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Abstract. Existence of fixed points of multivalued mappings that satisfy a certain con-
tractive condition was proved by N. Mizoguchi and W. Takahashi. An alternative proof of
this theorem was given by Peter Z. Daffer and H. Kaneko. In the present paper, we give a
simple proof of that theorem. Also, we define Mann and Ishikawa iterates for a multivalued
map T with a fixed point p and prove that these iterates converge to a fixed point ¢ of T’
under certain conditions. This fixed point ¢ may be different from p. To illustrate this
phenomenon, an example is given.
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1. INTRODUCTION

Let X be a Hilbert space, C' a compact, convex subset of X and T a selfmap on
C. For z € C, the sequence of Ishikawa iterates of T are defined by (Ishikawa [3]),

where {a,,} and {3, } are real sequences satisfying the conditions
(i) 0 < an, Bn <1 for all n,
(ii) lim 3, =0 and
(i) 3 con By = o0,
The Mann iterates of T" are defined by x¢ € C,

(2) Tnt1 = (1 —ap)zn + nTa,, n>=0
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where {a,,} is a real sequence satisfying ap = 1, 0 < a, < 1 for all n > 1 and
>y, = oo.

For more details and literature on the convergence of Ishikawa and Mann iter-
ates, we refer to Franks and Marzek [2], Ishikawa [3], Kalinde and Rhoades [4], Liu
Qihou [8], [9], Mann [6] and Rhoades [10].

The main purpose of this paper is to extend the convergence results from single
valued maps to multi-valued maps by defining Ishikawa and Mann iterates for multi-
valued maps with a fixed point.

Existence of fixed points for multi-valued maps that satisfy a certain contractive
condition was proved by N. Mizoguchi and W. Takahashi ([7], Theorem 5). An
altenative proof of this theorem was given by Daffer and Kaneko ([1], Theorem 2.1).
In Section 2, we give a simplified version of the proof of that theorem. In Section 2,

we also present necessary lemmas to prove our main theorems in Section 3.

2. PRELIMINARIES

Let (X, d) be a complete metric space. A subset K of X is called proximinal if for
each x € X, there exists an element k € K such that

d(z, k) =d(z, K) = inf{d(z,y): y € K}.

If X is a Hilbert space, clearly, every closed convex subset of X is proximinal.
We denote the family of all bounded proximinal subsets of a set K in X by P(K)
and the family of all nonempty bounded closed subsets of X by CB(X).
Let A, B be two bounded subsets of X. The Hausdorff distance between A and
B is defined by
H(A,B) = max{sup d(z, B), sup d(A, y)}

€A yeB
Theorem 1 was proved by Mizoguchi and Takahashi ([7], Theorem 5) and an alter-
native proof of this theorem was given by Peter Z. Daffer and Hideaki Kaneko ([1],
Theorem 2.1). The proof given here is comparatively simpler than the other two
proofs.

Theorem 1 (Theorem 2.1 of [1]). Let (X,d) be a complete metric space and
T: X — CB(X). If a is a function from (0,00) to [0,1) such that limsup a(r) < 1

r—tt

for every t € [0,00) and if
H(Tz,Ty) < a(d(z,y))d(z,y)
for each x,y € X, then T has a fixed point in X.
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Proof. Let zg € X and x; € Txzg. Choose a positive integer n; such that
o (d(xo, 1)) < {(1 — ald(zo, x1))}d(x0, 21).
We now select xo € T'xq such that

< H(Txzy,Txo) + o™ (d(zg, 1))
< afd(zo, 21))d(wo, x1) + ™ (d(w0, 71))
< d(xl,xo).

Now we choose a positive integer ne > n1 so that
a™(d(za,21)) < {1 — a(d(xa, 1)) }d(x2, x1).
Now select x3 € T'xo such that

< H(Txza,Tx1) + ™ (d(z2,21))
< a(d(ze, x1))d(x2, 1) + ™ (d(x2,21))
< d(SCQ,.’,El).

d(z3,22)

In general, we can select a positive integer nj such that
o (d(@k, we-1)) < {1 — a(d(zk, 2e-1))d(@k, To-1).
We now choose xy11 € Tzy, so that

(3) d($k+1,xk) H(Txk,Txk_1) + a™* (d(xk,xk_l))

<
< ald(wg, T—1))d(Tk, TRp—1) + " (d(28, TR—1))
<

Write ty, = d(xg4+1,2%). Then {t;} is a monotonically decreasing sequence of non-
negative numbers.

