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Abstract. In our earlier paper [9], generalizing the well known notion of graceful graphs,
a (p,m,n)-signed graph S of order p, with m positive edges and n negative edges, is
called graceful if there exists an injective function f that assigns to its p vertices inte-
gers 0,1,...,g = m + n such that when to each edge uv of S one assigns the absolute
difference | f(u) — f(v)]| the set of integers received by the positive edges of S is {1,2,...,m}
and the set of integers received by the negative edges of S is {1,2,...,n}. Considering
the conjecture therein that all signed cycles Zj, of admissible length £ > 3 and signed
structures, are graceful, we establish in this paper its truth for all possible signed cycles of
lengths 0,2 or 3 (mod 4) in which the set of negative edges forms a connected subsigraph.
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0. INTRODUCTION

For terminology in graph theory we follow [18] and for that of signed graphs
(henceforth abbreviated as sigraphs) we refer the reader to [12], [13], [17], [21], [26].
Additional terms will be defined as and when necessary.

An ordered pair S = (S%,s) where S* = (V, E) is a graph called the underlying
graph of S and s: E — {+,—} is a function from the edge set E into {4, —}, is
called a signed graph (or sigraph in short). We let E+(S) = {e € E: s(e) = +}
and E~(S) = E — ET(S). Then the set E(S) = ET(S)U E~(S) is called the edge
set of S. The elements of E(S) (respectively, E~(S)) are called positive (negative)
edges of S. We shall regard graphs as sigraphs in which all the edges are positive
(or, all-positive sigraphs; all-negative sigraphs are defined similarly). A sigraph is
said to be homogeneous if it is either all-positive or all-negative and heterogeneous
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otherwise. Given a subsigraph H of S, by a negative (positive) section of H we mean
a maximal connected all-negative (all-positive) subsigraph of H.

Sigraphs were invoked by F. Harary [16] as appropriate prototype models to rep-
resent structures of cognitively dichotomic interrelationships in a social group. Ever
since, sigraphs have received much attention in social psychology (where they are
called sociograms) because of their extensive use in modelling a variety of cognition-
based social processes (e.g., see [1], [5], [13], [17], [21]).

Further intensive study of the topic has been due to their subsequently discovered
strong connections with many classical mathematical systems [2], [5], [10], [20], [21],
[25], [26] used in solving a variety of problems of theoretical and practical interest
(e.g., see [27]).

The notion of graceful graphs in graph theory (see [3], [4], [6], [7], [11], [14], [15],
[19], [22]-[24]) was recently extended to the class of sigraphs (see [8], [9]) as follows:

By a (p, q)-graph we mean a graph with p vertices and ¢ edges. By a (p,m,n)-
sigraph we mean a sigraph S = (S%,s) where S* = (V,E) is a (p,q)-graph,
|ET(S)] =m and |E~(S)| = n so that m +n = ¢. If f is a function assigning
distinct labels to the vertices of S from the set {0,1,2,..., ¢} such that when each
edge wv € E is assigned g¢(uv) = s(uv)|f(u) — f(v)| the ¢ edges receive all the inte-
gers from the set {1,2,...,m,—1,—2,...,—n}; such a labelling f is called a graceful
labelling of S. A sigraph which admits such a labelling is called a graceful sigraph
(see [9]). If E~(S) = 0 in the above definition one obtains the standard notion of
graceful graphs and graceful numberings of a graph (see [14], [15], [22]). In Fig. 1 we
depict some examples of graceful graphs and sigraphs.

Theorem 1 [9]. Let S = (S% s) be any (p, m,n)-sigraph such that S™ is an
eulerian graph. If S is graceful, then m? + n*> + m +n =0 (mod 4).

Corollary 1.1 [9]. If a signed cycle Zy, m +n =k > 3, is graceful then k = 0,2
or 3 (mod 4).

It was conjectured in [9] that the converse of Corollary 1.1 must also hold for all
k > 3. Further, the following result was obtained.

Theorem 2A [9]. If a heterogeneous signed cycle Z, of length k =0 (mod 4) is
graceful then the number of negative sections of odd lengths in Zj, is even.

In this paper, not only we shall establish the sufficiency part of Theorem 2A
when Zj contains exactly one negative section of any even length but also show
that Zx, 3 < k = 2 (mod 4) (or = 3 (mod 4)), is graceful when it has exactly
one negative section of odd length (respectively, of any length), thus settling the
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(2)

Figure 1.

above mentioned original conjecture in the special case when cycle contains exactly
one negative section. The case of determining graceful heterogeneous signed cycles
with more than one negative section appears rather involved and will be attempted

elsewhere.
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1. RESULTS

Everywhere in what follows and whenever mentioned, a signed cycle Zj of length
k > 3 is assumed to be imbedded in the Euclidean plane as a polygon without any of
its edges crossing another at any point including its corners that represent vertices of
the sigraph. Hence, first of all, we shall establish the following partial result towards
the sufficiency part of Theorem 2A.

