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Abstract. Consider the forced higher-order nonlinear neutral functional differential equa-
tion
d” u
dt_"[x(t) +CM(t— 1)+ Y Qi) fi(z(t — 03)) = g(t), t=>to,
i=1

where n,m > 1 are integers, 7,0; € Rt = [0,00), C,Qs,g € C([tg,),R), fi € C(R, R),
(i=1,2,...,m). Some sufficient conditions for the existence of a nonoscillatory solution of
above equation are obtained for general Q;(¢) (¢ = 1,2,...,m) and g(¢) which means that
we allow oscillatory Q;(t) (¢ = 1,2,...,m) and g(¢). Our results improve essentially some
known results in the references.
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MSC 2000: 34K15, 34K11

1. INTRODUCTION

Consider the forced higher-order nonlinear neutral functional differential equation

(1) %[m(t) +Ct)x(t — 7)) + Z Qi(t) fi(z(t —03)) = g(t), t=to.

With respect to the equation (1), we shall throughout assume the following:
(i) n,m > 1 are integers, 7,0; € RT™ =[0,00) (i =1,2,...,m);

Project was supported by the Special Funds for Major State Basic Research Projects
(G19990328) and Hunan Natural Science Foundation of P.R. China (10371103).
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(ii) C, Qi,g S C([to, OO), R), fi S C(R, IR) (’L =1,2,... 7m).

Let r = 11%1%);{7', 0;}. By a solution of the equation (1) we mean a function
x € C([ty — r,00),R), for some t; > tp, such that x(t) + C(t)z(t — 7) is n-times
continuously differentiable on [t1,00) and such that the equation (1) is satisfied for
t >t

Oscillation and non-oscillation of neutral functional differential equations has de-
veloped very rapidly in recent years. We refer the reader to [1]-[15] and the references
cited therein. Oscillatory and nonoscillatory behavior of solutions of the forced first
order neutral functional differential equation

(2) %[x(t) + Ozt —7)] + Qu(t) fi(x(t — 1)) = g(t), t>tg,

and of the second order neutral functional differential equation with positive and
negative coefficients

(3) %[I(t) +ex(t — 1))+ Qi1(t)x(t — 1) — Qa(t)x(t — 02) =0, t=>ty,

where ¢ # £1, Q1(t) > 0 and Q2(¢) > 0, have been investigated in [8], [12]. Clearly,
equations (2) and (3) are special forms of the equation (1). Parhi and Rath [12],

Kulenovic and Hadziomerspahic [8] proved the following results by using Banach
contraction mapping principle.

Theorem A ([12], Theorems 2.6, 2.8 and 2.10). Assume that
H;) C(¢) is in one of the following ranges:

0<C(t)<61<1, 1<CQ<C(1§)§63, C4<C(t)§65<*1,
where ¢; (i =1,...,5) are positive real numbers.
Hy) Q1(t) > 0, f1 € C(R,R) is nondecreasing, xf1(x) > 0 for any = # 0, and

f1 satisfies the Lipschitz condition on intervals of the type [a,b], 0 < a < b.

Further, assume that

/°° Q1(t) dt < oo, /OO lg(t)| dt < .
0 0

Then the equation (2) has a nonoscillatory solution.
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Theorem B [8]. Assume that

Hs) c# +1,

Hy) aQi(t) — Q2(t) > 0, for every t > T and a > 0.
Further, assume that

/Oo Q1(t) dt < oo, /OO Q2(t)dt < .
to to

Then the equation (3) has a nonoscillatory solution.

In this paper, by using Krasnoselskii’s and Schauder’s fixed point theorems and
some new techniques, we obtain some sufficient conditions for the existence of a
nonoscillatory solution of (1) for general Q;(¢t) (i = 1,2,...,m) and g(¢) which means
that we allow oscillatory Q;(t) (i = 1,2,...,m) and g(¢). In particular, our results
improve essentially Theorem A and B by removing the restrictive conditions Hs) and
H,) and relaxing the hypotheses H;) and Hs).

2. MAIN RESULTS

The following fixed point theorems will be used to prove the main results in this
section.

