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Abstract. We study oscillatory properties of solutions of systems

[y1(t) — at)yr(g(t))]" = pr(B)y2(t),
ya(t) = —p2()f (y1(h(1))), > to.
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1. INTRODUCTION

In this paper we consider neutral differential systems of the form

(S) [y1(t) — a(t)y1(g()] = pr(t)y2(t),
y5(t) = —p2(t) f(y1(h(2))), t = to.

The following conditions are assumed to hold throughout the paper:

(a) a: [to,00) — (0,00) is a continuous function;

(b) g: [to,00) — R is a continuous and increasing function and tlggo g(t) = oo;

(¢) pi: [to,00) — [0,00), ¢ = 1,2 are continuous functions not identically equal to

zero in every neighbourhood of infinity,

/Oopl(t)dt = 00;
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(d) h: [tg,o0) — R is a continuous and increasing function and tlg{)lo h(t) = oo;
(e) f: R — R is a continuous function, uf(u) > 0 for v # 0 and |f(u)| > Klu|,
where 0 < K = const.
Let p1(t) = 1 on [tg,00) and f(u) = u, u € R. Then the system (S) is equivalent
to the equation

2
(E) %[Ql(t) —a(®)y1(g()] + p2(H)yi(h(t)) =0, t > to.

In the paper [6] sufficient conditions are given for all bounded solutions and all
solutions of the equation (E) to be oscillatory. In this paper we generalize Theorem 1
and Theorem 2 from [6] to the system (S). Our results are new and extend and im-
prove the known criteria for the oscillation of differential systems of neutral type.
The oscillatory theory of neutral differential systems has been studied for example
in the papers [1]-][10] and in the references given therein.

Let t1 > tg. Denote

t~1 = min{tl,g(tl), h(tl)}

A function y = (y1,y2) is a solution of the system (S) if there exists a t; > to such that
y is continuous on [t1,00), y1(t) — a(t)y1(g(t)), y2(t) are continuously differentiable
on [t1,00) and y satisfies (S) on [¢1,00).

Denote by W the set of all solutions y = (y1,y2) of the system (S) which exist on
some ray [T}, 00) C [to,00) and satisfy

sup{|y1(t)| + |y2(¢)|: t =T} >0 forany T > T,.

A solution y € W is nonoscillatory if there exists a T, > to such that its every
component is different from zero for all ¢t > T),. Otherwise a solution y € W is said
to be oscillatory.

Denote

t
Pl(t):/ pl(x)dx, t}to.

to

For any y;(t) we define z1(t) by

(1) 21(t) = yi(t) — a(t)yr(g(?))-
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2. SOME BASIC LEMMAS

Lemma 1 ([4, Lemma 1]). Let y € W be a solution of the system (S) with
y1(t) # 0 on [t1,00), t1 > to. Then y is nonoscillatory and z;(t), y2(t) are monotone
on some ray [T,00), T > t;.

Lemma 2 ([7, Lemma 1]). In addition to the conditions (a) and (b) suppose that
a(t) <1 for t > ty.
Let y1(t) be a continuous nonoscillatory solution of the functional inequality

() [y () —a(t)y(g(t)] <0

defined in a neighbourhood of infinity.
(i) Suppose that g(t) <t for t > to. Then y1(t) is bounded.
(ii) Suppose that g(t) >t for t > to. Then y,(t) is bounded away from zero, that
is, there exists a positive constant C' such that |y;(t)| = C for all large t.

Lemma 3 ([7, Lemma 3]). Assume that q: [tg,00) — [0,00), §: [tg,00) — R are

continuous functions, tlim 4(t) = oo and
— 00

t
1

d(t) <t for t > to, liminf/ q(s)ds > —.
t—o0 5(t) e

Then the functional inequality

a'(t) + q(t)z(3(t)) <0, t=>to
cannot have an eventually positive solution and

2(t) +q®)x(5(t) 20, =t

cannot have an eventually negative solution.

