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Abstract. We denote by K the class of all cardinals; put K’ = KU{oo}. Let % be a class
of algebraic systems. A generalized cardinal property f on % is defined to be a rule which
assings to each A € € an element fA of K’ such that, whenever Ay, Ay € € and A1 ~ As,
then fA; = fAs. In this paper we are interested mainly in the cases when (i) € is the
class of all bounded lattices B having more than one element, or (ii) ¢ is a class of lattice
ordered groups.
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1. INTRODUCTION

This paper can be considered a continuation of the author’s article [6].

We denote by K the class of all cardinals. Put K’ = K U {oo} and let € be a
class of algebraic systems.

A generalized cardinal property f on % is defined to be a rule which assigns to
each A € ¥ an element fA of K’ such that, whenever A; and A, are isomorphic
algebraic systems belonging to %, then fA; = fAs.

In particular, if fA € K for each A € €, then f is called a cardinal property on %
This terminology is in accordance with Pierce [9], where ¥ is the class of Boolean
algebras; Monk [8] and van Douwen [3] apply the term “cardinal function on Boolean
algebras”.

This work was supported by VEGA grant 2/1131/21.
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Analogous terminology can be used in the case when ¥ is a class of topological
spaces. For results and references on cardinal functions on Boolean spaces cf. the
expository article by van Douwen [4].

Some cardinal properties on Boolean algebras introduced by Pierce [9] were applied
for studying radical classes of generalized Boolean algebras [7].

2. PRELIMINARIES

Let K’ be as above. For each a € K we put o < oo. The relation < in K has the
usual meaning.

We denote by % the class of all bounded lattices having more than one element.

Let f be a generalized cardinal property on the class Z. A lattice L is called
f-homogeneous if fL; = fLy for any two convex sublattices L; and Lo of L such
that L, and L, belong to A.

We say that f is increasing (decreasing) if fL1 < fLs (or fL1 > fLo, respectively)
for any pair Ly, Ly € % such that Ly is a convex sublattice of L.

For lattice ordered groups we apply the notation as in [1] and [2]. Let % be
a nonempty class of lattice ordered groups which is closed with respect to isomor-
phisms.

Let f be a generalized cardinal property on the class 4. We define f to be
increasing (decreasing) if, whenever G; # {0} is a convex f{-subgroup of a lattice
ordered group Gy and G1,G2 € ¢, then fG1 < fG3 (or fG1 > fGa, respectively).

A lattice ordered group G is called f-homogeneous if fG; = fG2 whenever Gy
and Gy are non-zero convex ¢-subgroups of G such that G1,Gs € 4.

The investigation made in [6] concerned mainly the case of increasing cardinal
properties on % which are related to certain properties of lattice ordered groups.
In the present paper we show that some results from [6] remain valid for decreasing
cardinal properties on 4.

We denote by R the additive group of all reals with the natural linear order. If no
misunderstanding can occur, then R denotes also the underlying lattice.

Examples.

2.1. For L € # we put fi1L = card L. Then f; is an increasing cardinal property
on the class #. The lattice R is fi-homogeneous.

2.2. Let ¢ be the class of all lattice ordered groups. For G € ¢ we set foG =
card G. Hence fy is an increasing cardinal property on &. The lattice ordered
group R is fo-homogeneous.

Let o be a cardinal, o # 0. For the notion of a-distributivity and complete dis-
tributivity of a lattice cf., e.g., [1]. We define each element of % to be 0-distributive.
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2.3. Let L € A. If L is completely distributive, then we put f3L = oo. Otherwise
there exists a cardinal 8 such that
(i) L is not [-distributive;
(ii) if By is a cardinal with 5 < §, then L is (;-distributive.
We put f3L = 3. Then f3 is a decreasing generalized cardinal property on Z.
Analogously we define the generalized cardinal property f} on the class 4.

2.4. For G € 4 we denote by MC(G) the set of all maximal chains in G. Put
f4G = min{card X: X € MC(G)}.

Then f; is a cardinal property on ¢ which is neither increasing nor decreasing.