Lemma 1 [5] (Krasnoselskii’s Fixed Point Theorem). Let X be a Banach space,
let Q) be a bounded closed convex subset of X and let Sy, So be maps of 2 into X
such that Six + Say € () for every pair x,y € Q. If S; is a contractive and Sy is
completely continuous, then the equation

Six+ Sex =x
has a solution in ).

Lemma 2 [5], [6] (Schauder’s Fixed Point Theorem). Let Q be a closed, convex
and nonempty subset of a Banach space X. Let S: ) — Q) be a continuous mapping
such that S is a relatively compact subset of X. Then S has at least one fixed
point in ). That is, there exists an x € ) such that Sx = .

We will consider the following cases:

1< <C[) <0, —c0<Ct)<ea<—1, 0<C) <es<1,
l<ea<Ct)<oo0, Ct)y=1l, C(t)=-1.

Our main results are the following six theorems.
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Theorem 1. Assume that —1 < ¢; < C(t) < 0 and that

(4) / " HQi()|dt < o0, i=1,2,...,m
to
and
(5) / t"Hg(t)| dt < oo.
to

Then (1) has a nonoscillatory bounded solution.

Proof. By (4) and (5), we choose a T' > t, sufficiently large such that

=l (Zl@ Aty + 965 ) ds < 252,

h M 7 \ < .
whete 1= 2(1+011)1}3<m<4/3{|f( 2l i< mj}

Let C([tg,0), R) be the set of all continuous functions with the norm |z| =
sup |z(t)] < co. Then C([tg, 00), R) is a Banach space. We define a closed, bounded
t>to
and convex subset Q of C([tg,00), R) as follows:

0 = {2 =2(t) € C((to, ), B): @ <alt) < % =
Define two maps S; and Sz: Q — C([tg, 00), R) as follows:
Jlta-CW)xt—-1), t=2T,
(Br)(d) = (S12)(T), to<t<T,
(bl s— —g(s) | ds
(5a)(t) = (nfl)!/t D" (ZQ — i) = 9( >)d, t>T,

(SQI)(T), to g t g T.

i) We shall show that for any z,y € Q, S1a + Sy € Q.
In fact, for every z,y € Q and t > T, we get

(S12)(t) + (S2y)(t)
<l+4+ce—Ct)a(t—r1)

ot e (DQ 155 = o)+ la(o)]) as
<tva-fas gty [T (L o+l o

4 1
<1+01*§01+ —;q

4
=3
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Furthermore, we have

(S12)(t) + (S29)(t)

> 1+C1*C(t)z(t77)fﬁ
ot (ZIQ ol = )] +1g(s) )
t

1 R

>tbe - [ 1(i_21|Qi<s>|M1 +lo(o)] ) ds

S 1o - 1-261 _ 2(1;—01).

Hence,
AR (st + (S < 5. for 1210

Thus we have proved that Siz + Sey € ) for any z,y € Q.
ii) We shall show that S; is a contractive mapping on €.
In fact, for z,y € Q and t > T, we have

[(S12)(t) = (S19)()] < =CO)|z(t = 7) —y(t = 7)[ < —eaflz =y
This implies that
1512 = Syl < —arllz -y

Since 0 < —c¢y < 1, we conclude that S; is a contraction mapping on €.

iii) We now show that S, is completely continuous.

First, we will show that Sy is continuous. Let xp = xx(t) € Q be such that
zk(t) — z(t) as k — oo. Because Q is closed, x = z(t) € Q. For t > T, we have

(S20)(9) ~ (522)()
<ot (A =)~ ot =)

<t (SOt - ) - et o))

Since |fi(zk(t — 03)) — fi(x(t —03))] — 0 as k — oo for i = 1,2,...,m, by applying
the Lebesgue dominated convergence theorem, we conclude that kh_)n;o I(Sazk)(t) —
(S2z)(t)|| = 0. This means that Sg is continuous.

