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Abstract. We initiate the study of signed majority total domination in graphs. Let
G = (V,E) be a simple graph. For any real valued function f: V — R and S C V| let
f(S) = > f(v). A signed majority total dominating function is a function f: V — {-1,1}

es

v
such that f(N(v)) > 1 for at least a half of the vertices v € V. The signed majority total
domination number of a graph G is 'yrflaj(G) = min{f(V): f is a signed majority total
dominating function on G}. We research some properties of the signed majority total
domination number of a graph G and obtain a few lower bounds of 'yrflaj(G).
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1. INTRODUCTION

Let G = (V, E) be a simple graph and v a vertex in V. The open neighborhood of v,
denoted by N (v), is the set of vertices adjacent to v, i.e., N(v) ={u € V: uv € E}.
The closed neighborhood of v is the set N[v] = N(v) U {v}. The degree of v in G is
dg(v) = |N(v)], a vertex v is called an even vertex if dg(v) is even. A(G) and §(G)
denote the maximum degree and the minimum degree of the vertices of G. When
no ambiguity can occur, we often write simply d(v), d, A instead of dg(v), 6(G) and
A(G), respectively. Let S C V', G[S] denote the subgraph of G induced by S.
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2. DEFINITION OF SIGNED MAJORITY TOTAL DOMINATION

For any real-valued function f: V. — R and S C V, let f(S) = > f(v).
vES
The weight of f is defined as f(V). A function f: V — {—1,1} is said to

be a majority dominating function on G if f(N[v]) > 1 for at least half the
vertices v € V. The majority domination number is Yma;j(G) = min{f(V):
f is a majority dominating function on G}.

A signed total dominating function (STDF) of G is defined in [1] as a function
f+ V. — {-1,1}, such that f(N(v)) > 1 for every v € V. A STDF f is minimal
if no g < f is also a STDF on G. The signed total domination number v« (G) =
min{f(V): f is a STDF on G}.

In this paper we initiate the study of majority domination in graphs. A func-
tion f: V. — {—1,1} is said to be a signed majority total dominating function
(SMTDF) on G if f(N[v]) > 1 for at least a half of the vertices v € V. The
signed magority total domination number of G denoted by 'yrgaj(G), is equal to
min{f(V): f is a SMTDF on G}. A SMTDF f is minimal if no g < f is a SMTDF
on G.

To ensure existence of SMTDF, we henceforth restrict our attention to graphs
without isolated vertices.

The motivation for studying this variation of the signed majority total domination
number is rich and varied. For example, by assigning the value —1 or +1 to the
vertices of a graph we can model networks of people or organizations in which global
decisions must be made (e.g., positive or negative responses or preferences). We
assume that each individual has one vote and that each individual has an initial
opinion. We assign +1 to vertices (individuals) which have a positive opinion and
—1 to vertices which have a negative opinion. We also assume, however, that an
individual’s vote is affected by the opinions of neighboring individuals. In particular,
each individual gives equal weight to the opinions of the neighboring individuals
(thus individuals of high degree have greater ‘influence’). A voter votes ‘aye’ if there
are more vertices in its open neighborhood with positive opinion than those with
negative opinion, otherwise the vote is ‘nay’. We seek an assignment of opinions that
guarantee a majority decision, that is, for which at least a half of the vertices vote
aye. We call such an assignment of opinions a positive majority assignment. Among
all positive majority assignments of opinions, we are interested primarily in the
minimum number of vertices (individuals) who have a positive opinion. The signed
majority total domination number is the minimum possible sum of all opinions, —1
for a negative opinion, +1 for a positive opinion, in a positive majority assignment

of opinions. The signed majority total domination number represents, therefore, the
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minimum number of individuals which can have positive opinions and in voting so

force at least a half of individuals to vote aye.

Theorem 1. A signed majority total dominating function f of a graph G is
minimal only if for every vertex v € V' with f(v) = 1 there exists a vertex u € N (v)
with f(N(u)) € {1,2}.

