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Abstract. In this paper we present some new existence results for singular positone
and semipositone boundary value problems of second order delay differential equations.
Throughout our nonlinearity may be singular in its dependent variable.
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1. INTRODUCTION

This paper discusses the existence of nonnegative solutions for singular positone
and semipositone boundary value problems of second order delay differential equa-
tions. In particular our nonlinear term f(-,y) may be singular at y = 0. In Section 2
we present some very general results for the existence of multiple solutions to positone
problems (i.e. problems where f takes nonnegative values). In Section 3 we present
a new result for the existence of one solution to semipositone problems (i.e. problems
where f may take on negative values). Almost all papers in the literature [3], [6],
[7], [8], [10] discuss the existence of one solution for singular and nonsingular posi-
tone problems of second order delay differential equations, and only recently (see
for example [4], [9]) have papers appeared which discuss the semipositone nonsin-
gular problems for ordinary differential equations. Very recently, R.P. Agarwal and
D. O’Regan [1] discussed the semipositone singular problems for ordinary differential
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equations. For example in [1] they showed that the boundary value problem

Y +plyr+yf-1)=0, 0<t<l,
y(0)=y(1) =0, a>0, #>1, p>0small,

has a nonnegative solution y € C[0,1] N C?(0,1) with y(t) > 0 for ¢t € (0,1). (Ex-
istence is established in [1] by using a general cone fixed point theorem in [2], [5].)
However no paper to date has discussed semipositone singular problems of delay
differential equations. This paper attempts to fill this gap in the literature.

Some very general existence theorems (for positone problems) will be presented in
Section 2 and there we will show, for example, that the boundary value problem

y”(t)JrU(y*a(t*T)+yﬁ(t*7)) =0, te(0,D)\{r},
y(t) = (=)™, —17<t<0,0<m<1,
y(1)=0, O0<a<l<f, 0<7<1, 0>0small,

has two nonnegative solutions. Also a new existence theorem (for semipositone
problems) will be presented in Section 3 and there we will show, for example, that
the boundary value problem

y”(t)+M(y*a(t*7)+yﬁ(t*7)*1):0 te (0, )\{r},
yt) = (=)™, —-17<t<0, 0<m<1,
y(1)=0, 0<a<l1<pf, 0<7<1, >0 small

has one nonnegative solution.

Existence in this paper will be established using Krasnoselskii’s fixed point theorem
in a cone [5], which we state here for the convenience of the reader.

Theorem 1.1. Let E = (E, || - ||) be a Banach space and let K C E be a cone
in E. Assume €, Qs are open subsets of E with 0 € Q, Q1 C s, and let

A: Kﬁ(ﬁQ\Ql)HK
be a completely continuous operator such that either
(i) [|Ayll < llyll Vy € KN and [[Ay|| = [ly|| Yy € K N 0Dy, or

(i) Ayl > [yl Vy € KN o and ||Ay|| < |lyll Vy € K N IQs.
Then A has a fixed point in K N (Qa \ Q1).
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2. SINGULAR POSITONE PROBLEMS

In this section we present some very general results for the singular problem

y' () +qt)f(tyt—7)) =0, te(0,1)\{r},
(t) =&(t), —1<t<0,

(2.1) )=
(1) =05

Y
Y
where 0 < 7 < 1 is positive constant. Our nonlinearity f(¢,y) may be singular at
y=0.

Using Theorem 1.1 we establish the following main result.