2.5. Let B # 0 be a cardinal and let L € %. The lattice L is called -complete if,
whenever X is a nonempty subset of L with card X < (3, then sup X and inf X exist
in L. We define f5L as follows. If L is complete, then we put f;L = co. Assume
that L fails to be complete. Then there exists v € K such that L is not y-complete
and L is y; complete for v; < y. We put f5L = 7.

3. THE CARDINAL PROPERTIES f! AND f2

Let # be as above and let {0} # G € ¢4. Further, let f be a generalized cardinal
property on 4. Then we consider the cardinals fL where L is an interval of G
belonging to #; the set of all these cardinals will be denoted by 7.

We will deal with the following conditions:

(c1) Ift; € G,0 < t; (i =1,2), f]0,t1] = f[0,t2] and if the intervals [0,¢4], [0,t2] are
f-homogeneous, then f[0,¢; + t2] = f[0, ¢1].

(co) ft,eG(n=1,2,...),0<t; <ta < ..., Vt, =1, f[0,t1] = f[0,¢,] and if the
intervals [0,t,] (n = 1,2,...) are f-homogeneous, then f[0,¢] = f[0,t1].

The main results of § 1 in [6] are as follows.

(A) ([6, Theorem 1.6]) Let f be an increasing cardinal property and let (c1) be valid.
For any o € &7 and g € G let G4(g) be the family of all convex sublattices L
of G such that ¢ € L and f[t1,t2] = « for each nontrivial interval of L. Let
G.(g) be partially ordered by the set-theoretical inclusion. Then (i) any family
G.(g) contains a greatest element (this will be denoted by B,(g)); (ii) Ba(0)
is an f-ideal of G and B, (g) = B, (0) + g; (iii) Ba(g9) N Bg(g) = {g} for any
fbed, [+#a.

(B) ([6, Theorem 1.21]) Let G be a complete lattice ordered group and let f be
an increasing cardinal property satisfying (c1) and (cz). Then G is isomorphic
to a complete subdirect product of f-homogeneous lattice ordered groups. If

1037



G is also laterally complete, then it is isomorphic to a direct product of f-
homogeneous lattice ordered groups.

We remark that the notion of complete subdirect product of lattice ordered groups
was introduced by Sik [10].

By using the same steps as in [6] we can verify

3.1. Proposition. The assertions of (A) and (B) remain valid if the assumption
(i) f is an increasing property on %
is replaced by the assumption

(ii) f is an increasing generalized cardinal property on 4.

For L € % we denote by C(L) the set of all elements a of K’ having the property
that there exists a convex sublattice L1 of L such that L1 € & and fL; = a. Put

f'L=supC(L), f*L=infC(L).
Then we obviously have

3.2. Lemma. Let f be a generalized cardinal property on B. Then
(i) f! is an increasing generalized cardinal property on %;
(ii) f? is a decreasing generalized cardinal property on %;
(iii) if L is a lattice such that L is f-homogeneous, then L is f'-homogeneous and
f2-homogeneous; if, moreover, L € &, then f'L = f?L = fL.

We will apply also the condition
(c3) If 0 < t € G and if the interval [0,¢] is f!-homogeneous, then it is f-homoge-
neous.

The conditions (c1) and (c2) for a cardinal property f were investigated in [6].

3.3. Lemma. Assume that (cy) is valid. Let t; (i = 1,2) be as in the assumption
of (c1). Then the interval [0,t1 + t2] is f-homogeneous.

Proof. Let [u,v] C[0,t; +t2], u < v. It suffices to verify that f[u,v] = f[0,t].
Denote (cf. Fig. 1)

u1:t1/\u, v1:t1/\v,
U =t1Vu, v9 =11V,

p=viAu, q=u2Vuv, 1r=v1Vu.
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Then we have
upAv=_HVu)Av=_t1 Av)V(uAv)=v;Vu=r.