Suppose kli{lolo tr = > 0. From (3) we have
te < @™ (tp—1) + otp—1)te—1.
Taking limits as £ — oo on both sides we have
§ < limsup a(tg—1)d < 4,
k—00

a contradiction, and hence lim ¢ = 0.
k—o0
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Let a = limsupa(r) < 1. Let b be such that a < b < 1. Then for sufficiently
r—0+

large k, a(tx) < b. From (3), we have for sufficiently large k, ¢ < btr—1 + b™*.
Consequently

tr < ¥t + (BF710™ 4 bR 72n2 L b EL) 4 b,

Write
Ch_1 = bF7Ip™M 4 pF 2 4 ph,

Since ci—1 is the (k — 1)th term in the Cauchy product of the absolutely conver-
gent series > b¥ and Y b"*, it follows that > ¢ is convergent absolutely and hence
>ty is convergent so that {z,} forms a Cauchy sequence in X. Since X is complete,
{z,} converges to ¢ (say) in X. Then

< d(q,xr) + H(Twp-1,Tq)
< d(q,l'k) + Oé(d(l‘k_l’ Q))d(mk—la q) — 0 as k — oo.
Hence q € Tq.

The following lemma can be easily established.

Lemma 2. Let {a,}, {8,} be two real sequences such that
(i) 0< am, B < 1,
(ii) Bn — 0 asn — oo and
(iil) > anfp = oo.
Let {v,} be a non-negative real sequence such that > a,3,(1 — Bn)Vn is bounded.
Then ~,, has a subsequence which converges to zero.

Lemma 3 (Liu Qihou, [9]). Let {z,} be a sequence of reals that satisfy x,1 <
azy, + B, where x, >0, 3, 20 and lim 3, =0,0< a<1. Then lim z, = 0.

n—oo

Notation. In the rest of the paper, X is real Hilbert space.

Let T: X — P(X) and let p be a fixed point of T. We define
(A) the sequence of Mann iterates by xg € X,

Tpt1 = 0nZn + (1 —apn)yn, n=0

where y,, € T, is such that ||y, — p|| = d(p,Tz,) and {«,} is a real sequence
such that 0 < a,, < 1 and Y v,y = 0.
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(B) the sequence of Ishikawa iterates by xg € X, yn = (1 — Bn)Tn + Bnzn where
zn € Tx, is such that ||z, — p|| = d(p, Tx,) and 211 = (1 — p)x, + @nz),
where 2], € Ty, is such that ||z, — p|| = d(p, Tyn), n = 0 where {ay,}, {Bn} are
real sequences satisfying

(i) 0< an,Bn <1,
(ii) Bn — 0 and
(iil) > anfBp = oo.
Definitions. We say that the mapping T: X — P(X) is
(I) nonezpansive it H(Tz,Ty) < ||l — y|| for all z,y € X.
(IT) quasi-nonexpansive if it has at least one fixed point p (say) and satisfies

d(Tz,p) < [lz —pl

for all z € X.
(IIT) generalized nonexpansive if

H(Tz,Ty) < allz — y| + b{d(x, Tx) + d(y, Ty)} + c{d(z, Ty) + d(y,Tx)}

for all x,y € X, where a + 2b+ 2¢ < 1.
(IV) quasi-contractive if for some constant k, 0 < k < 1,

H(Tx,Ty) < max{||z —y|,d(x,Tx),d(y, Ty),d(x,Ty),d(y, Tx)}
for all z,y € X.
Lemma 4 (Ishikawa [3]). Let u € [0,1]). Then for any =,y € X,

11 = ) + pyll* = (1 = @ll2l* + plyll* — £ = pllz —y)*.

3. MAIN RESULTS

Theorem 5. Let K be a compact convex subset of a Hilbert space X. Suppose
that a nonexpansive map T: K — P(K) has a fixed point p. Assume that
(1) 0< o, B < 1,
(ii) B, — 0 and
(iii) > apBn = oo. Then the sequence of Ishikawa iterates defined by (B) converges
to a fixed point q of T'.
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Proof. By using Lemma 4, we have

(4) [|n+1 _pll2 (1= an)rn + anz; _pll2

(1= an)llen = plI* + anllz), = plI* — an(l — an) |20 — 2,17
(1 —an)l|zn — pH2 + anHQ(Tynan) —ap (1l — o)z, — Zy/z”Q
(

L—ap)|lzn — pH2 + anllyn *p”Q —an(l = ay)l|zn — 21/1"27

NN

1L = Ba)zn + Buzn —pl?

