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0. INTRODUCTION

Functional equations find applications in biology, social sciences, engineering, etc.
as well as in many other branches of mathematics. A great number of such appli-
cations can be found in [1]. This has led to considerable interest in the study of
functional equations and has given rise to numerous articles and monographs on the
subject.

The present paper is devoted to the study of some complex vector functional
equations of higher order. To the best of our knowledge, up to now this kind of
complex vector functional equations has not been considered in literature, and we
think that their study will be of interest. For this reason we carried out our research
with the goal to shed light on this not sufficiently studied field of complex vector
functional equations. The results presented here supplement and generalize some of
our previous results [2], [3], [4].

Throughout this paper, ¥ is an n-dimensional complex vector space. Vectors
from ¥ will be denoted by Z;, U;, and so on, and we also denote O = (0,0,...,0)7
and I = (1,1,...,1)T. f U,V € ¥, with U = (u1,...,u,)T and V = (vq,...,0,)7

with respect to some basis, we define UV = (ujvy, ..., u,v,)7T.
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1. HIGHER ORDER FUNCTIONAL EQUATION WITHOUT PARAMETERS
In this section the following result will be proved.

Theorem 1.1. The general solution of the functional equation
2n—1
(1.1) Z F(Z1,Zi41,Zi42...,Z2pyi1) =0
i=1

(Z2n+i71 = Zi, 2 < 7 g 2n — 1),

where

(12) F(Zl,ZQ,Zg,,...,ZQn H ng 1,Z2k (f 4//2 — 4//; n > 1),
k=1

is given by
(1.3) fU, V) =g(U)A(V) = g(V)R(U), n=2,
(1.4) f(U, V) =0, n> 2,

where g,h: ¥ — ¥ are arbitrary functions.

Proof. 1If we put Z; = U (1 < k < 2n), the equation (1.1) takes the form
F(U,U) = 0.
Now, we will distinguish two possibilities:

1°. Let n = 2. In this case the equation (1.1) becomes

(1.5) f(Z1,Z2) f(Z3,24) + f(Z1,Z3) f(Zs,Z2) + f(Z1,Z4)f(Z2,Z3) = O.

Indeed, a straightforward calculation shows that the function (1.3) satisfies the func-
tional equation (1.1) for arbitrary functions g and h.

Conversely, we will prove that every solution of the functional equation (1.1) has
the form (1.3).

We denote any nonzero component of a nontrivial solution again by f: 7?2 — C.
For such a component there exists at least one pair of constant complex vectors
(A,B) (A,B € ¥) such that f(A,B) # 0. By putting Z; = A, Z, = B, Z3 = U,
Z, =V, the scalar equation (1.5) takes the form

f(A,U)

(1.6) f(U, V) = “7AB)

f(V’B) -
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If we substitute U = B and take into consideration the condition f(U,U) = 0,
the equation (1.6) implies that

(L7) f(B,V) = —f(V,B).

According to (1.7), the equation (1.6) takes the form

_ f(AU) FALV)
FUV) = 53 FB.V) - g F(B.U)
If we denote HALT)

then we have
f(U, V) = g(U)h(V) = g(V)h(U).

This is the general solution of the equation (1.1) for n = 2.

2°. Let n > 2. If we put Z;, = U (k odd) and Z; = V (k even) and take into
consideration the property f(U,U) = O, then (1.1) implies that

(1.8) nf fHU, V)£V, U) = 0.
i=0
By the substitutions
Z,=72,=U, Zoy 1=U, Zo=Z3=V, Zoy,=V B<k<n)
the functional equation (1.1) reduces to
(1.9) YU, V)f(V,U) = 0.
Also, the following equality holds:
(1.10) PNV, U)f(U, V) = 0.

Now, if we put

2, =24=2¢=...=2y, =22,,20=U, Zo,_1=01U,
Zo=723=2s=...=2or 1=20,11 =V, Zy, =V
(r+2<k<n; 1<r<n)
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the equation (1.1) becomes

(1.11) U,V f1(V,U) =0 (1<r<n).

According to the equality (1.11), the equation (1.8) yields
fU,V)=0 (n>2).