Next, we show that So2 is relatively compact. It suffices to show that the family
of functions {Sez: x € Q} is uniformly bounded and equicontinuous on [tg, c0).
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The uniform boundedness is obvious. For the equicontinuity, according to Levitan’s
result, we only need to show that, for any given € > 0, [T, 00) can be decomposed
into finite subintervals in such a way that on each subinterval all functions of the
family have change of amplitude less than . By (4), for any ¢ > 0, take T* > T
large enough so that

o (e ) s <

Then for x € Q, to >t1 > T*
|(S2z)(t2) — (S2)(t1)]

<ot (At -+ o) s

+(n%1/ (i@z iz oi>>|+|g<s>|)d5
<ammf, (Mlile )+ lg(o)) ds

+ﬁ/tl (Mlil@ () +1g( )I)ds
<§+%:5.

ForzeQand T <t1 <ty <T*

|(S22)(t2) — (S22)(t1)|

> 1Qu(9) (s = )]+ g(o)]) s

MY Qi) + |g<s>|) s

i=1

< e L (30 10 + 1960 ) o - o0

=1

Thus there exists a d > 0 such that
[(Sax)(t2) — (Sex)(t1)] <e, if 0<ty—t; <.
For any x € Q, tg < t1 <ty < T, it is easy to see that
|(S2@)(t2) — (S22)(t1)] =0 <e.
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Therefore {S2x: € Q} is uniformly bounded and equicontinuous on [tg, 00), and
hence S»2 is relatively compact. By Lemma 1 (Krasnoselskii’s fixed point theorem),
there is an zg € Q such that Sixg + Saxg = zo. It is easy to see that z(t) is a
nonoscillatory solution of the equation (1). The proof is complete. (]

Theorem 2. Assume that —oco < C(t) = c2 < —1 and that (4) and (5) hold.
Then (1) has a nonoscillatory bounded solution.

Proof. By (4) and (5), we choose a T > t, sufficiently large such that

vl I (ZIQ At + )] ) ds < -2,

here M = i 1< < .
where Mo _(02+1§1/12a§1<_202{|f(:17)| 1 <m}

Let C([tg,00), R) be the set as in the proof of Theorem 1. We define a closed,
bounded and convex subset © of C([to, 00), R) as follows:

CQ+1

Q={z=2z(t) € C([tp,o),R): — < x(t) < —2¢q, t 2 to}.

Define two maps S; and Sz: Q — C([tg, 00), R) as follows:

1
—co—1——=z(t+71), t=>T,
Si)t) =4 o)
(Sle)(T), tO < t < Ta
S (3 )
—_ s—t—T1)" Qi(s)fi(x(s —0a;)) —g(s) | ds,
T, 1 (S Qe — ) 06)
(Saz)(t) = P> T,
(SQ!E)(T), to<t<T.
We shall show that for any =,y € , Siz + Soy € Q.
In fact, for every x,y € Q and t > T, we get
(S12)(t) + (S29)(t)
1
< —o—1 — ——
< —cp—1 C(t)a?(tJrT)
e [t (LR s — o) + gt ))a
OO 1y, T (A e ) ds
< - 71+271L (S Qi) + la(e)] )
B C2 s (n—l T+T — 1 2 g\s S
< —et1-20 o,

243



Furthermore, we have

(S12)(t) + (S29)(t)

> — —1—L (t+7)
= Co C(t)x T

+ o [ = 0 (SR — sl + o)) s

t+71 i=1

> wqiﬁ/w (i (9102 +[g(s) ) as

CQ+17 CQ+1

> —c—1 =-
C2 + 5 5
Hence,
co + 1
- < (S12)(t) + (S2y)(t) < —2¢a, for t > to.

Thus we have proved that Sz 4 Soy € 2 for any x,y € Q.
We shall show that S7 is a contractive mapping on 2.
In fact, for z,y € Q and t > T, we have

(S1)(0) = (S)(O)] < = ggzlet+7) =3t +7)] < ~—la .

This implies that
1
[S12 = S1yll < ——|lz = yll.
C2

Since 0 < —1/co < 1, we conclude that S is a contractive mapping on .

Proceeding similarly as in the proof of Theorem 1 we obtain that the mapping S5

is completely continuous. By Lemma 1, there is a x¢ € 2 such that S1zg+.S2x9 = zg-

Clearly, zo = zo(t) is a bounded nonoscillatory solution of the equation (1). This

completes the proof of Theorem 2.