Let us denote by ~ the relation of projectivity of intervals of the lattice G. Since
G is distributive, we get

[pv vl] ~ [u,r], [Tv ’U] ~ [u27Q]'

a) Assume that p = v;. Then v = r, whence [u,v] = [r,v]. Since the interval
[t1,t1 + 2] is isomorphic to [0, t2], it is f-homogeneous and hence

flusv] = flu,q] = flt1,t1 + t2] = f[0,22] = £[0, t1].

b) If uy = ¢, then we proceed analogously as in the case a).
¢) Suppose that v; # p and us # ¢. Denote

r=r—u, v =v-—u.
Then 0 < v’ and 0 < v' — /. Further, we have:
(i) the interval [0, r'] is isomorphic to [u, 7], hence it is f-homogeneous and f[0, '] =
f10,ta];
(ii) the interval [0,v’ — 7] is isomorphic to [r,v], thus it is f-homogeneous and
f10,0"=7'] = f10, ],
In view of (i) and (ii) we can apply the condition (c1) to the elements v/ — 7’ and
r'; we obtain

f[o,?}/] = f[o,’U/ - T/] = f[ovtl]'
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The intervals [0, v'] and [u,v] are isomorphic; therefore

f[’u”v] = f[ovtl]
t

3.4. Lemma. Assume that (co) is valid. Let t; (i = 1,2,...) and t be as in the
assumption of (c3). Then the interval [0,t] is f-homogeneous.

Proof. Let [u,v] C[0,t], u < v. It suffices to verify that f[u,v] = f[0,¢1]. Put
ti=tinv (i=1,2,...).

Then
v:v/\t:v/\\/ti:\/v/\t \/t’

Hence there exists i(0) € N such that ], > 0.

Let i(0) have this property. Then [0,/ (0)] € % and (0,1 (0)] C [0,%(0y], whence
[0, 0] is f-homogeneous and f[0,t} ] = f[0,%1].

Denote t/ =t, vV u (i > i(0)). We have

(1) v=uVuv=uV \/ t, = \/ (uVt)) \/ ty.

i>4(0) i>4(0) i>i(0)

Hence there exists i(1) > i(0) such that ¢j(;) > u.

Let i > i(1). Put ¢; = t; Au. Then the interval [u,t]] is projective to the interval
[gi,t;] and [g;,t;] € [0,¢]]. Hence [g;,t;] is f-homogeneous and f[g;,t;] = f[0,t1].
Then we obtain that [u,t/] is f-homogeneous and fu,t!] = f[0, 1].

Put v* = v —u and ¢tf = ¢/ — u for each ¢ > i(1). Thus the intervals [0,¢]]
and [u,t]] are isomorphic, whence [0,tf] is f-homogeneous and f[0,t] = f[0,].

Further, (1) yields
K

i>i(1)

and from this we infer

Hence by applying (c2) we obtain f[0,v*] = f[0,¢1]. Since the intervals [0, v*] and
[u, v] are isomorphic we get flu,v] = f[0,¢1]. O
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3.5. Lemma. Assume that the conditions (c1) and (c3) are valid. Then (cy)
holds for f!.

Proof. Lett; € G,0<t; (i=1,2), f1[0,#1] = f1[0,2]. Assume that [0,¢;] and
[0, 2] are f!l-homogeneous. Then in view of (c3), [0,¢1] and [0, 5] are f-homogeneous.
Hence 3.2 (iii) yields that f1[0,t;] = f[0,¢;] (i = 1,2). Thus f satisfies (c;). Then
3.3 implies that [0, + t2] is f-homogeneous. By applying 3.2 (iii) again we get

FHO,t1 +to] = F[0, 81 + ta] = f[0,t1] = f1[0, 1]

Similarly we can prove

3.6. Lemma. Assume that the conditions (c2) and (c3) are valid. Then (c2) holds
for f1.

From 3.1-3.6 we conclude:

3.7. Theorem. Let G € ¢ and let f be a generalized cardinal property on %
such that the conditions (c¢1) and (c3) are satisfied. Then the assertion of (A) is
valid.

3.8. Theorem. Let G be a complete lattice ordered group and let f be a
generalized cardinal property on % such that the conditions (c1), (c2) and (c3) are
satisfied. Then the assertion of (B) is valid.

4. DECREASING GENERALIZED CARDINAL PROPERTIES

In the present section we investigate the question whether in Theorem (A) and
Theorem (B) the assumption that f is an increasing cardinal property on % can
be replaced by the assumption that f is a decreasing generalized cardinal property
on A.