Theorem 2B. If Z;, 4 < k =0 (mod 4), is a signed cycle consisting of just one
negative section of even length then Zj is graceful.

Proof. It is enough to provide a graceful labelling of Z;, whose sign structure
is as laid down in the hypothesis, with m and n denoting respectively the lengths of
positive and negative sections in Zj. To this aim, we define a graceful labelling v
of Zj, as follows: Let the vertices of Z; be labelled consecutively as wuq,us, ..., ux
along any one of the two directions of traversing its edges (i.e., clockwise or anti-
clockwise), with u; appearing as the second vertex of the negative section along the
chosen direction of traversing the edges of Zj.

Case 1: n = %k In this case, we let

Y(u;) = 3(i—1) fori € {1,3,5,...,n — 1};
Y(u;) =n— fiforie{2,4,...,n};
Y(u;) =k —gm+1+ L%(zfnf?))J for odd integersi € {n+1,n+3,...,k —1};
Y(u;) =k —gm+1—[3(i —n)+ 1] for even integers i € {n+2,n+4,....k—2},
and
Y(ug) = n.
Then, the induced edge function g, yields the edge labels
{9y (uiiv1) = s(uivip1)[¥(us) — (uiv)]
= s(ujuig1)|n—i: i€ {1,2,...,n—1}} ={-1,-2,...,—(n - 1)}
{gu(uiuisr) = s(usuirn) [P (ui) = (uir)|
— s(usus)| 136 —n—2)) + (36— n) + 1)
=s(uui)li—nl: i€ {n+1n+2,... . k—2}}={1,2,..., 3k — 2}
Gu(Untint1) = 5(Untn1)[Y)(un) = P(un41)|
zs(unun+1)|k+1——m+L (n—-m—-2)] —n+ n| 3k
gy (uptp—1) = s(upur—1) |t (ue) — P (up—1)|
= s(upur—1)|n— (k+1—im+ |§(k—n—4)])| =3k -1,
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and

gy (urug) = —n.

Case 2: nisevenand 2 < n < %k In this case, let

P(u;) = 3(i— 1) for i € {1,3,5,...,n — 1};

P(u;) =n—Liforie {2,4,.. };
w(ui):k*%erlﬁLL%(Z*nfl)Jforoddintegersie{n+1,n+3’___7k,1};
G(ui) =k —fm+1—|3(i—n)]

for even integers i € {n+2,n+4,...,k —t} where m —n = 2t;
Y(u)) =k—gm+1—[3(i—n)+1]
for even integers i € {(k —t) +2,(k—t)+4,...,k—2},

and

Y(ug) =n.

Then, the induced edge function g, yields the edge labels

{9y (uinip1) = s(uivipr) v (wi) — P (uisa)|

= s(uiuip1)|5(i — 1) = n+ 5(i +1)]

= s(ujuigr)n —il: i €{1,2,...,n—-1}} ={-1,-2,...,—(n—1)};
{gu(uivitr) = s(uivirr) [ (ui) — Y (uir)] = s(uiui)| [5G —n)] + [5G —n)]]

=s(ujuip)|i—nl: i €{n+1,n+2,... k—t}} ={1,2,...,m—t}
{9 (winip1) = s(uivipr) [ (ui) = (uig)] = S(Uzuz+1)| [3(i—n)+1]+ L (i —n)]|

=s(uuip)|i—n+1:ie{k—t+Lk—t+2,....k—2}}
={m—-t+2,m—-t+3,....m—1}
9¢(unun+1) = S(Unun+1)|1/)(un) - 1/)(un+1)|

= s(ununy1)|k +1— —m - §n| = %k +1
gy (up—1ug) = s(up—1ug) [ (up—1) — ¥(ur)|
= s(ugur—1)|k +1— —m + L%(z —n—1)] —n|
= s(ug—1uk)|k —n| =m,
and
gy (urug) = —n.
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In each of the above cases, the injectivity of 1 is straightforward to see by its very
definition. Also, in each case, we have seen separately above that the induced edge
labelling gy is also injective, thus completing the proof. O

The above theorem is illustrated in Fig. 2.
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Figure 2.

Theorem 3. Let Zj be a heterogeneous signed cycle of length k = 2 (mod 4). If
Zy, is graceful then the number of negative sections of odd lengths in Zj, is odd.