Theorem 2.1. Suppose the following conditions are satisfied:

(2.2) £ e C[-,0], &()>0o0n][-7,0) and £(0) =0,
(2.3) q € C(0,1)N L'0,1] with ¢ > 0 on (0,1),
(2.4) f:10,1] x (0,00) — (0,00) is continuous,

ft,u) < g(u) + h(u) on [0,1] x (0,00) with g >0
(2.5) continuous and nonincreasing on (0,00), h >0

continuous on [0,00) and h/g nondecreasing on (0, c0),

(2.6) 3 Ky with g(ab) < Kog(a)g(b) Va >0, b >0,
(2.7) ap = / s(1=9)q(s)g((s —7)(1+7—35))ds < o0,
(2.8) by = /OT s(1—9)q(s)f(s,&(s — 7)) ds < o0,

. r—b
(29) dr > by with g(’rTf(L)(T) > Kypag,

there exists 0 < a < 3(1 — 7) (choose and fix it) and a continuous,
nonincreasing function g : (0,00) — (0,00), and a continuous
function hy: [0,00) — (0,00) with hy/g1 nondecreasing on (0, c0)
and with f(t,u) > g1(u) + h1(u) for (t,u) € [T +a,1 —a] x (0,00),
30 < Ry <r < Ry with (1 =1,2)

(2.11) Rig1(a(a+7)R;) 1ma
e AR A AR

here G(t, s) is the Green’s function for

{y” =0 on(0,1),
y(0) = y(1) =0,

G(o,s)q(s) ds;
+a
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and 0 < 0 < 1 is such that

/Tla q(s)G(0,5)ds = sup /Tla q(s)G(t, s) ds.

+a te[0,1] +a

Then (2.1) has two nonnegative solutions y; € C[—7,1]NC%((0,1)\{7}) withy;(t) > 0
fort e (0,1),i=1,2.

Proof. To show (2.1) has two nonnegative solutions we will look at the bound-
ary value problem

y'(O) +qO)f(ty(t —7) +n(t —7)) =0, te(0,)\{r},

(2.12) y(t) =0, —7<t<0,
y(1)=0
where
@ 0, 0<t<1,
T ew), —r<t<o

We will show, using Theorem 1.1, that there exists two solutions y; (i = 1,2)
to (2.12) with y;(¢) > 0 for ¢ € (0,1) and y;(t) = 0 for ¢ € [—7,0]. If this is true then
ui(t) = y;(t)+n(t), —7 < ¢ < 1 are nonnegative solutions (positive on (0,1)U[—7,0))
of (2.1). As a result we will concentrate our study on (2.12).

Let
E={ueC[-71]: u(t)=0aste[-7,0], u(l) =0}
with the norm |ju|| := sup{|u(t)|: —7 <t < 1} (note E is a Banach space). Now
llull = |ulljo,1) for u € E, where |ulljo,;) = sup |u(t)].

)

Let K be a cone in F defined by
K={ueFE; ult)=t(1—1t)||ul, t<][0,1]}.

First we will show that there exists a solution y2 to (2.12) with y2(¢) > 0 for
t€(0,1) and r < ||y2]| < Ra. Let

O ={ueE; |ul|<r}, Q2={ueFE|ul <R}

Next let A: KN (Q2\ Q1) — E be defined by

/0 G(t,8)q(s)f(s,y(s —7)+n(s—7))ds, 0<t<1,
07

(Ay)(t) =

0, —7<t

N
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with the Green’s function

Gl s) 1—t)s, 0<s<t<],
t,s) =
—s)t, 0<t<s< L

One can see that
t(1—-t)s(1—s) <Gt s) <G(s,s)=s(1—3s), (t,s)€][0,1]x]0,1].

First we show A is well defined. To see this notice that if y € K N (Q2 \ 1) then
r < flyll < Re and y(t) > t(1 —¢)|lyll = t(1 —t)r, 0 <t < 1 and so y(z —7) >
(x —7)(1+7—2)r, z € [1,1]. Also notice that

f@y@—7)+n(@—71)) = fz,{x—71), forze(0r)

and

flxylz —71)+n(x—71)) = flz,y(r — 7))
< gly(a — ) + h(y(z — 7)) = gly(e - r)){l n

)

< Kog((x —m)(1 +7 - x>>g<r>{1 n

<@ -0 +rx>r>{1+

h(R2)
9(R2)

}, for x € (7,1).