1= Bu)llen = plI* + Bullzn — 0l = Ba(l = Ba)llzn — 21
1= Bu)llen = plI* + BuH*(T2n, Tp) = Bu(l = Ba) |20 — 2al®
1= Bu)llzn = plI* + Bullzn — plI* = Bu(l = Ba)llzn — 2nl|?
@ = Pl = Bu(1 = Bu)llzn — zal*.

() lyn —pl?

INCININ

(
(
(

I
From (4) and (5),

| Znt1 *p”Q < (1T —ap)|zn *pHQ + an Ty *pHQ — anfn(1 = Bn)llzn — ZnH2

— an(l = an)|zn — 2|
Therefore
o Bn (1 = Bn)lzn — Zn||2 + o (1l —on)l|zn — Zy/z”Q < lzn _pH2 = [[#n41 _pllg-
This implies

oo
S @Bl = B)llen — zall? < llas — plf? < oo.

n=1

Hence by Lemma 2, there exists a subsequence {z,, — zpn,} of {x,, — z,} such that

|€n, — zn,|| — 0 as | — oo. Since z,, € Ty, d(Txp,,Tn,) < ||Tn, — 20, || — 0 as

I — oo and {z,,} C K, K being compact, without loss of generality, we may assume

that ,, — q as | — oco. Now d(T'zy,,q) < d(Txn,,Tn,) + ||Tn, —q|]| — 0 as | — oo.
Also H(d(Txy,,Tq)) — 0 as I — oo. Hence

d(¢,Tq) <d(q,Tzp,) + HTxzpn,Tq) — 0 as | — cc.

This shows that ¢ € Tq. Hence the theorem follows.

Theorem 6. Let K be a compact convex subset of a Hilbert space X. Suppose

T: K — P(K) is nonexpansive and has a fixed point p. Assume that
(i) 0< ap <1 and

(i) 3o = oo.

Then the sequence of Mann iterates defined by (A) converges to a fixed point q of T'.

Proof issimilar to that of Theorem 5.
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Theorem 7. Let K be a compact convex subset of a Hilbert space X. Suppose
T: K — P(K) is a generalized nonexpansive map with a fixed point p. Assume that
(i) 0 < ap, Bn < 1 for all n,
(ii) Bn — 0 and

(iii) > apfBp = oo.
Then the sequence of Ishikawa iterates defined by (B) converges to a fixed point q
of T.

Proof. We have
6) Nznsr —pl* = (1 = an)llzn = pl* + an H(Tp, Tyn) — an(l — an)llzn — 2,
By the generalized nonexpansive property of T, we have

H(Tp, Tyyn) < allyn — | + 0d(yn, Tyn) + c{d(p, Tyn) + d(yn, T'p)}

<
< allyn — pl + b{llyn — pll + d(p, Tyn)} + c{d(p, Tyn) + d(yn, Tp)}
< (a+ b4 0)|lyn —pll + (b + c)d(p, Tyn)

<(a+b4)|lyn —pll + (0 +c)H(Tp, Tyy).

Hence

a+b+c
H(Tyn, Tp) < | —F—= |llyn —plI-
T 1) < ({25 )l =l

Since (a+b+¢)/(1 — (b+¢)) <1, it follows that
(7) H(Tyn, Tp) < llyn = pll-
From (6) and (7), we have
[zns1 = pl* < (1= an)zn = plI* + anllyn = pl* — an(1 — an)llon — 2,

which is the inequality (4).
Similarly, it is trivial to show that the inequality (5) holds,

lyn = plI* < llzn = plI* = Ba(L = Ba)llen — 2nl|.

Now proceeding as in the proof of Theorem 5, the theorem follows. O
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Theorem 8. Let K be a compact convex subset of a Hilbert space X. Suppose
T: K — P(K) is a generalized nonexpansive map with a fixed point p. Assume that
(i) 0 < ay, < 1 for all n and

(i) > ap = o0.

Then the sequence of Mann iterates defined by (A) converges to a fixed point g of T .
Proof is similar to that of Theorem 7 and hence omitted. g

In the following theorem, we show that the sequence of Ishikawa iterates for a
quasi-contractive map 7T with a fixed point p on a closed convex bounded subset of
a Hilbert space converges to the same fixed point p, thus removing the compactness
restriction on K but imposing quasi-contractive condition on 7. The technique
adopted in the proof is that of Liu Qihou [9].