This completes the proof of Theorem 1.1.

2. HIGHER ORDER FUNCTIONAL EQUATION WITH PARAMETERS

In this section we will generalize the results given in the previous section.

Theorem 2.1. The general solution of the functional equation
2n—1
(2.1) > aiF(Z1,Zi11,Ziya, - Longio1) = O

i=1

(Z2n+i71 = ZZ7 2 < ) g 2n — 1),

where a; (1 < i< 2n— 1) are complex parameters not all of which are equal to zero,
(22) F(Zl,ZQ,...,Zgn H ng 1,Z2k (f 7/2%7/7 7’L>1)7
k=1

is given by

2n—1
23)  f(U,V)=gU)g(V) (n=2) if Z a; =0,

(24)  (UV) = g(UR(V) — g(VIh(U) (n=2) ifay=as=as (£0),
(2.5)  f(U,V) =0 in all other cases,

where g,h: ¥ — ¥ are arbitrary functions.

Proof. First, we will prove the theorem for the case n = 2. Then the functional
equation (2.1) becomes

(2.6) a1f(Z1,Z2)f(Z3,Z4) + a2 f(Z1,Z3)f(Zs,Z2) + a3 f(Z1,2Z4) f(Z2,Z3) = O.
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By a cyclic permutation of the vectors Zs, Zs, Z4 in equation (2.6) we obtain

(2.7) a1f(Z1,2Z3)f(Z4,Z2) + a2 f(Z1,Z4) f(Z2,Z3) + a3 f(Z1,Z2) f(Z3,Z4) = O,
(2.8) a1f(Z1,24)f(Z2,Z3) + a2 f(Z1,Z2)f(Z3,Z4) + a3 f(Z1,2Z3)f(Z4,Z2) = O.

The system of equations (2.6), (2.7) and (2.8) has a nontrivial solution if and only if
the following condition is satisfied:

ayp az as
(29) az a1 az| = 0.

ax az ai
In all other cases the general solution of the functional equation (2.6) is
f(U, V) =0.
From (2.9) it follows that
(2.10) (a1 + as + a3)[(a1 — a2)? + (ag — az)® + (a3 — a1)?] = 0.

We will investigate the following cases:

1°. Let a1 4+ az + a3 =0 and a; = as (# 0). Then the condition (2.9) is satisfied.
The equation (2.6) has the form

(211) f(Zh ZQ)f(Z?)? Z4) + f(Zla Z3)f(z47 ZQ) = Qf(zlv Z4)f(Z27 Z3)
By a cyclic permutation of the vectors Zo, Zs, Z4 from this equation we find
(2.12) f(Z1,23)f(Z4,Z2) + f(Z1,Z4) f(Z2,Z3) = 2f(Z1,Z2) (L3, Z4).

If we eliminate the term f(Z1,Zs)f(Z3,Z4) from the equations (2.11) and (2.12),
we obtain the equation

(2.13) f(Z1,23)f(Z4,Z2) = f(Z1,Z4) f(Z2, Z3).

We denote any nonzero component of a nontrivial solution of the equation (2.11)
again by f: 72 — C. For such a component there exists at least one pair of constant
complex vectors (A,B) (A,B € ¥) such that f(A,B) # 0.

By putting Z; = A, Zy = U, Z3 =V and Z, = B, the equation (2.13) becomes

(2.14) f(A,B)f(U,V) = f(A,V)f(B,U).
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If we put U = B in the last equation, we have

f(B,B)
f(A,B)

On the basis of this equality, the equation (2.14) becomes

(2.15) f(U, V) =g(U)g(V),
where we put
f(B,B) _
Wf(Aa U) = g(U).

Really, the function (2.15) is a solution of the equation (2.11).

2°. Let a1 + a2 + a3 = 0 and a1 # a2. Then the condition (2.9) is satisfied.

For a; + as + a3 = 0, the equation (2.6) becomes
(2.16) arf(Z1,Z2)f(Z3,Z4) + a2 f(Z1,Z3) f(Z4,Z>)

= (a1 + a2)f(Z1,24) (22, Zs).