These inequalities with (2.7) and (2.8) guarantee that A: K N (Q2\ Q) — E is well
defined. Next we show that A: KN (Q2\ Q) — K. Ify € KN (Q2\ 1), then we
have

Ayl < / s(1— 8)a(s) (s, y(s — 7) + (s — 7)) ds,
0
(Ay)(t) > t(1 — 1) / S(1— 8)g(s)f(5,y(s — 7) + (s — 7)) ds
> 41— 1) Ayl o = (1 — ]| Ayll, € [0,1],

ie, Ay € Kso A: KN(Q2\ Q1) — K. Now we show that A: KN (Q2\ Q) — K is
continuous and compact. Let y,,y0 € K N (Q2 \ Q1) with ||y, — yo| — 0 as n — oco.
Of course r < |lyn|l = llynllo,1) < Rz, v < llyoll = [1yolljo,1) < Rz, yn(t) = (1 = t)r,
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for0<t<1,and yp(x —7) = (x — 7)(1 + 7 — 2)r, for « € [, 1]. Notice also that

on(2) = |f (@, yn(e — 1) + n(z — 7)) = f(2,y0(z — ) + 1z —7))|
= |f(z,6(x — 7)) — f(2,6(x — 7)) =0, forz e (0,7),

on(@) = | f (@, yn(@ = 7) + 1@ = 7)) = f(@, yol@ = 7) + (= 7))

= [f(@yn(z = 7)) = f(@,90(x = 7))] = 0, asn—o0, x € (1)

and

h(Rz)
g(R2)

on(x) < 2K0{1 + }g(r)g((z —7)(1+7—2a)) forze(r]).

Now these together with the Lebesgue dominated convergence theorem guarantee
that

| Ayn — Ayoll = || Ayn — Ayoll[0,1]

1
< sup / G(t, $)q(s)on(s)ds — 0 asn — oo,
tef0,1] Jo

so A: KN (Q2\ Q) — K is continuous. Also for y € K N (Q2\ 1) we have

1

Ayl < bo + / s(1—8)q(s)Kog((s —7)(1 +7 — s))g(r){l + Zggzi } ds
= by + aoKog(T){l + Zéﬁji }

and for ¢,¢' € [0,1] we have

I( Ay)(t')]

Ay)(t) — (
< / IG(t, 5) — G(t', 5)la(s) f (5, (s — 7)) ds
0

+ Kog(r){l + }QLE;{;; } / |G(t,5) — G(t',8)]q(s)g((s — 7)1 + 7 — s))ds.

Since (Ay)(t) = 0, for t € [—7,0], the Arzela-Ascoli Theorem guarantees that A:
KN (Q2\ Q) — K is compact.
We now show that

(2.14) lAy| < |lyll for K M oLQy.
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To see this, let y € K N 0Qy. Then |ly|| = [lylo,1) = r and y(t) > t(1 —t)r for
tel0,1,yx—7) = (x—7)(1+7—2a)r for x € [1,1]. So for t € (0,1) we have

(An)® <bo+ [ s(1= )a@lgluls ~ 7))+ hy(s — 7)) ds

T

g(r) } /T s(1—8)q(s)g((s = T)1 + 7 —s))ds
= bo + aoKo[g(r) + h(r)]-

g b() + Kog(T){l +

This together with (2.9) yields [|Ay[| = || Ayl[j0,1) < 7 = [[yl|, so (2.14) is satisfied.
Next we show that

(2.15) Ayl > Iyl for K N Q.

To see this let y € K NdQy so [ly| = [|ylljo,1) = Re and y(t) > t(1—t)Ry for t € [0, 1],
yl@—7) 2 (x —7)(1 + 7 — )Ry for x € [1,1]. Moreover, y(z — 7) > a(a + 7) Rz for
x €[r+a,1l—a],sincea € (O, 1’77)

Now with o as in the statement of Theorem 2.1, we have

1—a

(Ay)(o) > / G(o,5)q(s)[g1(y(s = 7)) + ha(y(s — 7)] ds

T+a
hi(a(a+ 7)Rs2) .
R

1—a

> 91(32)/

T4+a

Glosya(s){ 1+

This together with (2.11) yields that ||Ay|| > Rz = ||ly||, so (2.15) holds.