Proof. Let f be a minimal SMTDF and assume that there is a vertex v such
that f(v) = 1and f(N(u)) ¢ {1,2} for any u € N(v). Define a new function g: V —
{-1,1} by g(v) = —1 and g(w) = f(w) for all w # v. Then for all u € N(v) either
f(N(u)) <0, in which case g(N(u)) = f(N(u)) —2<0—-2= -2, or f(N(u)) >3,
in which case g(N(u)) > 1. For w ¢ N(v) we have g(N(w)) = f(N(w)). Thus g is
a signed majority total dominating function. Since g < f, the minimality of f is
contradicted. ]

3. GRAPHS WITH POSITIVE OR NEGATIVE SIGNED MAJORITY TOTAL
DOMINATION NUMBERS

Obviously, every signed total dominating function is also a signed majority total
dominating function. Thus we have the following result.

Theorem 2. For any graph G we have 7,,,,;(G) < 7t(G).

Theorem 3. For any complete graph K,, (n > 2) we have

. 3 for n odd,
’Ymaj (Kn) =

0 for n even.

Proof. Let K, = (V,E). Let f be a minimum SMTDF on K,,. Then there
exists at least one vertex v € V, f(N(v)) > 1. Let P and M be the sets of vertices
in K, that are assigned the values +1 and —1 under f, respectively. Then |P|+|M| =
nand |P|—|M|= f(V)=f(N(w))+ f(v) >1—1=0. It follows that |P| > [n/2]
and [ M| < [n/2]. Hence 7y, (Kn) = [Pl — [M] > [n/2] - [n/2].

Case 1: If n is even, then 7,5 :(K,) > 0. Define g: V — {~1,1} by

1 for n/2 vertices z in K,,
g(x) =

—1 otherwise.

Then g is a SMTDF of K, of zero weight. So v,,;(K,) < 0. Consequently,
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Case 2: If n is odd, then v.:(K,) = [P| — [M| > 1, i.e,, |P| > |[M|+ 1. Then
there exists one vertex u € P such that f(N(u)) > 1. Thus |P| — |[M| = f(V) =
f(N(uw)) + f(u) > 2 and |P| + |[M| = n. It follows that |P| > [(n + 2)/2] and
[M| < [(n—2)/2]. Hence vy,;(Kn) = [P| = [M| > [(n+2)/2] = [(n - 2)/2] = 3.
Define g: V — {—1,1} by

1 for [(n+2)/2] vertices z in K,,
g(x) =

—1 otherwise.

Then g is a SMTDF of K, of weight 3. So ’Y,flaj(Kn) < 3. Consequently,
FYma,J( ) =3. U

Theorem 4. For any complete bipartite graph K, , (n > m > 1),

1—n for m odd,

t
Yonag(Km.n) = {2 —n for m even.

Proof. Let f be a minimum SMTDF on K, ,. Let U and W be the partite
sets of Ky, , with |U| = m and [W| = n. Let UT and U~ be the sets of vertices
in U that are assigned the value +1 and —1 under f, respectively. Let W+ and W~
be defined analogously. Then v} .:(Km ) = f(V) = |[UT| = [U™| + W] - [W~|.
If m = n, then, by relabelling the sets U and W if necessary, we may assume that
f(N(w)) > 1 for at least one vertex w in W. If m < n, then, since at least a half
of the open neighborhood sums under f are positive, it is evident that f(N(w)) > 1
for at least one vertex w in W. Hence, f(U) = f(N(w)) > 1.

We now show that W = W™ that is to say, each vertex of W is assigned the
value —1 under f. Assume the contrary, i.e., there exists at least one vertex v € W+.
Let g: V. — {—1,1} be defined as follows: g(v) = —1 and g(u) = f(u) for u # v.
Then g(N(w)) = g(U) > 1 for each w € W. Since |W| > |U|, it follows that g is a
SMTDF on K, of weight less than that of f, a contradiction. Therefore, we have
W=W-.

Since [UT| — U] = f(U) > 1 and m = |U*| + |U™|, it follows that |UT| >
[(m+1)/2] and [U™] < [(m —1)/2]. Hence, vy,i(Kmn) = [UT| = [UT[+ [WF] -
(W= > [(m+1)/2] — |(m—1)/2] —n. However, if we assign to [(m+1)/2] vertices
of U the value +1, and to the remaining n + [(m — 1)/2| in K,, , the value —1,
then we produce a SMTDF of K,,, of weight [(m + 1)/2] — [(m — 1)/2] — n.
Thus 7,5, (Kmn) < [(m+1)/2] = [(m —1)/2] —n. Consequently, v,y,.;(Km.n) =
[(m +1)/2] = [(m —1)/2] - n. 0
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Corollary 1. For any positive integer k, there exists a complete bipartite graph G
with v, (G) < —k.