Theorem 9. Let K be a closed convex bounded subset of a Hilbert space X.
Suppose T': K — P(K) is a quasi-contractive and has a fixed point p. Let {c,} and
{Bn} be real sequences such that 0 < a,, B, < 1 for all n and 3, — 0 as n — oo
with 6 < ay, < 1 —k? for some 6 > 0. Then the sequence of Ishikawa iterates defined
by (B) converges to p.

Proof. We have

®) Nzt —plI* = (1 = an)zn + anzy, — pll?

= (1= am)llzn = plI* + enllz;, = pl* — an(1 = an)lzn — 2,17,

|z, — pll = d(p, Tyn) < max d(z,Tyn) < H(Tp, Tyy).
Therefore

9) |z, — plI> < H*(Tp, Tyn) < k* max{||yn — plI*, d*(Yn: Tyn), d*(p, Tyn)}
(since d2(yn,Tp) < ||Yn —pHQ).

If d(p, T'y,) is the maximum, then

H*(Tp, Tyy) < k*d*(p, Tyn) < k* max d* (2, Tyn) < k*H*(Tp, Tyy)
z€l'p

so that 0 < ||z, — p||> < H*(Tp, Ty,) = 0. Hence, from (9) we get, always,

H*(Tp, Tyn) < k* max{||yn — pl|®, d*(yn, Tyn)}
E{lyn — plI* + d*(yn, Tyn)]-

(10) [ IS
<
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Now consider

(11) llyn —pH2 = [|(1 = Bn)Tn + Bnzn _pH2
=(1=Bu)lzn _pH2 + Bnllzn —p||2 — Bn(1 = Bn)l|lzn — ZnH2a

(12) dZ(yanyn) < lyn — Z;z”Z = [|(1 = Bn)xn + Brzn — Z;z”Z
= (1 - Bn)llzn — Z;H2 + Bullzn — 2;1”2 — B (1 = Bn)l|lzn — ZnH2

Substituting (11) and (12) into (10), we get

(13) 2, = plI* < K*[(1 = Bu)llen — plI* + Bullza — plI* + (1 = B lzn — 2,11
+ Bullz — Z;H2 =260 (1 = Bn)l|zn — Zn||2]

Similar to the inequality (10), we get that

(14) |20 — plI? = d*(p, Txn) < H*(Tp, Txy,)
< K[| — pl* + d*(@n, Tzn)).

From (13) and (14) we have

(15) lzn = plI* <KL = Ba)llwn = plI> + k* Bullzn — pll* + K Bud? (20, Tn)

= 2k%B(1 = Bu)llzn — znll® + £*(1 = Bn)l|lzn — 27|
+ kZBHHZn - 2;1”2

<K (L= Bn + K28 2n — bl = k26 (2 — 28, — k*)d* (25, T
+ k(1= Bu)llzn — 2P + K2 Ball2n — 2,12

(since ||zn — 2 ||? = d(zn, Tx,))

< K2l — pl|* = K20 (2 — 260 — k*)d* (20, Ty

+E(L = Bo)llzn — 20 l1” + £ Bullzn — 2,1

Substituting (15) in (8), we obtain

(16) [lznir —pl* <1 — an(1 — K?)][|zn — pl?
- k2oznﬂn(2 — 208, — k2)d2(xn,Txn) + k2anﬂn||zn - z;1|\2
—on(1 —ay — k* + k28|20 — 24|12

As 6 < a, < 1-Fk? we have 1 — a,(1 — k?) < 1 —-6(1 — k?) = « (say) and
0 <a<1l Asf(, — 0asn — oo, there exists a positive integer N7 such that
Bn < (2—k2)/2 Vn = Ny so that 2 — 23, — k%> >0 Vn > N;. Also we have

L—an -k +EB, >0 -k) -1 -k)+E3, >0 VYn.

825



Consequently from (16), we get that, for sufficiently large n,

ol = plI* + (1 = k*)E*Ballzn — 2,
aflzn, —p|* + (1 — k*)k*8,D

lns1 = plI* <
<

where D is the diameter of K. Now, by using Lemma 3, the sequence {x,,} converges
to p as n — oo. Hence the theorem follows. (

We conclude the paper with an example which shows that the limit of the sequence
of Ishikawa iterates depends on the choice of the fixed point p and the initial choice
of Zo-

Example. Let X = [0,1]. Define T: X — P(X) by Tz = [0,z]. Here every
point of X is a fixed point of T. Let p,z¢ € [0,1]. Then

(i) if p < xo, the sequence of Ishikawa iterates converges to p and
(i) if 2o < p, the sequence of Ishikawa iterates converges to the initial point .
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