We show that the answer to this question is affirmative.

Let G be a lattice ordered group, G # {0} and letf be a decreasing generalized
cardinal property on .

For X C G we put

X°={ge: |g|A|z| =0 for each z € X}.
Further, for () # X; C G and () # X2 C G we write X;6X» if X; C X3.
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An interval [u, v] of G is called nontrivial if u < v.

Analogously to the terminology applied in [6] we introduce the following notation.
Let 7 be the set of all @ € K’ such that there exist a,b € G with a < b, f[a,b] = «.
For each a € &/ we put

Xl={reG: x>0, f[0,u] >a}uU{0},
Y ={yeG:y>0, f0,y] >a}uU{0},
zZh = (v, AL =X1nZz.

[e3

We recall that in [6], the sets
(1) XGH YOH Za a'nd Aa

were defined in an analogous way with the following distinctions:
(i) in X,, instead of f[0,x] > « the relation f[0,z] < « was used,;
(i) in Y,, instead of f[0,y] > « the relation f[0,y] < « was applied.

4.1. Lemma. Assume that (cq) is valid. Let « € o/. Then
(i) the set A, is an ideal of the lattice G* and a subsemigroup of G;
(ii) fla,b] = « for each nontrivial interval [a,b] of A,;

(iii) AadAg for B € o, B # .

Proof. If suffices to apply the same method as in the proof of 1.1 in [6] with
the obvious modifications which are due to the above mentioned distinctions (i) and
(i). O

Now, 1.2-1.5 from [6] remain valid together with their proofs if the symbols
from (1) are replaced by

(2) X2 vl zl and AL
4.2. Theorem. Let f be a decreasing generalized cardinal property on % and
assume that (cy) Is satisfied. Then the assertion of (A) is valid.

Proof. It suffices to apply the same argument as in the proof of 1.6 in [6]. O

For any o € o let A, be the set of all elements ¢t € G that can be written in the
form t = \/t; where {t;} C A,. Further, we denote by B, the set of all elements
t € G such that there exist t1,ty € A, with —t; <t < to.

By the same arguments as in the proofs of 1.7 and 1.7.1 of [6] we obtain
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4.3. Lemma. Let o € &/ and assume that the condition (c1) is satisfied. Then
B, is an (-ideal of G. If 3 € &/ and 8 # «, then B, N Bg = {0}.

The same arguments which were used in proving Theorem 1.15 and Theorem 1.21
in [6] show (by an application of 4.3)

4.4. Theorem. Let G be a complete lattice ordered group. Assume that f is a

decreasing generalized cardinal property on 8 and that the condition (cy) is satisfied.
(i) G is isomorphic to a complete subdirect product of the system (Ba)ac.or -

(ii) If, moreover, G is laterally complete, then G is isomorphic to the direct product

of the system (Bgy,)acer-

4.5. Theorem. Let G be a complete lattice ordered group and let f be a
decreasing generalized cardinal property on 9. Assume that the conditions (c1) and
(co) are satisfied. Then the assertion of (B) is valid.

Let us consider the condition
(c4) If 0 < t € G and if the interval [0,¢] is f2-homogeneous, then it is f-homoge-
neous.

By a method analogous to that used for proving 3.8 we obtain from 4.5

4.6. Corollary. Let G be a complete lattice ordered group and let f be a
generalized cardinal property on 9. Assume that the conditions (c1), (c2) and (c3)
be satisfied. Then the assertion (B) is valid.

Again, let f be a generalized cardinal property on the class #. Let G # {0} be a
lattice ordered group. We put

f°' = sup{card[u,v]: [u,v] is a nontrivial interval of G}.

Further, let f°2 be defined analogously with the distinction that sup is replaced
by inf.

Let % be the class of all lattice ordered groups G with G # {0}. Then f°! (or,
f%2, respectively) is an increasing (decreasing) generalized cardinal property on the
class 4.

Let us denote by ¢(G) the underlying lattice of G. If G € % and the lattice
¢(G) is f-homogeneous, then the lattice ordered group G is f°!-homogeneous and
f%2-homogeneous.