Theorem 5. For any path P,, (n > 2) we have

—1 for n odd,

0 for n even.

’Yr;aj(Pn) = {

Proof. Let P,: vi,va,...v, be a path on n vertices, and let f be a mini-
mum SMTDF on P,. Let Cy ={v € P,: f(N(w)) =21}, P={v € P,: f(v) =1}
and M = {v € P,: f(v) = —1}, then |Cf| > [n/2]. Since |N(v)| € {1,2} for any
v € Cf, we have N(v) C P. It follows that |P| > |n/2] and |M| < [n/2]. Hence,
s (Pa) > /2] = /2],

On the other hand, define a function g: V — {-1,1} by

g(vi) = .
for 7 even.

—1 for i odd,
1

Then g is a SMTDF of P, of weight [n/2| — [n/2]. So v,,.;(P.) < [n/2] —[n/2].
Consequently, v,5,;(Pn) = [n/2] — [n/2]. The result now follows. O

Theorem 6. For any cycle C), (n > 3) we have

. 3 for n odd,
’ymaj (C’ﬂ) =

0 for n even.

Proof. Let Cy: vy,vs,...v, be acycle on n vertices and f a minimum SMTDF
onC,. Let Cr={veC,: f(Nw)=21},P={veC,: flv)=1}and M ={v €
Cpn: f(v) = —1}. If n is even, then similarly to the proof of Theorem 5 we have
Ymaj(Cn) = 0. Therefore, in the following proof we assume that n is odd. Then
|Cy] = (n+1)/2. Since |N(v)| = 2 for every v € C, we have N(v) C P. It follows
that |P| > (n+1)/2 and |M| < (n — 1)/2. Then there exists at least one vertex in
PN Cy, ie., there exist at least three consecutive vertices in Cy,[P].

Case 1: M = .

In this case, P =n > 3, [M| = 0. So 7,,,;(Cy) = |P| = [M|=n > 3.

Case 2: Every vertex is an isolated vertex in C},[M].

Since there exist at least three consecutive vertices in C,,[P], we have |P| > 3 +
(n—3)/2 = (n+3)/2. Thus [M] < (n— 3)/2. So7,5(Ca) = |P| — [M] > 3.

Case 3: There exist some vertices which are not the isolated vertices in C,,[M].
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Without loss of generality, we can assume that f(v1) = f(v2) =... = f(vg) = —1,
fokg1) = flop) =1 (k > 2). Let U = Cp, — {v1,v2,...,05}. Then C; C U.
Note that ) de,(v) = 2[C¢[ = 2 x (n+1)/2 = n+ 1. Since dg, [v)(ver1) =
de,w)(vn) U:GII, we have |P| > 24+ (n—1)/2 = (n+3)/2. Thus | M| < (n—3)/2. So
Ymaj(Cn) = |P| = [M] = 3.

On the other hand, define a function g: V — {—1,1} by

1 for 1 =2 or ¢ odd,
g(vi) =

—1 for i >4 and 7 even.

Then g is a SMTDF of C,, of weight 3. So vrf]aj(Cn) < 3. Consequently,
'yrf]aj(Cn) = 3. The result now follows.

O

In general, 7,7.; and yma; are not comparable. On the one hand, v,5,,;(Km.n) =
1 —n < Ymaj(Km,n) = 3—n for m odd (1 < m < n), on the other hand, ~,;,.:(K,) =
3 > Ymaj(Krn) = 1 for n odd.

For m an integer, let P(m, fy;aj) be the smallest order of a connected graph with
signed majority total domination number equal to m.

Theorem 7. For m > 0 an integer, P(—m, ;) = m + 2.