Theorem 3. Assume that 0 < C(t) < ¢ < 1 and that (4) and (5) hold. Then

(1) has a nonoscillatory bounded solution.

Proof. By (4) and (5), we choose a T' > t, sufficiently large such that

ﬁ/ (ZIQ )M + lg(s >|) ds <1-cs,

here M3 = () 1<i< .
where Ms; 2(1722)121@{]” (x) i<m}
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Let C([to,00), R) be the set as in the proof of Theorem 1. We define a closed,

bounded and convex subset Q of C([to, ), R) as follows:
O ={x=2x(t) € C([tg,0),R): 2(1 —c3) < z(t) <4, t>1to}.
Define two maps 57 and S3: Q — C([tg, ), R) as follows:

3+cs—Ct)x(t—71), t=T,
(Sle)(T), tO < t < Ta

s - | G e (D ewaet - - o) as, v

(SQI)(T), to g t g T.

(S1z)(t) = {

We shall show that for any z,y € Q, S1z + Say € Q.
In fact, for every z,y € Q and t > T, we get

(S12)(t) + (S29)(1)
<3+c3 = Ct)x(t —7)

b [ (i I ol = )] +1g(5)] ) ds

1 o0
< R

<3+03+1—C3—4.

Ms

9)|Ms + lg(s >|) ds

Furthermore, we have

(S12)(t) + (S29)(¢)
>3+c3—Ct)x(t —71)

nllftms—t"l(2|cz )ity s—ai>>+|g<s>|)ds
= 3+cg—4de3 — (n;l/oo (i |M3+|g()|>d

>3+03_463—(1—C3)—2(1—63).

Hence,
2(1 — 63) (Slx)( ) (Szy)(t) < 4, for t 2 to.

Thus we have proved that Sz 4 Soy € Q2 for any x,y € Q.

T

)
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Proceeding similarly as in the proof of Theorem 1 we obtain that the mapping S
is a contractive mapping on 2 and the mapping S is completely continuous. By
Lemma 1, there is an 2y € € such that Syxo + S2xg = . Clearly, g = xo(t) is
a bounded nonoscillatory solution of the equation (1). This completes the proof of
Theorem 3. (]

Theorem 4. Assume that 1 < ¢4 = C(t) < oo and that (4) and (5) hold. Then
(1) has a nonoscillatory bounded solution.

Proof. By (4) and (5), we choose a T > t sufficiently large such that

m/T+Ts <;|Qz(s)|M4+|g(s)|) ds <eq—1,

here My = () 1=1,2,... .
where M, 2(C43}1)22i<4c41{f (): i=1,2,...,m}

Let C([tg,00), R) be the set as in the proof of Theorem 1. We define a closed,
bounded and convex subset Q of C([tg, o), R) as follows:

Q={x=2a(t) € C([tg,0),R): 2(cs — 1) < z(t) <4dca, t =10}
Define two maps S; and Sz: Q — C([tg, 00), R) as follows:
1
3es+1— —=z(t+7), t=T,

(S12)(t) = c®
(Slx)(T), to g t g T,

(=t n—1
CTO(n— 1) /+T( S
(S2)(t) = x ( Qi (s—0i)) — g(s)) ds, ¢

SQLL') T), to < t < T.

WV
~

We shall show that for any =,y € Q, S1z + Sqy € Q.
In fact, for every z,y € Q and t > T, we get

(S12)(t) + (S29) (1)

<3¢y +1-— t+17)

1
CION
1 71 = n—1 S
+ C(t) (n—1)! / (s —t—7) (; 1Qi(s)] [ fi(y(s — oa)) + |g(s)|) ds

t+r

B bl / s (iaczi(snm + |g<s>|) ds
ca(n =11 Jry, i1

<3cy+ 14 (cqg — 1) =4ey.
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Furthermore, we have

(S12)(t) + (S29)(t)

1
>3C4+1—%!E(t+7')
Lot - 1y ; i(y(s — oy 5 s
-G o (el - el + e d

N
Il
-

>sest1-4- 2L [T (S @t b)) as

T i=1
= 304737 (647 1) :2(6471).
Hence,
2(64 — 1) < Slx(t) + Szy(t> g 4C4, for t 2 to.