Now Theorem 1.1 implies A has a fixed point y2 € K N (Q2 \ 1), i.e. 7 < ||y2]| =
lly2llio,1] < R and ya(t) = t(1 —t)r for t € [0,1]. It follows from (2.14) and (2.15)
that ||y2|| # 7, |ly2|| # Ra, so we have r < ||y2]] < Ra.

Similarly, if we put
O ={u€eE|ul <R} Q={uekF|ul|<r}
we can show that there exists a solution y; to (2.12) with y;(¢) > 0 for ¢ € (0,1) and

Ry < |lyi]| <.
This completes the proof of Theorem 2.1. O

The following result can be extracted from the proof of Theorem 2.1.
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Theorem 2.2. Suppose (2.2)—(2.10) hold. In addition suppose that

10 < Ry < r with
(2.16) Rigi(a(a+7)Ry) _ /1‘“
g1(R1)gi(a(a+7)R1) + g1(R)hi(ala+7)R1) — Jryg
here o is as in Theorem 2.1. Then (2.1) has a nonnegative solution y; € C[—7,1] N
C?((0,1) \ {7}) with y1(t) > 0 for t € (0,1).

G(o, 8)q(s) ds;

Remark 2.1. If in (2.16) we have Ry > r then (2.1) has a nonnegative solution
y2 € C[—7,1] N C?((0,1) \ {r}) with y2(¢) > 0 for ¢t € (0, 1).

It is easy to use Theorem 2.2 and Remark 2.1 to write theorems which guarantee
the existence of more than two solutions to (2.1). We state one such result.

Theorem 2.3. Suppose (2.2)—(2.8) and (2.10) hold. Assume that 3m € {1,2,...}
and constants R;,r; (i =1,...,m), with r, > bg, and

O<Ri<m<Ry<ra<...<Ry,<rm.

In addition suppose for each i = 1,...,m that
Ty — bo

2.17 — > K
( ) g(r:) + h(r;) 040
and

Rigl(a(a+T)Ri) /1-11
2.18 < G(o,s)q(s)ds
B8 G B ata + R + g (Rhiala B~ g SO0

hold. Then (2.1) has nonnegative solutions y1,...,ym € C[—7,1] N C?((0,1) \ {7})
with y;(t) > 0 for ¢t € (0,1).

Example. Consider the boundary value problem
Y1) +oly=o(t =) +yP(t—7) =0, te 0,1\ {r},
(2.19) yit) = (=)™, —7<t<0,0<m<1,
y(1)=0, O<a<l<pf 0<7<1

where o € (0,00) is such that
1

op < ———;
0= 2a1+b1
here

1
ay = / s(1=8)(s—7)"*(1+7—38)"%ds < o0,
b = / s(1—8)[(T —5)"™ + (1 — 5)™P]ds < 0.
0
Then (2.19) has two solutions y1, y2 with y1(¢) > 0, y2(t) > 0 for ¢ € (0,1), 7 =1,2.
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To see this we will apply Theorem 2.1 with (here 0 < R; < 1 < Ry will be chosen
below)

9w =qly) =y hy)=mhl) =y, qot) =0
()= (-t)™, Ko=1, a= 1 ;T

Clearly (2.2)-(2.8) and (2.10) hold, and ay = gay, by = ob;. Now (2.9) holds with

r =1 since

T—bo 1—b10 1—510'0
= > > a109 > Kpap.
g(r) + h(r) 2 2 170 070
Finally notice that (2.11) is satisfied for Ry small and R» large since
R Rt
hi(a(a+7)R;) - a+p - a+3 path — 0,
aB){1+ Gdanry ) L+ @+ )R,

as Ry — 0, Ry — oo, since 8 > 1. Thus all the conditions of Theorem 2.1 are
satisfied so the existence is guaranteed.