Proof. Let G = (V,E) be a connected graph with ~,;,..(G) = —m, and consider
a minimum SMTDF f on G. P and M be the sets of vertices in G that are assigned
the values +1 and —1 under f, respectively. Then —m = f(V) = |P| — |M], so
M| = |P| 4+ m. Obviously, |P| > 1, thus |[V| = |P| + |[M| = 2|P|+m > m + 2.
On the other hand, by Theorem 2, we note that star K ,,1 is a connected graph
of order m + 2 with signed majority total domination number equal to —m. So
P(—m, vélaj) < m + 2. Consequently, P(fm,'yrf]aj) =m+2. |

4. LOWER BOUNDS ON SIGNED MAJORITY TOTAL DOMINATION NUMBER

Theorem 8. For any graph G of order n and maximum A, minimum degree

5> 1,
§—2A+1

t > = -
’Ymaj(G) = A + 5 n.

Proof. Let f be a minimum SMTDF on G. Let P and M be the sets of
vertices in G that are assigned the values 4+1 and —1 under f, respectively. Let
P = PA U Ps U Pg where Pn and Pjs are sets of all vertices of P with degree
equal to A and 0, respectively, and Pg contains all other vertices in P, if any.
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Let M = Ma U Ms U Mg wherePa, Ps and Pg are defined similarly. Further, for
i € {A, 6,0}, let V; be defined by V; = P, U M;. Thus n = |Va| + |Vs| + |Ve|.
Since for at least a half of the vertices v € V, f(N(v)) > 1, we have

N F(N@) = [1/2] = A(n — [n/2]) = (A + 1)[n/2] — An > (1 - A)n/2.

veV

The sum > f(N(v)) counts the value f(v) exactly d(v)-times for each vertex v € V,
veV

ie, > f(NWw)) = > f(v)d(v). Thus, > f(v)d(v) > (1 — A)n/2. Breaking the
veV veV veV

sum up into the six summations and replacing f(v) with the corresponding value

of 1 or —1 yields

STdw)+ Y dw)+ > dw)— Y dw)— > dw)— Y dw) = (1-A)n/2.

vEPA vEPs vEPeo veEMAa vEMs vEMg

We know that d(v) = A for all v in Pa or Ma, and d(v) = § for all v in Ps or M;.
For any vertex v in either Pg or Mg, 6 + 1 < d(v) < A — 1. Therefore, we have

A|Pa| + 0|Ps| + (A = 1)|Po| — A|MAa| — 6| Ms| — (0 + 1)|Mo| = (1 — A)n/2.

For i € {A, 0,0}, we replace |P;| with |V;| — |M;| in the above inequality. Therefore,
we have

AlVal +6[Vs| + (A = 1)[Vo| = (1 — A)n/2 + 2A|Ma| + 26| Ms| + (A + )| Me .
It follows that

(3A — 1)n/2 = 2A|Ma| + 26| Ms| + (A + 8)|Meo| + (A — 8§)|Vs| + |Vo
= 2A|Ma| + 20| Ms| + (A +6)|[ Mo + (A — 0)(|Ps| + [Ms])
+ (|Pe| + |Ms])
= 2A|Mal| + (A + 6)|Ms| + (A + 6+ 1)|Mo| + (A — 8)|Ps| + |Po
2 (A+)|Ma|+ (A +6)|Ms| + (A + )| Mo| = (A +5)|M]|.
Therefore,
3A — 1
M| < ———n.
MI<saTo"

S0 BA—1  6-2A+1

A+s '~ T A+to

Ymaj(G) = |P| = [M] =n—2|M| >n -

Similarly we have the following result.
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Theorem 9. If a graph G has no isolated vertices and every vertex in G is even

vertex, then
¢ 6—2A+2
'ymaj( ) = TM

Theorem 10. If G is a k-regular graph of order n, then v,.,.:(G) = (1 — k)n/(2k)
if k is odd, vpy,,;(G) = (2 — k)n/(2k) if k is even, and these bounds are sharp.

Proof. If k is odd, by Theorem 8, we have ~,,,:(G) = (1 — k)n/(2k). If k is
even, by Theorem 9, we have v,\,.:(G) > (2 — k)n/(2k).

That the bounds are sharp may be seen by considering a complete regular bipartite
graph G' = K}, . Obviously, if k is odd, 7,3,;(G) = =k + ((k+1)/2 — (k- 1)/2) =
L—k=(1—k)n/(2k); if k is even, v,1,,;(G) = =k + (k/2+1) = (k/2-1) =2~k =
(2 —Kk)n/(2k). |
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