Thus we have proved that Siz + Sey € ) for any x,y € Q.

Proceeding similarly as in the proof of Theorem 1 we obtain that the mapping S}
is a contractive mapping on 2 and the mapping S is completely continuous. By
Lemma 1, there is an 29 € Q such that Sixg + Saxg = 9. Clearly, xg = zo(t) is
a bounded nonoscillatory solution of the equation (1). This completes the proof of
Theorem 4. O

Theorem 5. Assume that C(t) = 1 and that (4) and (5) hold. Then (1) has a
nonoscillatory bounded solution.

Proof. By (4) and (5), we choose a T > t sufficiently large such that

W%lfur (Z |Qi(s)[Ms + |g(s )I) ds <1,

where M5 = Juax {fi(x): 1 <i<m}.

<z<4

We define a closed, bounded and convex subset €2 of C([tg, o), R) as follows:
Q={z=2(t) € C([tp,0),R): 2< a(t) <4, t =t}

Define a mapping S: 2 — C([tg,o0), R) as follows:

Ly
(” 1)! Z/ +(2j—1)T ( )

(Sz)(t) = x (zm: Qi(s)fi(x(s — 7)) — g(s)) ds, t>T,

i=1

(Sz)(T), to<t<T.
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We shall show that SQ2 C Q.
In fact, for every x € Q and t > T, we get

1
< -
(52)(0) <3+ )
0 t42jT m
s O (ROt — o+t ) s
j=1 t+(2j—-1)7 =1
1 o0 t+2571 m
<ot oty (D QM + )] ) ds < 1.
(n—1)! ; t+(2j71)'r ; °
Furthermore, we have
(S2)(t) >3- ——
A (n—1)!

00 at42j7 m
>/ R (Z|Qi<s>||fi<x<sai>>|+|g<s>|)ds

o eei-nr —
| ( |Qi<s>|M5+|g<s>|) ds > 2.
(”_1)!j:1 t+(25—1)T oy

Hence, SQ2 C Q.

Proceeding similarly as in the proof of Theorem 1 we obtain that the mapping S
is completely continuous. By Lemma 2, there is an zg € 2 such that Sxg = z¢, that
is

b o A
3+(”—1)!;/t+(2j1)7( !
0= > QuA(alt o) ~al9)) ds. 12T,

It follows that
(_1)n+1

(n—1)!
x/toos—t (ZQ z(t —0;))) — (t))ds,t>T.

Clearly, o = zo(t) is a bounded nonoscillatory solution of the equation (1). This

z(t)+z(t—7)=6+

completes the proof of Theorem 5. O

Remark 1. For the special case n = 1 or n = 2, Theorems 1-5 improve essentially
Theorem A and B by removing the restrictive conditions Hy) and Hy) and relaxing
the hypotheses Hy) and Hg).
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Remark 2. For the special case C(t) = —1, it is also possible that the equation (1)
has no nonoscillatory solution in spite of the fact that (4) and (5) hold. For example,
consider the neutral differential equation

dn

1
St —alt =) + o

(6) t(xx(t - U) = 07

where n is an odd integer, 7 > 0, 0 > 0, n < a < n+ 1. Clearly, (4) and (5) hold.
But, by Theorem 3.2 in [13], the equation (6) has no nonoscillatory solution.

Theorem 6. Assume that C(t) = —1 and that

(7) / PIQi(D)|dt < 00, i=1,2,...,m

(8) [MMﬂMM<m.

Then (1) has a nonoscillatory bounded solution.

Proof. By aknown result [5, Theorem 3.2.6], (7) and (8) are equivalent to

(9) Z/ t"HQ ()] dt < 0o, i=1,2,...,m
to+jT

and

(10) Z/ t"Hg(t)|dt < oo,
§=0 to+jT

respectively. We choose a sufficiently large T' > t(; such that

X o (e o) as <o

i=1
= () 1< < .
where Mg Orél:?%(l{fl(x) 1<i<m}
We define a closed, bounded and convex subset §2 of C([tg, o), R) as follows:
Q={z=2(t) € C([tp,0),R): 2< a(t) <4, t =t}
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Define a mapping S: 2 — C([tg,0), R) as follows:

34 i/w (s —t)"*

(n - 1)' j=1 t+jT

(Sz)(t) =9  « (Z Qi(s) fila(s — 0y)) — g(s)) ds, t>T,

t<T.