3. SINGULAR SEMIPOSITONE PROBLEMS

In this section we present a new result for the semipositone singular problem

y'(t) + ug(t) f(ty(t —7)) =0, te(0,1)\{r},
(3.1) y(t) =¢@), —T<t<0,
y(1) = 0;
here 4 > 0 and 0 < 7 < 1 are positive constants. Our nonlinearity f(¢,y) may be
singular at y = 0.
Before we prove our main result we first state a result from [1].

Lemma 3.1 ([1]). Suppose ¢ € L'[0,1] with ¢ > 0 on (0,1). Then the boundary
value problem

{y”—l—q(t)zO7 0<t<l,
y(0) =0, y(1)=0;

has a solution w with
w(t) <t(1—t)Cy fort e [0,1];

here

e 1/
Cotgl[gﬁ]{l——t/t (1 —z)g(z)dx + ;/0 xq(x)d:c}.

The above Lemma together with Theorem 1.1 establish our main result.
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Theorem 3.1. Suppose the following conditions are satisfied:

(3.2) £eC[-1,0], &(t)>0on[-7,0) and £(0) =0,
(3.3) q € C(0,1)NLY0,1] with ¢ > 0 on (0,1),

f:10,1] x (0,00) — R is continuous and there exists
(3.4) a constant M > 0 with f(u)+ M >0

for (t,u) € [0,1] x (0, 00),
frtu) = flt,u)+ M < g(u) + h(u) on [0,1] x (0,00) with g >0
(3.5) continuous and nonincreasing on (0,00), h >0

continuous on [0,00) and h/g nondecreasing on (0, c0),

(3.6) 3 Ky with g(ab) < Kog(a)g(b) Va >0, b >0,
(3.7 ap = / s(1=98)q(s)g((s = T)(1 + 7 —s))ds < o0,
(3.8) by = /OT s(1—8)q(s)f*(s,&(s — 7)) ds < o0,

r — ubg
(r — pMCo) {1+ h(r)/g(r)

there exists 0 < a < 3(1 — 1) (choose and fix it) and a continuous,

(3.9) 3Ir > max{uMCy, uby} with p ; > uKpayo,

nonincreasing function g1: (0,00) — (0,00), and a continuous
(3.10) { function hy: [0,00) — (0,00) with hy/g1 nondecreasing on (0, 00)
and withf (t,u) + M > g1(u) + h1(u) for

(t,u) € [T+ a,1—a] x (0,00)

and 3R > r with

Rgi(ea(a+ T7)R) I—a

(B ala t DR) - gi (Rt IRy <" )., G ds

(3.11)

here € > 0 is any constant (choose and fix it) so that 1 — uMCy/R > € (note € exists
since R > r > uMCy) and G(t,s) is the Green’s function for

{y” =0 on(0,1)
y(0) =y(1) =0,

and 0 < o < 1 is such that

/Tl—a q(s)G(o,s)ds = sup /Tl_a 4(s)G(t, 5) ds.

+a te(0,1) Jr4a

Then (3.1) has a solution y € C[—7,1] N C?((0,1) \ {7}) with y(t) > 0 for t € (0,1).
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Proof. To show that (3.1) has a nonnegative solution we will look at the
boundary value problem

y'(t) + ) frtyt—7) —pt—7)) =0, te(0,1)\{r}
(3.12) y(t) =0, —-7<t<0,
y(1)=0
where
B pMuw(t), 0<t<1,
(3.13) 0 {_g@, B

(w is as in Lemma 3.1).

We will show, using Theorem 1.1, that there exists a solution y; to (3.12) with
y1(t) > o(t) for t € (0,1) and y;1(t) = 0 for ¢t € [—7,0]. If this is true then u(t) =
y1(t) — p(t), —7 < t < 1 is a nonnegative solution (positive on (0,1)) of (3.1), since
u(t) = &(t) for —7 <t < 0 and

u’(t) = yi (t) — " (t) = —pg() f*(t,y1(t — 1) — p(t — 7)) + uMq(t)
= —pg()[f(t,y1(t — 1) — @t — 7)) + M|+ pMq(t)
= —pug(t)f(t,y1(t — 1) —p(t — 7))
= —pgt)f(tu(t—71)), 0<t<l.