Hence in view of 3.1 and according to (B) we have
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4.7. Corollary. Let f be an increasing generalized cardinal property on 9% and
let G € 4, be such that the conditions (c1) and (co) are satisfied. If G is complete,
then it is isomorphic to a complete subdirect product of lattice ordered groups which
are f%'-homogeneous and f°?-homogeneous.

According to 4.5, in 4.7 we can replace the assumption that f is increasing by the
assumption that f is decreasing.

It is well-known that the system of all convex ¢-subgroups of a lattice ordered
group is a complete lattice (under the partial order defined by the set-theoretical
inclusion).

Let T be a nonempty subclass of ¢4 such that

(i) if G € T and G, is a convex ¢-subgroup of G, then G; € T
(i) if G € 4 and {G;}icr is a nonempty system of convex ¢-subgroups of G which
belong to T, then \/ G; € T.

The class with these ZIfrloperties is called a radical class.

Let f be a generalized cardinal property on the class % and let o € K’. We denote
by T(f,«) the class of all lattice ordered groups G such that f[u,v] = « for each
nontrivial interval of G.

The class T(f,«) is nonempty since the zero lattice ordered group belongs
to T(f, a).

4.8. Proposition. Let f be a generalized cardinal property on the class 9 such
that

(i) f is either increasing or decreasing;
(ii) for each G € %, the condition (c1) is satisfied.
Then T'(f, o) is a radical class.

Proof. If f is increasing, then the assertion is an easy consequence of (A) and
of 3.1. If f is decreasing, then we have to apply 4.2 instead of (A). O

5. a-COMPACTNESS

Let a # 0 be a cardinal and let .2y be the class of all lattices having the least
element.

The notion of a-compactness of subsets of a Boolean algebra was dealt with by
Pierce [9].

We slightly modify the definition from [9] in order to have the possiblity to apply
this notion for subsets of lattices belonging to .%.
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Let L € % and let x( be the least element of L. A nonempty subset D of L will

be called a-compact if, whenever C is a nonempty subset of D such that
(i) cardC < «,

(ii) inf F' > z( for each nonempty finite subset F of C,

then there exists a lower bound z of C' with xy < x.

Let L € A. If L is a-compact for each cardinal « # 0, then we put f.L = oo.
Otherwise there exists a least cardinal 8 such that L fails to be S-compact; in this
case we set f.L = 3. Then f. is a decreasing generalized cardinal property on the
class A.

5.1. Lemma. Let G € 4, a,b € G, 0 < a, 0 < b. Suppose that the intervals [0, a
and [0,b] are a-compact. Then the interval [0, a + b] is a-compact as well.

Proof. Let C be a nonempty subset of [0,a + b] satisfying the conditions (i)
and (ii) above. For each ¢ € C' we denote

clza/\c, 02:a\/c, A =—c+e

We have —c! +c¢ = —a + c2, hence
S =—a+c

We distinguish two cases.

a) There exists ¢; € C with ¢} = 0.

b) ¢} > 0 for each ¢; € C.

Suppose that a) is valid. Then ¢3 > 0 for each c; € C. Indeed, assume that
c1,¢0 € C and ¢} =0 = c3. Then

cy =cy+ch=ch€0,al,

whence
0<aaAhNes<L<aaNha=c1 =0

and thus ¢; A ca = 0, which contradicts the condition (ii). Thus ¢3 > 0. Further,
c? > a for each c € C.
Let ¢; be as above. Let F' be a nonempty finite subset of C'. Denote

C?={c?: ccC}, F?={c* ceF}.
Then we have card C? < a.
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In view of (ii) there exists fo € G such that
(1) 0< fo<c foreach ce F.

In particular, we have

fo<a
Then
0< fohna<cgNa=0,
whence
(2) foNa=0.

If fo Va=a, then fy < a and hence in view of (2) we obtain fy = 0, which is a
contradiction. Thus a < fo V a and according to (1) we have

foVa<c® foreach ¢® € F?.
Therefore, the set C? satisfies the conditions (i) and (ii) with respect to the interval
[a,a + b]. Since this interval is isomorphic to [0,b] and [0, ] is a-compact we infer
that there exists z € [a, a + b] such that

a<z<c® foreach e C?

