n'}.
Let ¢ € I. Consider the elements s and s}. Put

/ !/
u=s8ANs;, v=8Vs,.

Since s and s, belong to B(G), the elements u and v belong to B(G) as well. Thus
the interval [0, v] of G is a Boolean algebra. Let ¢ be the complement of the element u
in [0,v]. We denote

sV =sAt, t;=s,At.

Then we have

s=uVs) uns)=0,

si=uVt;, uAt;=0, s?/\ti =0.
Let k£ be a positive integer. We get
ks =Fk(uVs)) =k(u+s?) = ku+ ks = ku V ks?,
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and analogously
m;s, = miu NV mit;.

In view of the relations

ks Amit; =0, miunks? =0, kuAmit;=0

3 3

we obtain

(1) ks Amis; = ku A miu = min(k, m})u.
Applying (x) and (1) we get

(2) g Nks=min(k,m})(s As})V...Vmin(k,m.,)(s A s,).

In the proof of the following lemma we apply the notation as above with a slight
modification: when considering the elements s and s;, we write u; instead of u.

5.4. Lemma. Let 0 < ¢’ € G. Then ¢’ belongs to {g}%® if and only if there is a
positive integer ko such that g’ < kos.

Proof. Let k be any positive integer. Expressing the element ¢’ as above we

obtain
g’ = m’lul V m’ltl V...V m;/un/ V m;/tn/.

a) Assume that g’ belongs to {g}°’. Suppose that there exists i € I with ¢; > 0.
We have t; As = 0, thus in view of 5.3 we get t; € {g}°. Further, t; = ¢’ At;, whence
g’ cannot belong to {g}°%, which is a contradiction. Thus t; = 0 for each i € I. Then
we have

g =miur V...Vmlu, =miur + ..o+ ml .
Put kg =mj +...+m],. Since u; < s for each i € I, we get g’ < kos.

b) Let g’ < kgs for some positive integer ko. Then in view of 5.3, ¢’ L x for each

x € {g}°, whence ¢’ € {g}%°. O

Again, let 0 < ¢’ € G. Under the notation as above we put
g=mi(sA\s))+...+ml.(sAsh).

Then in view of 5.4 we have g € {g}%. Clearly 0 <7 < ¢'.
Assume that 0 < ¢” € {g}%, ¢” < ¢’. In view of 5.4 there exists a positive
integer k1 with ¢” < kis. Put

k = max{ki,m},...,m,,}.

Thus ¢” < ks, whence ¢” < ks A ¢’. According to (2) we have ks A ¢’ = g, thus
g’ < g. We obtain
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5.5. Lemma. Let 0 < ¢’ € G and let § be as above. Then

g=max{h € {g}*: 0<h<g}.

As a corollary, we get

5.6. Theorem. FEach Specker group is projectable.

Thus in view of 4.5 we have

5.7. Theorem. If G is a Specker group, then G is strongly projectable.

6. DEDEKIND COMPLETENESS

We start by remarking that, in general, lateral completeness of a lattice ordered
group does not imply its Dedekind completeness. E.g., the linearly ordered group Q
is laterally complete, but it is not Dedekind complete. Thus, in general, G* need
not be Dedekind complete.

It is well-known that a lattice ordered group G is Dedekind complete if and only
if for each 0 < g € G, the interval [0, g] of G is a complete lattice.

6.1. Lemma. Let G be a lattice ordered group, 0 < a; € G (i = 1,2,...,n).
Assume that all intervals [0, a;] are complete lattices. Then [0,a1 + az + ...+ ay] is
a complete lattice.

Proof. By induction we need only to prove the assertion for n = 2. Assume
that [0, a] and [0, b] are complete. The interval [a, a+b] is isomorphic to [0, b], whence
it is complete as well. Let ) # X C [0,a + b]. For each x € X we put 71 = a A z,
o = a V x. Then we have

o — a4 =T — X,

whence 2 —a+2z1 = 2. In view of the assumption, there exists u = sup{z1: = € X}
in [0,a] and v = sup{x2: © € X} in [a,a + b]. Put

vfaJru::z:O.

Then we have x < 2° for each z € X. If y € [0,a+b], z < y for each z € X, then we
put y1 = yAa, y2 = yVa. We get y1 > 21, Yo > o for each z, thus 2° < y. Therefore
sup X = ¥ in [0,a + b]. Analogously we verify that inf X exists in [0, a + b]. O
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6.2. Lemma. Let B be a Boolean algebra. Then the following conditions are
equivalent:

(i) B is Dedekind complete.
(ii) B is orthogonally complete.