If we suppose that a; = 0, this allows us to divide by as # 0 and then the
equation (2.16) reduces to the equation (2.13), whose general solution is the func-
tion (2.15).

Now, we will assume that a; # 0.

Let f(U,U) = O. In this case, for any nonzero component of a nontrivial solution
of the equation (2.16) (denoted again by f) there exists at least one pair of constant
complex vectors (A, B) such that f(A,B) # 0. By putting Z; = Zs = A, Zy =
Z, = B, from the equation (2.16) we obtain

(217) (a1 —|—a2)f(B,A) = alf(A,B).

For Z, = U, Zy = B, Z3 = Z, = A, by virtue of the above relation (2.17), the
equation (2.16) reduces to the equation

(0’1 - aQ)f(Aa B)f(U7 A) = 07
from which it follows that
(2.18) f(U,A) =0.

By the substitutions Z; = U, Zo =V, Z3 = A, Z, = B, the equation (2.16), on
the basis of the equality (2.18), yields

(2.19) F(U,V) =0.
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Let f(U,U) # O. In this case, for any component of the solution of the equa-
tion (2.16) (denoted again by f) for which f(U,U) # 0 there exists at least one
constant complex vector C such that f(C,C) # 0. If we put Z, = Zy = Z4 = C,
Z; = U, from (2.16) we obtain

(2.20) F(€.U) = f(U,0).
ForZ, =7y =C,Z3 =U, Zs =V, in view of (2.20) we can write the equation (2.16)

in the form
f(C,U)f(C, V)

HOVI=""feo

(2.21) f(U,V) =g(U)g(V),

with the notation f(C,U) = /f(C,C)g(U).

It is not hard to check that the function (2.21) is really a solution of the equa-
tion (2.16).

Since (2.21) includes the trivial solution (2.19) as well as solutions with zero com-
ponents, the general solution of the equation (2.16) is given by the formula (2.21).

3°. Let a1 + az + az # 0. In view of (2.10), either f(U,V)= 0O or
(2.22) (a1 — a2)2 + (ag — a3)2 + (a3 — a1)2 =0.

Let us suppose that f(U,V) £ O. Since a1, az, as are complex numbers, the equal-
ity (2.22) does not directly imply

(2.23) a1 = az = as.

Adding together the equations (2.6), (2.7) and (2.8), by virtue of the condition

a1 + az + az # 0 we obtain the equation (1.5), which was solved in the previous

section. Its solution is given by formula (1.3). It remains to show that (2.23) holds.
According to (1.3), the solution of equation (1.5) satisfies

(2.24) f(U, V) =—f(V,U), f(U,U)=0.
If we put Z1 =Z4 =U, Zy = Z3 =V, from (2.6) we find
(2.25) (ag —a1)f*(U, V) = 0.

Since f(U,V) £ O, the equality (2.25) implies a; = as. Now, from the condi-
tion (2.22) we find (2.23), and we have (2.4). Thus the theorem is proved for n = 2.

1021



Now we pass to the proof of the theorem for n > 2.
First we will investigate the case

2n—1

Zai;«éo.

i=1

By putting Z;, = U (1 < i < 2n), from the equation (2.1) we obtain the identity
(2.26) f(U,U) = 0.

Next, we assume a; # 0. We may assume this without loss of generality since if
a; = 0, then there must be at least one a; # 0 (2 < ¢ < 2n — 2), and by a cyclic
permutation of the vectors Zs, Zs, . . ., Za, we may achieve that the coefficient at the
term f(Z1,22)f(Zs,24) ... f(Zoyn—1, Zoy) be different from zero.

By introducing the substitutions

Z1123:...:Zzn,1:U and Z2:Z4:...:Zzn:V

and taking into consideration the identity (2.26), the equation (2.1) takes the form

n—1
(2.27) > azipa f"N(U,V)F(V,U) = 0.
1=0

For
Zs=25=...=%2941=V, Zy=Z¢=...=%Zo15=1U,

Z,=%221=U, Zy=%73=V
(r+2<i<n; 1<r<n)

the equation (2.1) yields
ar fPT(U,V)fM(V,U)=0 (1<r<mn)

so that from (2.27) we deduce f(U,V) = O.
Now, we pass to the investigation of the case

If we assume f(U, U) = O, then the general solution of the equation (2.1) is (2.5),
2n—1
which may be proved as in the case > a; # 0.
i=1
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If we assume that f(U,U) # O, then for each component of f (denoted again
by f) such that f(U, U) £ 0 there exists at least one complex constant vector C such
that f(C,C) # 0.