3. OSCILLATION THEOREMS

In this section we shall study the oscillation of solutions of systems (S). In the
next theorems g~!(¢) and h~1(¢) denote the inverse functions of g(t), h(t) and a:

[to,00) — R is a continuous function.
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Theorem 1. Suppose that a(t) is bounded, h(t) < t, t < a(t), h(a(t)) < g(t) for
t >ty and

(2) limsup{KPl( ) } > 1,
t—oo l(t)
¢ a(s) d 1
(3) liminf/ Kpi(s )/ _pe()dv ds > —.
=20 Jg=1(h(a(t)) s (9 L(h(v))) e

Then every solution y € W of (S) with y1(t) bounded is oscillatory.

Proof. Lety = (y1,y2) € W be a nonoscillatory solution of (S) with y(¢)
bounded. Without loss of generality we may suppose that y;(t) is positive and
bounded for ¢ > t;. From the second equation of (S) and by the assumptions (c),
(d), (e) we get

yh(t) <0 for sufficiently large to > t;.

In view of Lemma 1 we have two cases for sufficiently large t3 > to:
1) y2(t) <0, t > t3;
2) y2(t) >0, ¢ > t5.

Case 1. Because y(t) is negative and nonincreasing we have

(4) y2(t) < =L, t>t3, 0< L = const.

Since y1(t) and a(t) are bounded hence also z1(t) defined by (1) is bounded. Inte-
grating the first equation of (S) from ¢3 to ¢ and then using (4) we get

t
(5) (t) — #1(ts) < —L/ pi(s)ds, ¢ 1s.

t3
From (5) and (c) we have tlim 21(t) = —oo, which contradicts the fact that z1(¢) is

bounded. The Case 1 cannot occur.

Case 2. We shall consider two possibilities.

(A) Let z1(t) > 0 for t > t4, where t4 > t3 is sufficiently large. Because z;(t) is
nondecreasing we get

M, t>ty, 0< M = const.

(6) z1(t)

WV

From (1) we have z1(t) < y1(¢) and using (e) we get

p2(t) f(y1(h(1))

7 pa(t)1 (A1) s

N

t > t57
where t5 > t4 is sufficiently large.
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Integrating the second equation of (S) from ¢ to t*, using (7) and then letting

t* — 0o we obtain

(®) w®>K1mm@mW@N&t>%-

With regard to (2) we get

(9) %<nmmm@uw[f pﬂ@m}<nmwglwa@mx@m.

t—oo —1(¢) t—o0

We claim that the condition (2) implies

(10) [ P ds = T2t
T
Otherwise if -
/ Pi(s)pa(s)ds < oo,
T

we can choose T} > T so large that

| Pemateas <

which is a contradiction with (9).
Integrating f; Py (s)yh(s) ds by parts we have

(11) AH@M®®=H@W®—HGMG%m@+Mﬂ-

Using (6), (7) and the second equation of (S), by virtue of (11) we get

t ¢
/ Pi(s)yh(s)ds < — MK/ Pi(s)pa(s)ds, t=>T >t5
T T

and

(12) MKAPwmmmm<—awmm+aawxm+a@—a@x

t>T>ts.
Combining (10) with (12) we get tlim (z1(t) — P1(t)y2(t)) = 0o and

z1(t) = Pi(t)y2(t), t>ts, where tg > t5 is sufficiently large.
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The last inequality together with (8) and the monotonicity of z1(¢) implies

o0

S(t) > KPi(1) /t " pa(s)a (h(s)) ds > KPy(1) /h o PR 0

o0

p
h=1(t)

and

o0

1 EKpl(t)/ pQ(S)dS, t}tg,
h=1(t)

which contradicts (2). This case cannot occur.
(B) Let z1(t) < 0 for t > t4. Denote (t) = g~ L(h(t)).
t

From (1) we have z1(5(t)) > —a(8(t))y1(h(t)),
large and

> t5 > t4, where t5 is sufficiently

—Kpa(t)z1(B(1))
a(B(t))

In view of (e) and the second equation of (S) the last inequality implies

< Kp2(yi(h(t), t=ts.