Hence
0<—a+z<—-a+c?=¢ foreach ceC.

Because ¢ = ¢! + ¢ we get
—a+z<c¢ foreach ceC,
which yields that the interval [0, a + b] is a-compact.
Now suppose that b) holds. Again, let F' be a nonempty finite subset of C. Let
fo be as above, i.e., 0 < fo < cfor each c € F.

If (2) is valid, then we can apply the same steps as in the case a). Assume that
(a) fails to be valid, thus 0 < fo A a. Then

fona<cNha<c foreach ce (|

which completes the proof. O
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5.2. Lemma. Let G € 4, t, € G (neN), 0<t; <ty <tz...,t =V tn.
neN

Suppose that the intervals [0,t1] and [t,,tnt1] (n = 1,2,...) are a-compact. Then
the interval [0, 1] is a-compact.

Proof. Using induction we infer from 5.1 that for each n € N the interval [0, ¢,,]
is a-compact.

Let C be a nonempty subset of [0,¢] such that the conditions (i) and (ii) above
are satisfied.

For each ¢ € C we have

c=cAt=cA \/ tp = \/(C/\tn)»

neN neN
hence there exists n(c) € N such that
cNtpe) > 0.
Let F' be a nonempty finite subset of C. Put
n(0) = max{n(c): c€ F}.
Thus

cAtpy >0 foreach c€ F.

Now we can apply an argument analogous that in the part of the proof of 5.1 which
was dealing with the case b) (let us remark that we consider the interval [0, , )]
instead of [0, a]). O

From 5.1 we immediately obtain

5.3. Proposition. Let G € 4, a,b € G, 0 < a < b. Suppose that f.[0,a] =
£[0,8] = B. Then f.[0,a+b] = .

Similarly, 5.2 yields

5.4. Proposition. Let G € 4, t, € G (n = 1,2,...), 0 < t; <t < ...

t = \ t,. Suppose that f.[0,t1] = (. Further, suppose that fclt,,tnt1] = B
neN
whenever n € N and t,, < t,4+1. Then f,[0,t] = 5.

In view of 5.3 and 5.4 we conclude that the assertions of (A) and (B) hold for the
generalized cardinal property fe.
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6. THE PROPERTIES 7] AND 7

The properties 71 and 79 have been investigated by Pierce [9] for complete Boolean
algebras and by the author [7] for generalized Boolean algebras.
We modify the corresponding definitions in order that these notions be applicable
for lattices belonging to the class .
Let L € % and suppose that x( is the least element of L.
A subset Z # () of L is called disjoint if z; A 25 = 29 whenever z; and 2 are
distinct elements of Z.
A subset X of L will be called strongly dense in L if for each element y € L with
y # x¢ there exists € X such that zo < x < y.
For each L € # we denote
mL = min{e € K: D C L, D disjoint implies card D < a},
moL = min{card D: D is strongly dense in L}.

Further, we put
m L = max{mL,RNg}, m5HL =max{mal,Ro}.
Then both 7] and 7} are increasing cardinal properties on the class %.
6.1. Lemma. Let G € ¥,0< t; € G (i =1,2). Assume that
m[0,t;) =B for i =1,2.

Then 1[0, t1 + t2] = 3.

Proof. For D C[0,t; + t2] and d € D we denote

d*=dAty, d*=dVt,
D'={d': de D}, D?={d*: de D},
DY ={deD:d >0}, D*={deD: d*>t}.

Assume that the set D is disjoint in [0, 1 +t2]. Then D! is disjoint in [0, ¢;], thus
card D! < 8. If d; and d» are distinct elements of D, then

d%/\d%:(dl\/tl)/\(dg\/tl):(dl/\dg)\/tl:tl,

whence D? is a disjoint subset of the set [t1,; +t2]. Since the interval [t;,ts + o] is
isomorphic to [0, %3], we infer that card D? < 3.
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We have
(1) D c DYYuD* u{o}.