There is at least one index r € {1,2,...,2n — 1} such that

n—2
Z agziyr #0 where a; = aj_onq1 (j > 2n —1).
i=0

In fact, if such an index did not exist, then we would have the system of 2n — 1 linear
homogeneous equations

n—2
> asipr=0 (1<r<2n-1)
=0

which has only the trivial solution
a1 = a2 = ... = 0ayn—-1 :O,

but this contradicts the assumption that at least one of these parameters is distinct
from zero.

Now we assume that
n—2
(2.28) Z azi+1 # 0.
i=0

We may assume this because the case when

n—2 n—2
ZagiH:O and Za2i+T7é0 (7‘6{2,37...7271—1})
=0 =0

can be reduced to the case (2.28) by a cyclic permutation of the variables Zs, Zs, . . .,
Z,,, and a simple renumeration of the variables.
By putting

Zgn_le, ZQnZV, ZZ:C (1<2<2n—2)

in (2.1), we obtain

n—2 n—2
(220) " ani 1 fHC,C)F(UV) + Y anin fr3(C,C) F(C.U) (V. C)
=0 =0

+ a2n—1fn_2(cac)f(ca U)f(C, V) =0.
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Since
n—2 n—2
a2n—-1 = — E a2i4+1 — E 2442,
i=0 i=0

according to the assumption (2.28), for V = C, the equation (2.29) implies f(C,U) =
f(U,0).
By introducing the notation f(C,U) = g(U)+/f(C,C), from (2.29) we conclude

f(U, V) =g(U)g(V).

2n—1

Since in the case Y a; = 0 this function is really a solution of the equation (2.1),
i=1

this means that Theorem 2.1 is completely proved. O

3. NONLINEAR OPERATOR FUNCTIONAL EQUATION

In this section a nonlinear operator functional equation of kth order will be solved.

Definition 3.1. Let ¥;; be the operator which transposes (changes the places
of) the ith and jth argument of the function F, i.e.,

(31) \I]ijF<Z17 BERE) Zi—la Zia Zi+17 s 7Zj—17 Z]a Zj+17 BERE) Zn)
= F(Zla BERE) Zi—17Zj7 Zi+17 EERE) Zj—17Zi7 Zj+17 EEEE) Zn)
Theorem 3.1. The general solution of the functional equation
kn
(32) GF(Zl, Z2a BERE) an) Z \I]an(Zl, Z27 BN Zn—la va Zn+17 BN} an)a

r=n+1

where a is a complex parameter and

k-1
(3.3) F(Z1,2s,...,Zkn) = [[ F(Znis1, Zuiva, - Znitn)
i=0

(f: ¥™ = ¥; n > 2), has components given by

Hi(U1) H1(Uz) Hy(U,)
Hy(Uy) H3(Us) ... H2(U,)

(34) f(U17U27"'7Un): . Ifa:k/’—17
HA(U)) Hu(Us) .. HA(U,)
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T K(U;
(3.,5) f(Up,U,,...,U,) = 1131 ) if a=n(k-1),
or 0

(3.6) f(Uy,Uq,...,U,)=0 if a#r(k—1) (1<r<n),

where H; (1 < i < n), K are arbitrary functions in V.

For the proof of this theorem in the case a = k — 1 we need the following result.

Lemma 3.2. If f(Z1,Zs,...,7Z,) is a nonzero solution of the equation (3.2) for
a=k—1and A; (1 <i<n) are constant complex vectors such that

(3.7) f(A1, A, ... A)) #£0,
then the equality
(38) f(Ul,...,Uifl,An,Ui,...,Un,Q,An) =0

holds for any 1 <i<n—1.