Proof. The implication (i) = (ii) is obvious. The relation (ii) = (i) is a
consequence of Theorem 20.1 in Sikorski [21]. (We remark that Sikorski attributes
the corresponding result to Smith and Tarski [22].) O

6.3. Proposition. Let G be a Specker lattice ordered group. Then the following
conditions are equivalent:
(i) G is Dedekind complete.
(ii) Each interval [0,x] with x € B(G) is complete.
(iii) Each interval [0, x| of the lattice B(G) is orthogonally complete.

Proof. Theimplication (i) = (ii) is obvious. Let (ii) be valid and let 0 < g € G.
Let us express the element g as in 5.1. Then all intervals [0,s;] (i = 1,2,...,n) are
complete. According to 6.2, the interval [0, g] is complete. The relation (ii) = (iii)
follows from 6.2. |

The orthogonality of elements of a Boolean algebra B is defined analogously as in
the case of lattice ordered groups; also, the orthogonal completeness of B is defined
in a similar way.

Let G be a Specker lattice ordered group. In view of 5.6, G is projectable. Hence
G" has the properties as in Section 3.

For g1, 92 € G with g1 < g2 we have to distinguish between the interval in G with
the endpoints g1, ge (this will be denoted by [g1,g2]') and the interval in G with
the same endpoints (which we denote by [g1, g2]?).

6.4. Lemma. Let v € B(G). Then [0,z]? is a Boolean algebra.

Proof. Lety € [0,2]2. We have to verify that y has a complement in the
interval [0, z]?.
According to Section 3, there exists an orthogonal subset {z;};c; of elements of
[0, z]! such that the relation
y= \/ Zi

i€l
is valid in [0, 2]?. Each element x; has a complement in the interval [0, z]! which will
be denoted by . If i(1) and i(2) are distinct elements of I, then
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For each i € I we have —z, € [—x,0] and if i(1) # (2), then

(2) (=) A (—T5) = —2-

It is obvious that the interval [—z, 0]? is isomorphic with the interval [0, z]? which
is orthogonally complete. Hence in view of (2) there exists z; € [—x,0]? with

V(_x/i) =z1.

Then we have

_(\/(_x;)) = N\#i=-=.

iel i€l
Put —z; = 2.
Now by easy calculation we obtain that the relations
yVz=x, yNz=0

are valid in [0, z]%. Hence [0, 2]? is a Boolean algebra. O

6.5. Lemma. Let z € B(G). Then the interval [0, ]? is a complete lattice.

Proof. This is a consequence of 6.2, 6.4 and of the fact that [0, z]? is orthogo-
nally complete. O

6.6. Theorem. Let G be a Specker lattice ordered group. Then G is a complete

lattice ordered group.

Proof. Let 0 < g € G. We express g as in 5.1. In view of 6.5, all intervals
[0,5,]% (i =1,2,...,m) are complete lattices. Thus in view of 6.1, the interval [0, g]?
is a complete lattice. Then G is a complete lattice. ([l

Since each complete lattice ordered group is strongly projectable, from 6.6 we get
an alternative method of obtaining Theorem 5.7.

7. A RELATION BETWEEN G AND G%

In view of 6.1 we can ask under which condition for a Specker lattice ordered
group G the lateral completion G coincides with the Dedekind completion G” of G.
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7.1. Proposition. Let G # {0} be a Specker lattice ordered group. Then the

following conditions are equivalent:
(i) GI =G".

) Each orthogonal subset of G is finite.
(iii) Each orthogonal subset of B(G) is finite.

) The set B(G) is finite and each strictly positive element of G exceeds some atom
of B(G).
(v) @ is isomorphic to a direct product of a finite number of linearly ordered groups

isomorphic to Z.

(vi) G =Gt =G".

We need some lemmas.

7.2. Lemma. Let B be a generalized Boolean algebra, B # {0}. Then the
following conditions are equivalent:
(i) Each orthogonal subset of B is finite.
(i) For each 0 < b € B there exists 0 < ¢ € B such that ¢ < b and c is an atom
in B; moreover, the set of atoms of B is finite.

Proof. Assume that (i) is valid. By way of contradiction, suppose that there
exists 0 < b € B such that b exceeds no atom of B.

Thus there exists 0 < x7 < b. Let y; be the complement of x; in the interval
[0, 2]. There exists zo € B with 0 < 23 < y1; let y2 be the complement of x5 in the
interval [0, y1]. Proceeding in this way and applying the obvious induction we obtain
an orthogonal set of elements x1, x2, x3, ..., with 0 < z,, < = for each n € N. Hence
we have arrived at a contradiction. Thus each strictly positive element of B exceeds
some atom of B.