Proof. Let Z; be any heterogeneous signed cycle of length k£ > 2, k = 2
(mod 4) possessing a graceful numbering f and let l1,1s,. .., [, be the lengths of the
negative sections, r > 1. Suppose that the number of the negative sections of odd
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lengths in Zj, is even, say 2x for some positive integer . Without loss of generality,
we may assume I, la, ..., la,; to be the odd ones. Let l; = 2a;+1fori € {1,2,...,2x}
and [; = 2b; for i € {2z + 1,22 + 2,...,r} where a; is nonnegative integer and b; is
a positive integer. Then

n = Z li + Z li =2u

i€{1,2,....2z} i€{2z+1,2z+2,...,r}

and hence m = k —n = (4da+ 2) — 2u = 2(2a — u + 1) where a and u are positive
integers. Then

m?>+n*+mtn=((k-n+n>+(k—n)+n
= ((4a + 2) — 2u)* + 4u® + 4a + 2
= (4a +2)® + 4u® — 8u(2a + 1) + 4u* + 4a + 2
= 16a* + 20a + 6 + 8u? — 16au — 8u = 2 (mod 4),

a contradiction to the hypothesis. Therefore, the number of negative sections of odd
lengths in Z; must be odd as claimed. (I

Since we are considering heterogeneous signed cycles having exactly one negative
section in this paper, in the case of signed cycles whose lengths are congruent to
2 (mod 4) integers, Theorem 3 implies that if such a signed cycle is graceful then
its only negative section must have an odd length. The following result shows that
every such signed cycle is indeed graceful.

Theorem 4. Let Z; be a heterogeneous signed cycle of length k = 2 (mod 4)
having exactly one negative section of odd length. Then, Z;, is graceful.

Proof. It is enough to provide a graceful labelling of Z;, whose sign structure
is as laid down in the hypothesis, with m and n denoting respectively the lengths of
the positive and negative sections in Zj. To this aim, we define a graceful labelling v
of Z;. as follows: Let the vertices of Z; be labelled consecutively as w1, us, ..., ux
along any one of the two directions of traversing its edges (i.e., clockwise or anti-
clockwise), with ujus as the first edge of the negative section.

Case 1: n = 1. In this case, we let

i for even integers i € {2,4, ..., %k —1};
(i +2) for even integers i € {1k + 1,2k +3,...,k};
(i — 3) for odd integers i € {3,5,...,k — 1}.

<
—~ =~ =
15
I
T N = O
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Then, the induced edge function g, yields the edge labels

g (wun) = s(uruz)[vh(ur) — P (uz)| = —1;
{9 (uitip1) = s(uiuiyr)|k — (i — 2) — &
(wivis1)|k —i+1]: i €{2,3,..., 5k — 1}}
k+2,4k+3,...,k—1}
iuiy1) |k — 5(1*2)7 1 +2)
UjUg

)|k —il i€ {3k, sk +1,.. . k—1}} ={1,2,..., 3k},

{

{9y (uiniv1) = s(u
s(u

and
gy (urug) = s(urug)[p(ur) — (ur)| = 3k + 1.

Case 2: n = %k In this case, without loss of generality we assume wjuy as the first
negative edge of the negative section and we let

Y(u;) = 1(i—1) for i € {1,3,...,n};

Y(u;) =n— 4ifori € {2,4,. 71};

Y(u) =k —3(m—1)— §(zfn+1) for even integers i € {n+1,n+3,...,k},
and

Y(u;) =k — $(m—1)+ (i —n — 2) for odd integers i € {n+2,n+4,...,k—1}.

Then, the induced edge function g, yields the edge labels

{gv(uitiy1) = s(uinipr)[¥(wi) = P(uirr)]
= s(usuiyr)n —il: i €{1,2,...,n—-1}} ={-1,-2,...,—(n—1)};
{gv (winisr) = s(uiuir)[P(us) — P (ui)| = s(uiitr)| 560 —n—2) + 5(i —n +2)|
=s(ujuip))i—nl: ie{n+1,n+2,...,k—1}}={1,2,...,(m—1)};
9o (Uunting1) = s(unting1) ¢ (Un) = ¢ (Unt)]
= S(untin s )| 50— 1) — k+ S(m — 1) + 1] = 3k,
and

gy (urug) = s(urug) [ (ur) — Y(ug)| = s(urug) |k —m| = —n.