Proof. We will suppose that this is not true, i.e., there exist vectors U, € ¥,
v=1,2,...,n — 2, such that

(3.9) fUy,...,U;21,A,,U;,..., U, 9, A,) #0.
By putting

Z,=A, (1<v
(

Ziniy = Ay (v=i or
(i

for 1 < r < k — 1, the equation (3.2) becomes

(3.10) (k—1)[f(Uy,..., U1, A, Uiy, U, 9, A2
X [f(Al,AQ, e ,Anfl, An)f(Ul, e ,Uifl, An, Ui, ceey Un,Q, An)

+f(A1,A2,...,An,l,Ul)f(An,Ug,...,Ui,l,An,Ui,...,Un,Q,An)
+ f(A1,Ag, ... A1, Un) f(U, A, ..., Ui, A, U, 0 U, 0 AY)
+ f(A1,A2,..., A, 1, U, 9)f(Uy,...,U;—1,A,,U;, ...,
U,_3,A,,A,)] =
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According to the hypothesis (3.9), it follows from (3.10) that

(3.11) f(A1,As,...,Au_1,A,)f(Uy,...,Ui_1,A,,U;,..., U, 2, A,)
+ f(A1,A2,..., A1, Uy f(A,,Us,...,U;_1,A,,U;,..., U, 9, A,)
+ f(A1, A2, ..., A1, Ul)f(UL, A, .., U1, A, U, ., U0, A

+.o. + f(A, Ay AL 1, U, 0)f(Uyq, ..., U1, A, Uy, .o,
U,-35,A,,A,) =0.

Let E,—o = {1,2,3,...,n — 2}, and let S, (0 < r < n — 2) be a subset of the
set F,_o which contains r elements. For r = n — 2 we have S,,_s = E,,_5. Putting
in (3.2) Z, = A,, (1 <v <kn), we obtain

(3.12) f(AL A, ...,A,) =0.
Now, we suppose that
(313) f(Vl,...,Vi_l,An,Vi,...,Vn_Q,An) =0

holds for each of the (”;2) sets .S, where

Ana S ST7
(3.14) vV, =
Y, veFE, \ S

Under this assumption we will show that
(3.15) JOW1, .. )W A W, 00 W, 5, AL) =0

holds for each of the (:f:f) sets S;-_1, where

An7 ve Sr—h
Yu7 Ve E’n—Q \ S’r—l-

Putting U, = W, (1 < v <n—2)in (3.11), on the basis of the hypothesis (3.13)
we obtain

rf(ALAg, AL AN f(W, o, Wi, Ay, W0 W 9, Ay) = 0.
From this relation (r > 1) we conclude
f(W17 .. '7Wi—17An7Wi7 v 7Wn—27An) =0.
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Consequently, by induction we have proved that
fU,...,U;1,A,,U;,...,U, 2, A,)=0

if exactly r (0 < 7 < n — 2) elements among Uy, Us, ..., U, _5 are equal to A,,.
For » = 0 we obtain

f(Ul,...,Uifl,An,Ui,...,Un,Q,An) = 0,

which contradicts the hypothesis (3.9). This completes the proof of the lemma. O

Remark 3.1. In particular, for ¢ = 1 the identity (3.8) takes the form
f(An, Ul, ey Un,Q, An) =0.

We shall use this identity in the proof of Theorem 3.1. A slight generalization with
the ith (instead of the first) argument of f equal to A,, was kindly suggested by the
referee. However, the fact that exactly the nth argument of f is equal to A, is intrin-
sically related to the equation (3.2). It cannot be generalized without generalizing
the equation as well.

Proof of Theorem 3.1. We will prove Theorem 3.1 by induction.
For n = 2, the functional equation (3.2) takes the form

(3.17) (k= V) f(Z1, Z2) f(Zis, Za) - - f (oo, Zooy)
= f(Z1,23)f(Z2,Zy) ... f(Zor—1, Zox)
+ f(Z1,24)f(Z3,Zs) ... f(Zox—1,Zo1) + . ..
+ f(Z1,Zoy,-1)f(Zs3,Zy) . .. [(Zo, Zoy,)
+ f(Z1,Zo1) f(Z3,2s) ... [(Zog—1,2Z2).