(13) ya(t)
Integrating (13) from ¢ to «(t) and then using y2(a(t)) > 0, we have

a(t) Kpa(s)z1(B(s)) ds
Al e

(14) yalt) + /

Multiplying (14) by p1(¢) and then using the monotonicity of z1(t) and the first
equation of (S), we get

, a(t)pg(s)ds
)+ (Km(t) | e )zl(ﬁ(a(t))) S0, >t

By condition (3) and Lemma 3 the last inequality cannot have an eventually negative
solution and this contradicts the hypothesis that z;(¢) < 0. The proof is complete.
O
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Theorem 2. Suppose that a(t) < 1, g(t) <t, h(t) < t, t < a(t), h(a(t)) < g(t)
for t > to and the conditions (2), (3) are satisfied. Then all solutions of (S) are
oscillatory:.

Proof. Lety = (y1,y2) € W be a nonoscillatory solution of (S). Without loss
of generality we may suppose that y;(¢) is positive for ¢ > ¢;. As in the proof of
Theorem 1 we get two cases— Case 1 and Case 2.

Case 1. Analogously to Case 1 of the proof of Theorem 1 we can show that
tlirgo 21(t) = —oo. By Lemma 2 y;(¢) is bounded and thereby z;(t) is bounded,
which is a contradiction. Case 1 cannot occur.

Case 2. We can treat this case in the same way as in the proof of Theorem 1. The
proof is complete. O

Example 1. We consider the system

[yl(t) - %yl(éﬂl = tys(t),

, c t
=Sz >
(15) yQ(t) t3y1<6)7 t/ 1)

where ¢ is a positive constant. In this example f(¢) = ¢ and K = 1. We choose
a(t) = 2t and calculate the conditions (2) and (3) as follows:

) (t?—1) [* ¢ ¢

1 A} =<

l?iiﬂfp{ 2 #40 =
3
2

2s
hmlnf/ / 2cdv ds = %ln

For ¢ > 144 all conditions of Theorem 2 are satisfied and so all solutions of (15) are

oscillatory.

Theorem 3. Suppose that a(t) < 1, t < g(t), g(t) < h(t) for t > to and

e [ KB = Pis)pals) ds
1) e A e T B
(17) /T pl(s)/S p2(v)dvds =00, T > to,

2') limsup{KPl(t) /t " pa(s) ds} > 1.

t—o0
Then all solutions of (S) are oscillatory.
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Proof. Lety = (y1,y2) € W be a nonoscillatory solution of (S). Without loss
of generality we may suppose that y;(¢) is positive for ¢ > ¢;. As in the proof of
Theorem 1 we get two cases— Case 1 and Case 2.

Case 1. From (1) we have

z1(t) > —a(t)y1(g(t)) for t > t3
and
(18) fyi(h(t)) = Kyi(h(t) > —
where t4 > t3 is sufficiently large.

In this case y2(t) < 0 and 21(t) < 0 for ¢t > t5, where t5 > t, is sufficiently large.
Then the integral identity

21(t) = 21(6) + (Pu(t) — PL(€))yalé) + /g (Py(t) — Py(s))y)(s) ds

yields
alt) < [ (Pl = Powh(e) s, 1> €3t
3

Combining the last inequality with the second equation of (S) and (18) we get

</ FK(Pu(t) ~ Pi(9)pa(s)za (g~ (h(s)) ds
¢

a(g-1(h(5))) 12820

Putting £ = h=!(g(t)) and using the monotonicity of z1(t), from the last inequality

we get
! K(Pi(t) — Pi(s))p2(s) ds
z1(t) < z1(t) /hl(g(t)) a(g—1(h(s)))
and
! K(Pyi(t) — Pi(s))p2(s) ds
e /hl<g<t>> a(g(hs)

which contradicts the condition (16).
Case 2. As in the proof of Theorem 1 we shall consider two posibilities A) and B).
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A) We can treat the proof in the same way as in Theorem 1 using the condition (2')
instead of the condition (2).

B) In this case z1(t) is negative and bounded for ¢ > ¢4. Then by Lemma 2 it
follows that

(19) y1(t) = C, 0< C =const. for t > ty.

Integrating the second equation of (S) from s to s*, using (e), (19) and then letting

s* — 00, we obtain
(20) ya(s) > KC/ p2(v)dv  for sufficiently large s.

Multiplying (20) by pi(s) and integrating from 7" to T* and then letting T* — oo
we get

o0

—z1(T) > KC/

pl(s)/ pa(v)dvds for sufficiently large T
T s

and with regard to condition (17) we have a contradiction. The proof is complete.
O
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