Case 8: nisodd and 1 < n < %k In this case also without loss of generality, we
assume ujuy as the first negative edge of the negative section and we let

w(ui)Z%(z—l) forie {1,3,...,n};
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Y(u;) =n— fiforie{2,4,...,n—1};
$l) = k— bm —1) = 5 —n —1)

for even integers i € {n+1,n+3,...,k —t}, where m — n = 2t;
V) =k = Hom = 1) = Hi —n+ 1)

for even integers i € {(k —t) +2,(k —t) +4,...,k},

and

(i) =k — 5(m —1) + 3(i —n)
for odd integers i € {n+2,n+4,... . k—1}.

Then, the induced edge function g, yields the edge labels

{g¢(uiviv1) = s(uiuiv1) [P (wi) — Y(uit1)]
= s(ujuigr)|n —i: i€ {1,2,...,n—1}} ={-1,-2,...,—(n = 1)};
{9y (wiviy1) = s(uivit) [ (wi) — P(uitr)]
=s(uuip))i—nl: ie{n+1,n+2,....k—t}} ={1,2,...,m —t};
{gp(uiniv1) = s(uiuiv1) [P (wi) — Y(uit1)]
=s(uuip))i—n+1:ie{k—t+1L,k—t+2,....k—1}}
={m—-t+2,m—t+3,...,m};
gw(unun-i-l) = S(Unun-&-l)W(un) - w(un-i-l)l
= S(untin )0 — 1) — b+ S(m — 1) = 2+ 1,
and

gy (urug) = s(urug) [P (ur) — Y(ug)| = s(urug) |k —m| = —n.

The injectivity of 1) is straightforward to see by its very definition of the above in
each case. Also, in each case, we have seen separately above that the induced edge
labelling gy is also injective, thus completing the proof. O

Fig. 3 illustrates the findings of Theorem 4.

In the theory of graceful graphs, it is well known (e.g., see [14]) that the cycle Cy, is
graceful for all values of k¥ =3 (mod 4). This conclusion can be extended to certain
signed graphs on C} as found in our next result.
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Theorem 5. If a signed cycle Zy, k = 3 (mod 4), contains exactly one negative

section then it is graceful.

Proof.
is as laid down in the hypothesis, with m and n denoting respectively the lengths of

It is enough to provide a graceful labelling of Z; whose sign structure

the positive and negative sections in Zj. To this aim, we define a graceful labelling v
of Zj, as follows: Let the vertices of Z; be labelled consecutively as uq,us, ..., ux
along any one of the two directions of traversing its edges (i.e., clockwise or anti-
clockwise), with u; appearing as the second vertex of the negative section along the
chosen direction of traversing the edges of Zj, so that the edge ujuy is negative.
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Case 1: k> 7 and n = 1. In this case, we let

Y(u) =0 and ¢Y(ug) =1;
Pui) =k —[5(m—1)] +
P(ui) =k —|5(m—1)] -

(i — 2) for even integers i € {2,4,...,k—1};
(i — 1) for odd integers i € {3,5,..., 3(k + 3)},

N N

P(u) =k —[z(m—1)] - 3(-2)—1
for odd integers i € {1(k +7), 3(k +11),...,k — 2}.

Then the induced edge function g, yields the edge labels

gy (urur) = s(urug)|(ur) — (ue)| = s(urug)|0 — 1| = —1;
{gv(vivit1) = s(uivit1) P (us) — (uit1)|
= s(uiuip1)|3(i — 1) + 3 — 1)
= s(usuit1)]i — 1] i € {2,3,..., 3(k+3)}}
={1,2,3,...,3(k+ 1)}
{9y (winit1) = s(uuir1)[P(ui) = P(uigr)| = s(uguirn)|3 (l —2) + (i +2)|
= s(wiuiy1)|i]: i € {3(k+5),2(k+7),...,k—2}}
{3(k+5),5(k+7),....k—2}
gy (urus) = s(urua) [ (ur) — P (u2)| = s(uruz)k — [5(m —1)]|,

and

gy (up—1uk) = s(ug—1uk) | (ug—1) — ¥ (uk)|
= s(up—rup)lk — [3(m— 1)+ 3(k—=3)—1|=k—-1=m

Case 2: k >3 and n = [3k]. In this case, we let

Y(u;) = 3(i— 1) for i € {1,3,...,n};
Y(u;) =n— i for i € {2,4, nfl};
W(us) =k = 5(m = 1)) + L(Z—nfs)J

for even integers i € {n+1,n+3,...,k —1};

P(ui) =k —[5(m—1)] =[50 —n+2)]
for odd integers i € {n +2,n+4,...,k— 2},
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and
Y(uk) = n.