Let d € D. If d' =d? =0, then d = 0. If d' > 0 and d; is an element of D such that
dt = d}, then d; = d. Hence card D0 < card D!. Similarly, card D2 < card D2.
Thus in view of (1) we obtain card D < . Hence

m[0,t1 +t2] < 5.
Since 7} is increasing we conclude that 7 [0, t1 + t2] = 0. O

6.2. Lemma. Let G€ ¥, t, €G (n=12,...),0<t; <ta<..., V t, =t
neN

Suppose that 71[0,t1] = 8 and
7 [tn,tns1] =B whenever n € N and t, < tp 1.

Then 7[0,t] = 8.
Proof. Let 0 # D C [0,t] and d € D. For n € N we put d" =t At,,. Then we

have

d=dAt=dn \/ tn=\/([drty) =\ d"

neN neN neN

This yields that if d™ = 0 for each n € N, then d = 0.
Further, for each n € N we put

D" ={d": de D}, D" ={deD:d" >0}
By applying 6.1 and the induction we obtain that
m1[0,t,] = B for each n € N.

Assume that the set D is disjoint in [0,¢]. Then each D™ is a disjoint subset of
[0,%,]. Hence card D" < 3. Also, card D™ < card D™. Since

Dc{oyu | D
neN

we obtain card D < . Since 7] is increasing we conclude that the relation 71[0,t] = 3
is valid. g
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6.3. Lemma. Let G € 4,0 < t; € G, w[0,t;] =  for i = 1,2. Then 74[0,
t1 +t2] = 3.

Proof. Leti € {1,2}. There exists a subset A; of [0,¢;] such that A; is strongly
dense in [0,¢;] and card A; = 3 (i = 1,2).

Since the interval [t1,t1 + t2] is isomorphic to [0, 2] there exists a strongly dense
subset A} of [t1,t1 + to] with card A} = 8. Denote

Az ={—t1 +ah: ay € Ay}, A= A3 UAs.

Hence A C [0,t1 + 2] and card A = .
Let 0 <z € [O,tl + tz]. Put

z! =t Nz, x2 =t Vux, x> = —t1 + x2.
Then either 2! > 0 or 22 > t;. Further, x = 2! + 23.
a) Assume that x' > 0. Thus there exists a; € A; with 0 < a; < 2'. Therefore
a1 < T.
b) Suppose that 2! = 0. Then 2® = z, whence 2® > 0 and 22 > t;. There exists
ah € Al with t; < a}, < 2. Put —t +a) =y. Thus y € A3 and

0<y<—t+m2:x3:x.

We conclude that A is strongly dense in [0, ¢ + ¢2] and then 75[0,¢1 + t2] < .
Since 7} is increasing we must have 750, ¢ + t2] = 5. O

6.4. Lemma. Let G€ ¥4, t, € G(n=1,2,...),0<t; <ta < ..., V tp, =t
neN
Let w4[0,t1] = B and wh[t,,tnt1] = B whenever n € N and t, < t,+1. Then

m[0,t] = f.

Proof. By using 6.1 and the induction we infer that for each n € N we have

Wé[ovtn] = ﬁ»

hence there exists a strongly dense subset A,, of [0,t,] with card 4,, = 5. Denote

A= UAn.

neN

Let 0 < z € [0,¢]. Then z = \/ 2™ (n € N), where " = z A t,. Thus there exists
n € N with 2™ > 0. Since z" € [0,t,], there is a,, € A, with 0 < a,, < 2™ < z.

Therefore the set A = |J A, is a strongly dense subset of [0,¢; + ¢2]. We have
neN
card A = f. Since 7} is increasing, we conclude that 75[0,¢] = 3. O
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Let G € 4. In view of 6.1-6.4 the conditions (¢1) and (c2) from Section 3 are
satisfied for 77 and 7). Therefore according to 4.2 and 4.4, the assertion of (A) and
(B) hold for 7} and 7}.

Before returning to the cardinal properties m; and 72 we need some auxiliary
results.