(Sz)(T), to

We shall show that SQ C Q. In fact, for every x € Q and t > T', we get

(S2)(t) <3 ,Z /ﬂﬁt (ZIQ 1fials = )] +la()]) ds

'Z/W (X 1@+ g(0)]) ds < 4.

i=1

N
N

Furthermore, we have

<&r><t>>3—ﬁ2/m (s—t)" (Z I |fila s—o—i>>|+|g<s>|)ds

j=1 t+51 i=1

Z5- (n—1 'Z/ﬂﬁ 1<§:|Qi(8)|ﬂ/fsJrlg(s)l)ds>2

i=1

Hence, SQ2 C Q.
We now show that S is continuous. Let zj, = z(t) €  be such that x4 (t) — z(¢)
as k — oco. Because ) is closed, x = z(t) € Q. For t > T, we have

(820 ~ (52)(0)
S [ (el — ) — ftats — o) ) s

i=1
Since |fi(xr(t — i) — filx(t —0;))] — 0 as k — oo for i = 1,2,...m, by applying
the Lebesgue dominated convergence theorem, we conclude that klim |(Szx)(t) —

(Sz)(t)|]| = 0. This means that S is continuous.
In the following, we show that S is relatively compact. By (9) and (10), for any
e > 0, take T* > T large enough so that

ﬁi/:w (MGZ@ )|+ lg( )I)ds<§.
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Then for x € Q, to >ty > T*

(82)(t2) — (S2)(11)]
n_1.2/+ “(Zl@ ) fia(s = o)l +lg(o)] ) a

cmm o, (S e aets —o+ o) as
L)
uZ/ "1<MGZIQZ )+ lg(s |)ds
ti+j7
67
AT

For T < t; < ty < T*, we choose a sufficiently large J € N such that T+ j7 > T*
if j > J. Forz € Q

(82)(t2) — (52)01)
& to+jT m
<mm [, o (et -l io) a

1+57
1 T ptatit " m ]
<7 " i
=) [ZA 71 (Mo 210 1o ) ds

m

o0 tot+jT
+Z/t , "1(MGZ|Q1 )| +1g(s |)ds]

j=J+1 7T

S ﬁ [Tﬂgsgﬁﬁul)r{ (M6Z Qi) +lgs |) }J(t2 )
+Z/ "1<MsZIQ )+ lg(s |>d8}

T*+j7
Thus there exists a d > 0 such that

[(Sz)(te) — (Sz)(t1)| <e, if 0 <ty—t1 <.
For any x € Q, tg < t; <ta < T, it is easy to see that

[(Sz)(t2) — (Sz)(t1)| =0 < e.
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Therefore {Sz: x € Q} is uniformly bounded and equicontinuous on [tg, c0), and
hence SQ is relatively compact. By Lemma 2 (Schauder’s fixed point theorem),
there is an xy € ) such that Sxy = x¢. That is,

(_1)11 - * n—1
i,

Jj=1

olt) = (ZQ Miloals — o) —als) ) ds, 131,

It follows that
D (N O £ (e — o)) s
) =2(-7) = G2 [T 60 (L @A) g ) s 15T

Clearly, o = zo(t) is a bounded nonoscillatory solution of the equation (1). This
completes the proof of Theorem 6. |

Remark 3. Only minor adjustments are necessary to discuss the neutral func-
tional differential equation

d’ﬂ

@[x(t) +Ct)x(t — 7))+ F(t,x(01(t)),...,x(om(t)) = g(t), t=to
where F': [tg,00) Xx R x ... X R — R is continuous and bounded, o;(t) — oo (i =
1,2,...,m) as t — oo, and m > 1 is an integer. We omit the details.

Acknowledgment. The author thanks the referee for useful comments and sug-
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