Then the induced edge function g, yields the edge labels

Uittig) | (i) — P (uis1)]
UiUi41 |TL*Z| i€ {1327-'-7”'71}} = {717727'-'57(7171)};

{9¢(Uiuz‘+1) = s(u )
( )

{gv(winis1) = s(uinip1) [ (ui) — Y(uit1)]
( )
( )

= s(uiuip1)|[5(i —n+2)] + |56 —n—2)]]
= s(uuip1)|i —n|: i e{n+1,n+2,....,k—2}}
9y (Untni1) = s(u nun+1)|1/)( n) = Y(uni1)]
= Sttt )| 50— 1) — b+ | — 1)) + 1)
o (ur—1ur) = s(ur—rup)[P(ur—1) — P(ur)]
= s(ur—1ur)|(k = [3(m = 1)] + [5(k —n—4)]) —n[=m 1
and
gy(urug) = —n.
Case 3: nis odd and 1 < n < [1k]. Then, we let
Y(u;) = 3(i—1) for i € {1,3,...,n};
Y(u;) =n— Liforie{2,4,.. —1};
Y(ui) =k —(gm—1)+ |3 (l—”—l)J

for even integersi € {n+1,n+3,...,k—1};
Y(u;) =k — (3m — 1) — 3(i — n) for odd integers i € {n +2,n+4,...,k — t},

and

$l) =k~ (bm — 1) = 3 —n+2)
for odd integers i € {k+2—t,k+4—t,...,k}, where t = 1(m — n — 1).

In this case, the induced edge function g, yields the edge labels

{9y (wiviy1) = s(uguir) [ (ui) — P(uipr)]
= s(ujuit1)|n—i|: 1 € {1,2,...,n—-1}} ={-1,-2,...,—(n— 1)}
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{gv(uivit1) = s(uiuirn) ¥ (ui) = Y(uis1)| = s(uiuirr)|5(0 = n) + 3 —n)|
=s(uuip)i—nl: i e{n+1,n+2,....k—t}} ={1,2,3,...,m —t};
Gy (Untni1) = $(UnUni1)[¥(un) — ¥ (uni1)]
= 5(untns1|s(n—1) = (k— im+ 1) =m —t + 1;
{9y (wivit1) = s(uittipr) 1 (ui) — P (uiga)]
=s(uug)|i —n+1:ie{k—t+1,k—t+2,...,k—1}}
={m—-t+2,m—t+3,...,m},
and
gy (urug) = s(urug)|k — m| = —n.
Case 4: n is even and 2 < n < | $k]. In this case, we let
Y(ug) = 3(i — 1) fori € {1,3,...,n — 1};
Y(u;) =n— Liforie{2,4,.. };
$) =k~ Hm 1)~ 36— n— 1)
for odd integers i € {n+1,n+3,...,k—t—2}
V) = k= m 1) = 3 —n +1)
for odd integers i € {k —t,k+2—1t,...,k}, where t = £(m — n — 3),
and
¥(u;) =k — $(m — 1) + (i — n) for even integers i € {n+2,n+4,. —1}.
In this case, the induced edge function g, yields the edge labels
{gv(uitiy1) = s(uinipr)[¥(wi) = P(uiry)]
= [n—i: 1€{1,2,...,n—=1}}={-1,-2,...,—(n—1)};

(uiuit1)
S(uinisn)
{9y (winip1) = s(uivipr) |y (ui) — P (uisa)|
s(uiuip1)fi —nl: ie{n+1,n+2,....,k—t—2}}
={1,2,3,....,m—t—2};

9¢(unun+1) = S(Unun+1)|1/)(un) - 1/)(un+1)|

S(untin 1k — Lm — 1) — Inf = L0k + 1)

{9u (uiniv1) = s(uivir1)[¥(us) — P (uig)]

s(uiuip)i —n+1|: ie{k—t—-1,k—t,...,k—1}}
{m—-t,m—t+1,...,m},
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and
gy (urug) = s(urug)|k — m| = —n.

The injectivity of ¢ can be seen straightforwardly by its very definition, in each of
the above cases. Also, in each case, the induced edge labelling g, has been verified

to be injective, which completes the proof. O

We illustrate the findings of Theorem 5 in Fig. 4.
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Figure 4.
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2. CONCLUDING REMARKS

Thus, we have determined all the possible graceful signed cycles Zj, for all integers
k>3,k=0, 2 or 3 (mod 4), each consisting of just one negative section. However,
the problem is open for such cycles containing more than one negative sections.

In general, determining graceful sigraphs in which more than one negative sections
exist seems to be a hard problem. Graceful labelling of signed graphs provide an
insight into more general problem of finding a unified model for automatic continuous
coding of monochromatic factors in an edge-packing of a graph as mentioned in [8].
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