If we substitute Z; = U (1 < i < 2k), the above equation becomes
(3.18) f(U,U) = 0.

For any nonzero component of a nontrivial solution of the equation (3.17) (denoted
again by f) there exists at least one pair of constant complex vectors (A, B) such
that f(A,B) # 0.

Putting in the functional equation (3.17)

Zoi1=A (1<i<k), Zyy=B (2<j<k), Z,=1U,
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it takes the form
fkil(AvB)[f(Uv B) + f(B7U>] =0,

from which it follows that
(3.19) f(U,B) = —f(B,U).

For Zgi_l = A, Zgi =B (1 < ) < k — 1), Z2k—1 = U, ng = V, the functional
equation (3.17) by virtue of (3.19) yields

fFHAB)F(U,V) = fF72(A,B)[f(A, U)f(B, V) — f(A,V)f(B,U)].

If we introduce the notation

f(AU) _
f(A,B) *Hl(U)v f(B,U)—H2(U),

we obtain that the function

Hy(U) Hi(V)

TOV =) mav)

is the general solution of the functional equation (3.2) for n = 2 because it includes
the trivial solution f(X,Y) =0.
Now, we suppose that Theorem 3.1 holds for n — 1, i.e., the general solution of the

functional equation

(320) (k’ - 1)F(Z17 Z27 R Zk(n—l))
k(n—1)
- Z \I/n—l,TF(Z17Z27'"7Zn—lazn7"'7zk(nfl))7

where
k—1

(3.21)  F(Z1,Zs,...,Zym—1)) = H J(Zn—1yis1, Zin—1yit2, -+ Ln—1)itn—1)s
i=0

is given by
Hi(U1)  Hi(Uy) Hy(Up-1)
Hy(Uy) H,(Uy) Hy(Up—q)

(322)  f(U1,Uy,..., Uy ) =
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Let f(A1,As,...,A,) # 0 (here, as usual, f denotes a nonzero component of a
nontrivial solution). If we put

f(An,ZQ,Zg,,...,Zn):g(ZQ,Z:J,,...,Zn) (f 4//’”_)(]:’ g: /7/”_1_>C)7
we obtain from (3.2) according to Lemma 3.2
(3.23) (k - 1)g(ZQ, ey anl, Zn)g(Zn+2, Zn+3, ey Zgn) .. .g(z(kil)n+27 ey an)
= g(Z27 ey anl, Zn+2)g(Zn, Zn+3, ey Zgn) .. .g(z(kil)n+27 ey an)
+ g(Z27 sl _1, Zn+3)g(Zn+2, Zy, Zn+4, e Zgn) ... g(z(k—l)n+27 e an)
+...
+ g(Z27 coisLin_1, an)g<zn+27 ceey Z2n) oo g(Z(k—l)n+27 coiy Lpp_1, Zn)'

According to the induction hypothesis, we obtain that the general solution of the
equation (3.23) is given by

(324) g(Ul,UQ, ey Un—l) = f(An,Ul, Ug, N 7Un—1)

Hi(UY)  Hi(Us) ... Hi(Uny)
| H(U) Hy(U) ... Ha(U,oy)
anl.(Ul) H,1(Us) ... Hp1(Uyp_1)

where H;: ¥ — C (1 < i < n— 1) are arbitrary functions.
If we put in the equation (3.2)
Zojrm =Am (1<j<k—2; <
Z(kfl)nJrl = Ana Z(kfl)nJrr = Ur (2 <r< n)7

we obtain

(3.25) FALAs, . An 1, A (UL Uy, ..., U,)
= f(A1,...,Ap_1,U))f(An, Us, ..., Uy,)
— f(A1,...,Ap_1,Us)f(An, Uy, Us,..., U,) — ...
— f(A1,..., A 1, U f(A,, Us, ..., Uy 1, Uy).