6.5. Lemma. Let G be an archimedean lattice ordered group and let 0 < z € G
be such that the interval [0, ] is a chain. Then
(i) there exists a uniquely determined linearly ordered (-subgroup H, of G such
that [0,z] C Hy;
(ii) H, is a direct factor of the lattice ordered group G;
(iii) f0<y € G,y ¢ Hy and if [0,y] is a chain, then H, N H, = {0}.

Proof. These assertions have been obtained in [5]. O

It is well-known that each archimedean linearly ordered group is isomorphic to an
{-subgroup of R; hence each H, has this property.
We denote by X the set of all elements 0 < = € G such that [0, ] is a chain. Put

A=X% B=X°

Suppose that the lattice ordered group G is complete. Then G is strongly projectable,

whence

G =AXxB.

We remark that the set X can be empty; in such case we have A = {0} and B = G.

6.6. Lemma. Suppose that the lattice ordered group G is complete and that
X # 0. Then A is a complete subdirect product of lattice ordered groups H, (z € X).

Proof. Let g€ A. We put ¢(g9) = (9(Hz))zex, where g(H,) is the component
of g in the direct factor H, (cf. 6.5 (ii)); recall that each complete lattice ordered
group is archimedean). Thus ¢ is a homomorphism of A into the direct product

11 #-

rzeX

Suppose that g3 € G and ¢(g1) = 0. Then ¢(]g1]) = 0 and hence |g1| A z = 0 for
each z € X. Thus |g| € X° = B, whence |g| = 0 and so g = 0. Therefore ¢ is an
isomorphism of A into [][ H.

zeX
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Let 2(0) € X and y € H,(o). Then we have

if z=x
y(Hz){y 0),

0 otherwise.

Thus ¢ yields a complete subdirect product decomposition of A. O

Now let 0 < z € G and suppose that 1[0, z] is finite. If [0, 2] fails to be a chain,
then there are 0 < z; € G (i = 1,2) such that z1 Azo =0 and 27 V 2o < 2. We clearly
have

m1]0, 2] = m[0, z1] + 71[0, 22]

and [0, z1] > 0, m1[0, 23] > 0. By the obvious induction we get
6.7. Lemma. Let 0 < z € G such that m[0,z] is finite. Then there exists
0 < z1 € G such that z; < z and [0, z1] is a chain.

If z; is as in 6.7, then m1[0,2;] = 1 and the lattice ¢(H,,) is m;-homogeneous.
Further, in view of the definition of B we infer that whenever [u,v] is a nontrivial
interval of B, then [u,v] cannot be a chain. Hence

i [ug, v1] = No
for each nontrivial interval [uy,v;] of B; thus
7 [ug, v1] = m[ug, v1].
Summarizing, we have

6.8. Theorem. Let {0} # G € ¢ and suppose that G is complete. Then G can
be represented as a complete subdirect product of a system (H;);cr of lattice ordered
groups such that

(i) all H; are m1-homogeneous;
(i) ifi € I, u,v € H;, u < v and m [u,v] is finite, then mi[u,v] = 1 and H; is
isomorphic to an {-subgroup of R.

Now let us consider the cardinal property ms. It is easy to verify that for each
[a,b] € # we have
T [av b] < 772[a5 b]

Let G be a complete lattice ordered group and let A, B be as above. Hence if [u, v]
is a nontrivial interval of B, then ms]a, b] is infinite, whence 7}[a, b] = m2[a, b].
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Let Z have the usual meaning; i.e., Z is the additive group of all integers with the
natural linear order.
If x € X, then we have two possibilities:
(i) H, is isomorphic to Z; then H, is me-homogeneous and msfa,b] = 1 for each
nontrivial interval [a, b] of H,.
(ii) H, fails to be isomorphic with Z. Then H, is me-homogeneous and ms3[a,b] is
infinite for each nontrivial interval [a, b] of H,; thus ma[a,b] = 74[a, b].
Therefore we conclude:

6.9. Theorem. Let {0} # G and suppose that G is complete. Then G can be
represented as a complete subdirect product of a system (H;);e of lattice ordered
groups such that

(i) all H; are ma-homogeneous;
(ii) ifj € J, u,v € Hj, u < v and if mau,v] is finite, then mo[u,v] = 1 and H; is
isomorphic to Z.
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