Let Ag be the set of all atoms of B. Since B # {0}, we get Ay # (). It is clear
that the set Ag is orthogonal, thus in view of (i) it must be finite. Hence (ii) holds.

Conversely, let (ii) be valid. Let {b;};csr be an orthogonal subset of B such that
0 < b; for each i € I. There exists a set {a;}ier such that a; € Ag and a; < b; for
each i € I. Then the set I must be finite, whence (i) is satisfied. O

7.3. Lemma. Let H be an archimedean lattice ordered group and let hy, ho, ...,
h,, be atoms of the lattice HT. Then
(i) there exist linearly ordered ¢-subgroups X1, Xs, ..., X, of H such that h; € X;
fori=1,2,...,n and G can be expressed as a direct product

G=X; xXyx...x A, xG,
where Go = (X1 U Xa U ... U X,,)?;
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(ii) for each i € I, X; is isomorphic to Z.

Proof. (ii) is a consequence of the results of [18]. Let ¢ € I. Then X; is
an archimedean linearly ordered group, whence it is isomorphic to some ¢-subgroup
of R. Since X; possesses an atom (namely, h;), it must be isomorphic to Z. O

Proof of 7.1. (i) = (ii). Let (i) be valid; by way of contradiction, suppose that
(ii) fails to hold. Hence there exists an orthogonal subset {a,}nen of G such that
a, > 0 for each n € N. In view of 5.1, for each n € N there exists 0 < s € B(G)
with s < a,,. Thus {s%},en is an orthogonal subset of elements of B(G). We put
b, = ns’; we get an orthogonal system {b, },en in G. Hence there exists b € G

such that the relation
b=\/ bn

neN
is valid in GX. In view of (i), the element b belongs to G”. Thus there must exist
g € G with g > b. Then g > b,, for each n € N.
Let us express the element g as in 5.1. Further, put
§=581VsaV...VS8p,
k = max{mq,...,mpu}.
Thus we have g < ks, whence ks > b, = ns?L for each n € N.

In view of the relation (1) in Section 5, whenever s' and s? are elements of B(G),
then for any positive integers k1, k2 we have

k1s A kos? = min(kp, ko) (s' A s?).
Thus if s' < kos?, then
st = s' Akgs® = min(1, ko) (s A s?) = s* A 52,

1 2

whence s* < s°.

We apply these facts below.
We have ks > ns® > s°. Thus ks A ns® = ns.
On the other hand, s > s° and

ks Ans’ = min(k,n)(s A s°) = min(k, n)s".
There exists n(1) € N with n(1) > k and for n(1) we obtain
n(1)s® = ks An(1)s" = ks°,
which is a contradiction. Therefore (ii) is valid.
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The implication (ii) = (iii) is obvious.

(iii) = (iv). Assume that (iii) holds. Then in view of 7.2, the set Ay of all atoms
of B(G) is nonempty and finite; moreover, each strictly positive element of G exceeds
an atom of B(G). Put Ag = {a1,a2,...,an},a =a1VazV...Vay,. Let 0 < s € B(G),
u=aAs. Wehaveu € B(G). Let t be the complement of « in the interval [0, s].
Suppose that 0 < t. Then there is a’ € Ay with a® < ¢. Thus we have

A’ <aANt=aA(tAs)=(aAs)ANt=uNt=0,
which is a contradiction. Then ¢t = 0, whence u = s, yielding that s < a. We obtain
s=(sANa1))V...V(sAhay).
Ifi € {1,2,...,n}, then either sAa; = 0 or sAa; = a;. Thus a is the greatest element
of B(G) and then B(G) is a Boolean algebra generated by its set of atoms Ag. Hence
B(G) is finite.
(iv) = (v). Assume that (iv) holds. Then according to 7.3, there exist linearly
ordered ¢-subgroups X1, Xo,..., X, of G and a direct factor Gy of G such that
(*) G=X1 xXox...xX, xGy
and a; € X; for i = 1,2,...,n, where Ag = {a1,az,...,a,} is the set of all atoms
of G. Suppose that Gy # {0}. Then there is 0 < gg € Gy. Since each strictly positive
element of GG exceeds some atom of G, there is ¢ € {1,2,...,n} such that a; < go,
but this contradicts the relation (x). Thus Gy = {0} and we have
G=XoX...xX,.
Moreover, according to 7.3, all X; are isomorphic to 7.
(v) = (vi). Assume that (v) holds. Then it is clear that G is complete and
orthogonally complete, whence

G" =G =Gt

It is obvious that (vi) = (i). O
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