On the basis of the equality (3.24) we obtain

(326) f(A’rL7 "'7Ui717Ui7Ui+17"'7Uj*17Uj7Uj+17'"7Un71)
:_f(Ana---an—hUjan-i-la---an—lanan+17---7Un—1)
(1<i<j<n-1).
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By using the equalities (3.24), (3.25) and (3.26) along with the notation

f(A1,Ag, ... A, 1,U)
f(A1,... Ay)
we obtain that f(Uj,Usg,...,U,) has the form (3.4).

It remains still to show that every function of the form (3.4) is really a solution of
the equation (3.2). For this purpose, we consider the determinant

Hi(Z1)  Hs(Z1) ... Hn(Zy)
Hi(Zs)  Ha(Zs) ... Hn(Zo) 0 0
Dy | H1Enm) Ha(Zos) o Hn(Zoo) 0 0 ... 0
D=V HU(Zn)  Ho(Zw) ... Ho(Zn)  Hi(Zn)  Hy(Zn) ... Hn(Zn)
Hy(Znji1) Ho(Zjsr) - Hu(Zijar) Hy(Znjso1) Ho(Znjs1) - Hn(Zinji1)
Hy (Znjin) Ho(Zjin) - Ho(Zijan) Hy(Zonjin) Ha(Zonjan) - Hn(Zinjin)

for 1 < j < k— 1. Applying the Laplace Theorem to the first n — 1 rows of D(j),
we see that each of the corresponding minors has two identical columns, hence it
vanishes. Consequently,

(3.27) D(j) = 0.

According to (3.27), we conclude that the following identity holds:

H\(Zniv1) Hi(Zniv2) ... Hi(Zpitn)
kol KU\ Hy(Zniv1) Ho(Zpivo) ... Ho(Zniyn)
(3.28) D(j) . —0.
j=1 i=1 :
7 Hn(ZnH-l) Hn(Zni+2) e Hn(ZnH—n)

Applying further the Laplace Theorem to the first n rows of D(j), simple manip-
ulations show that the function (3.4) is really a solution of the equation (3.2). This
completes the proof of Theorem 3.1 for a = k — 1.

Now we pass to the proof of Theorem 3.2 for a = n(k — 1).

First, we suppose that f(U,U,...,U) # O. Henceforth we denote by f any com-
ponent of the function f: ¥™ — ¥ for which f(U,U,...,U) £ 0. For such a compo-
nent there exists at least one constant complex vector C for which f(C,C,...,C) # 0.

If we put Z,+; = U and substitute the rest of the variables by C, from (3.2) we
obtain

(3.29) f,....,c,u.c,...,c)= f(c.c,...,c,U).
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By putting Z,,+; = U, Z,,.; =V (j > i) and substituting the rest of the variables
by C, from the equation (3.2) by virtue of (3.29) we obtain

fe,c,....c,uyfe,c,...,c,v)

(3.30) f,....,c,u,...,v,...,C) = F(C.C.....0)

‘We assume that

[, fc.c,...,c,u;)
31 L, Uq, U,,... ..., U = == .
(3 3 ) f(c7 y VY1, ,C, 2, 7Ca ) k?ca 7C) fk_l(C,C,. 70)

If we pllt Zn+1‘1 = Ul, Zn+i2 = UQ,...,Zn+ik = Uk, Zn+ik+1 = Uk+1 and
substitute the rest of the variables by C, then the equation (3.2) becomes

(3.32) kf(C,C,....C)f(C,...,Uq,...,C,Us, ..., U C,...,.Ups,...,C)
= f(C,C,....,C,U)f(C,....C,.... Us, ..., Up,..., Ups1,...,C)
+f(C.C,....CUNf(C,.. ., U, Upyo Upyr, . C) .
+fC.C,....C.U)f(C,..., U, ..., Us,...,Uy,...,C,....C).

On the basis of the induction hypothesis (3.31), it follows from (3.32) that

[ re.c,....c,uy)

3.33 C,...,Uq,...,Ug,...,U,..., U L0 =
( ) f(7 y Ul y U2, s Yk s Vk+1, ) ) fk(C,C,...,C)

Therefore, we have proved by mathematical induction that the formula (3.33)
holds for every k < n.
By putting Z, =C (1 <i<n), Zn1; =U; (1 <j<n),Zopys =C (1 <s<
n(k —2)), from the equation (3.2) we obtain
(3.34) nf(C,C,...,C)f(U1,Us,...,Uy)
= f(C,C,...,C,Uy)f(C,Ux,Us,...,Uy,)
+ f(C,C,...,C,Us)f(Uy,C,U3,Uy,...,U,) +...
+ f(C,C,...,C,U,)f(Uy,U,y,...,U,_41,C).