As a result, we will concentrate our study on (3.12). Let E, K be as in Section 2,
and let

O ={u€eE;|ul<r}, Q={ué€EFE;]|ul <R}

Next let A: KN (Q2\ Q1) — E be defined by

i [ G (siuls = 1)~ els — s, 0<i<L
0

0, —7<t<0.

(Ay)(t) =

First we show that A is well defined. To see this notice if y € K N (Q2 \ 1) then
r < |ly]| < Rand y(t) > t(1 —t)||y| <t(1—1t)r, 0 <t < 1. Also notice for t € (0,1)
that Lemma 3.1 implies

y(t) = o(t) = y(t) — pMuw(t) 2 t(1 = t)r — pMt(1—1)Co

— (1 — t)(r — uMCy), tel0,1],
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since y(t) > t(1 — t)r, w(t) < t(1 —t)Cy and r > uMCy. So for t € (0,7) we have

f*(tvy(t - T) - (p(t - T)) = f*(t,f(t - T))7

and for t € (7,1) we have

[yt —7) =t —7)) = ft,yt —7) —p(t —7)) + M

<glylt —7) =t — 7))

) s h(y(t —7) — @t — 7))
=9yt —7) =t =7)) 1+g(y(t—7')—%0(t_7-))}
<ollt- 0+ 70— nicop{1+ 10

< Kog((t —7)(1 + 7 — 1))glr - MMCO){l n %}

These inequalities with (3.7)—(3.8) guarantee that A: K N (Q \ Q1) — E is well
defined. If y € K N (Q2\ 1), then we have

Aullo < e [ 51 = 9)a(s)* (s.(s =) = s = 7)) d.

(Ay 1—t,u/0 s(1—38)q(s)f*(s,y(s—7) —p(s —7))ds
> (1 — )||Ay||[01 =t(1 =)l Ayll, te€0,1],

ie, Ay € Kso A: KN (Q2\ Q1) — K. Next we show that A: KN (Qa\ Q1) — K
is continuous and compact. Let y,,y € K N (Q2\ Q1) with ||y, —y|| — 0 as n — oco.
Of course 1 < lynll = lymlloy < By 7 < 3l = lyllo.y < R, ya(t) > (1 — t)r and
y(t) = t(1 —t)r, for 0 < ¢t < 1. Notice also that y,(s) — ¢(s) > s(1 — s)(r — uMCp)
and y(s) — p(s) = s(1 — s)(r — uMCy) for s € [0,1], so

on(s) = [f*(s;yn(s = 7) — (s = 7)) = f*(s,y(s = 7) — (s — 7)) =0,
€ (0,7),
on(s) = | (s;yn(s =7) = (s = 7)) = f(s,y(s = 7) — (s = 7)) = O,

asm — 00, s € (r,1)

and

onts) < 2h{ 14 S0 gt — i Cjg((s = )1+ )
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for s € (1,1). Now these together with the Lebesgue dominated convergence theorem

guarantee that

| Ayn — Ayll = [[Ayn — Ayllj0,1)

1
< swp g [ G i(e)en(5)ds 0 asn - o,
tef0,1] Jo

so A: KN (Q2\ Q1) — K is continuous. Also for y € K N (Q2\ 1) we have

[ Ayl < pbo

b [ s = 9s)atuls —7) — (s - r»{l n

< pabo + 1 / s(1— s)a(s)Kog((s — 7)(1+ 7 — ))g(r uMCo){l + @} ds

= pbo + pagKog(r — MMCO){l + %}»

and for ¢,¢’ € [0,1] we have

|(Ay)(t) — (Ay)(#")] < M/OT G(t,5) = G(t', 5)lg(s) " (5,6(s — 7)) ds

+uKog(TuMCo){1 + %}

X / |G(t,s) — G(t',8)|q(s)g((s — 7)(1 + T — 5))ds.