On the basis of the equality (3.33), the last equality (3.34) becomes

S R (AN o)

(3.35) A T (NN

By introducing the notation K (U) = f(C,...,C,U)//f»1(C,C,...,C), we ob-
tain that the function f in the case a = n(k — 1) really has the form (3.5).
Now, we suppose that f(U, U, ..., U) = 0. Next, we will need the following result.
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Lemma 3.3. If f(Z1,Z,,...,Z,) is a nonzero solution of the equation (3.2)
for a = n(k — 1) such that f(U,U,...,U) = 0, and at least one of the variables
U,,U,,...,U,_; is equal to U,,, then

.f(UlyUQ?"'vUn)EO'
Proof. Let E,—1 ={1,2,3,...,n—1},and let S, (1 < m <n—1) be a subset

of the set E,_; which contains m elements. We have f(U,,U,,...,U,) =0.
Now, we suppose that

(3.36) f(Vi,Va,....,V,,_1,U,) =0

holds for each of the (”7;1) sets S,,, where

U,, i€ Sy,
V, =
Yi7 iEEnfl\Snr

We will prove that
(3.37) FW, Wy, ..., W,,_1,U,)=0

holds for each of the (:;_21) sets S,,_1, where

Una ie Smfly
W, =
Yia i€ En—l \Sm—l-

By substituting Z,m4; = Z; (0 < m < k — 1) in the equation (3.2) and putting
Z; = W;, on the basis of the assumption (3.36) we obtain

(k—1)(n—m)f* (W1, Ws,...,W,_1,U,) =0,

from which we deduce (3.37) because k > 2 and m < n.
Therefore, Lemma 3.3 is proved by induction. O

By putting Z,;m+; = U; (0 < m < k — 1) and according to Lemma 3.3, from the
equation (3.2) we obtain

(k=1)(n—1)f*(Uy,Uy,...,U,) = 0.
Since k > 1 and n > 1, we conclude that the function f has the form (3.5).
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We may easily check that the functions (3.5) satisfy the functional equation (3.2).
We can do this by a direct substitution of (3.5) into (3.2). This completes the proof
of Theorem 3.1 for the case a = n(k —1).

Now, we will pass to the proof of Theorem 3.1 for the case a # r(k—1) (1 < r < n).

In this case, Lemma 3.3 also holds.

By putting Zym+; = Z; (0 < m < k— 1) and using Lemma 3.3, from the equa-
tion (3.2) we obtain

la — (k—1)]f*Z1,2Zo,...,7Z,) = O.

Since a # k — 1, from the above equality we immediately deduce the statement of
Theorem 3.1 for the case a # r(k —1) (1 <r < n).
Therefore, Theorem 3.1 has been completely proved. O

We have not been able to solve equation (3.2) fora=r(k—1) (2<r<n—1).

Remark 3.2. The function

H(U)) H\(Uy) ... Hi(U,)
(338) f(UL,U,,...,U,) = HQ(:Ul) HU) ... B{U) ﬁ H, (U,
. i=s+1
H (U)) H,(U,) ... H,(U,)

where s =n—r+1, and H; (1 <i<n—r+1) are arbitrary functions, is a solution
of the equation (3.2) for @ = 7(k — 1) but the question of generality of this solution

remains open.
Also, for r = n the function (3.38) becomes (3.5). If we assume that
H Hl (Zz) = Ia
i=n+1

then the function (3.38) for r = 1 becomes (3.4).
All this suggests to put forth the following hypothesis.

Hypothesis 3.4. The general solution of the functional equation (3.2) in the
case a =r(k —1) (1 <r < n) is given by the formula (3.38).

This paper makes an entity with the previous papers [2], [3], [4].
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