Since (Ay)(t) = 0, for t € [—7,0], the Arzela-Ascoli Theorem guarantees that A:
KN (Q2\ Q) — K is compact.

‘We now show that
(3.14) lAy| < |lyll for K N oQy.

To see this, let y € K N 0Qy. Then |y|| = |lylljo,) = 7 and y(t) > t(1 — t)r for
t € 10,1]. Now for t € (0,1) (as above)

y(t) —o(t) 2 t(1 —t)r — uMt(1 —t)Co = t(1 — t)(r — pMCy),
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so for ¢ € [0, 1] we have

(Ay)(t) < ubo + 1 / S(1— 8)g(8)g(y(s — 7) — p(s — 7))

T

h(y(s —7) — (s — 7))
g {1 TG (s T>>}d8
<o+ [ s =9)als)alls ~ 1)1+ 7= 5)(r - MMCO)){l + 20 } s
< pbo + pagKog(r — uMCo){l + %}

This together with (3.9) yields ||Ay|| = || Ayllj0,1) < 7 = [ly||, so (3.14) is satisfied.
Next we show that

(3.15) lAy|| = |lyll for K N oQy.

To see this let y € K N 9N so |lyl| = [|ylljo,1) = R and y(t) > t(1 —t)R for t € [0, 1].
Also for t € [0, 1] we have

y(t) —o(t) =y(t) — pMw(t) = t(1 —t)R — uMCot(1 —t)
pMCo
R

> t(1— t)R(l - ) > et(1 - t)R.
As a result

yit—7)— @t —71) >eala+7)R forte[a+7,1—al

Now with o as in the statement of Theorem 3.1, we have

1—a

(Ay)(o) = n /+ G(o,5)a(s)lg1(y(s —7) — (s = 7)) + hu(y(s — 7) — p(s — 1)l ds
1-a hi(ea(a+ T)R)
o) [ G+ S o

This together with (3.11) yields ||Ay|| > R = ||y||, so (3.15) holds.

Now Theorem 1.1 implies that A has a fixed point 3, € K N (Q2 \ 1), ie. r <
llyll = llyllo,1; < R and y1(t) > t(1 —t)r for t € [0,1]. Thus y;(t) is a solution
of (3.12) with y;1(t) > @(t) for ¢t € (0,1) and y1(t) = 0 for ¢t € [—7,0].

Example. Consider the boundary value problem
y'(t) +uly =t —7)+yft—7)—1)=0, te€(0,1)\{r},
(3.16) yt)=(-t)™, —71<t<0,0<m<1,
y(1)=0, 0<a<l<fp 0<7r<l1
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where p € (0, po) is such that

o 2p0a0 \V/e 1
317 Ho | (B VIt oy g < L
(3.17) 5 + 1= 1iobo Ho < bo

here
aoz/ s(1—s)(s—7)"*(1+7—s)"%ds < o0,
by = /OT s(1—8)[(T —5)"™ + (1 — 5)™F]ds < 0.

Then (3.16) has a solution y with y(t) > 0 for ¢ € (0, 1).

To see this we will apply Theorem 3.1 with (here R > 1 will be chosen later, in fact

here we choose R > 1 so that ¢ = % works, i.e. we choose R so that 1 — %,u/R > %),

Clearly (3.2)—(3.8) and (3.10) hold. Now (3.9) holds with r = 1 since

1 a
pKoag = pag < poap < 5(1 — uobo)(l — %)
1 /’I’ [e3%
< =(1—pb (1— ad
2( 1bo) 2)
_ T — pbo
{1+ Zg:;}g(rfuMC’o)

from (3.17). Finally notice that (3.11) is satisfied for R large since

Rgi(ea(a +T)R)

g1 (R)gi(cala+7)R) + g1(R)hi(cala+ 7)R)

_ [ca(a+ 7)] "R -
— [ga(a + T)]—Ot + [ga(a i T)]BR(H‘B

0,

as R — oo, since § > 1. Thus all the conditions of Theorem 3.1 are satisfied so
existence is guaranteed. ]
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